Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "1 Algebraic functions\1.2
Trinomial products\1.2.2 Quartic"

Test results for the 1126 problemsin "1.2.2.2 (d x)*m (a+b x"2+c x"4) p.m"

Problem 8: Result unnecessarily involves imaginary or complex numbers.

1
J dx
a2+b+2ax?+xt

Optimal (type 3, 299 leaves, 9 steps):

_a++/ a? _ _ 2 N
ArcTan | By ab ﬁx} ArcTan | By ab ﬁx]
aa A/ a%+b a++/ a%+b

- +
2\/?\/a2+b \Ja+vaZ+b Z\E\/aerb \/a+\/a2+b
Log[Va?+b -2 \/-a++a?+b x+x2| Log[va’+b +V2 \/-a+VaZib x+x?]

+

a2 Varib A/ aialib a2 Varib A aialib
Result (type 3, 81leaves):
ArcTan [ X ] ArcTan { X }
j_ \ a—ﬂ\/? _ 4 au‘:ﬁ
a-ivb \a+ivb
2/b

Problem 10: Result unnecessarily involves imaginary or complex numbers.

| Frwrromerts
X
l1+a2+2ax?+x*
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Optimal (type 3, 299 leaves, 9 steps):

2 —a+y/1+a? - j —a+/ 1+a? +r
Ar‘cTan[ e ﬁx} Ar‘cTan[ 2t ZX]
A a+~/ 1+a? A a++/ 1+a?
- +
2\/7\/1+a2 VJa++/1+a? 2\/7\/1+a2 va+\/1+a2
Log[vV1+a? -2 \/-a+V1+a? x+x2| Log[Vi+a? +V2 \/-a+V1+a? x+x?]
+

4+/2 VJ1+a2 \/-a+1+a2 4+/2 \1+a2 \/-a++1+a2
Result (type 3, 52 leaves):

711 Ar‘cTan[ 7’5;3 ] ) Ar‘cTan[ j’ia ]
2 V-1i+a i+a

Problem 11: Result more than twice size of optimal antiderivative.

1
jidlx
4-5x24+x4

Optimal (type 3, 17 leaves, 3 steps):

1 X ArcTanh [x]
- = ArcTanh[ =] + —————
6 2 3

Result (type 3, 37 leaves):
1 1 1 1
-—Log[1l-x]+—Log[2-x]+ —Log[l+x]-—Log[2+X]
6 12 6 12

Problem 13: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
9+5x%+x4

Optimal (type 3, 67 leaves, 9steps):
ArcTan [ &} ArcTan [ @} 1 1
_ va c o, Vi - —Log[3-x+x?| + — Log[3 +x +x?]

6+/11 6+/11 12 12
Result (type 3, 91 leaves):




i ArcTan i ArcTan

[ =] =]
[ [t

Jrim) 2

Problem 14: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
1-x2+x4

Optimal (type 3, 74 leaves, 9 steps):

L 1-/3 x+x2 L 1++/3 x+x2
—EAI"CTan[\/?—ZX]+1Ar‘cTan[\/?+2x}_ og[1-/3 x x}+ og[1++/3 x+x?]
? 2 NEY e
Result (type 3, 77 leaves):

]i[ “1-i+/3 Ar‘cTan[%(l—i\/?)x]— “1+1i+/3 Ar‘cTan[i(lﬂi\/?)x})
6

Problem 15: Result unnecessarily involves imaginary or complex numbers.

1
J;m
2+2x%+x4

Optimal (type 3, 176 leaves, 9steps):

2(-1+\/7) ~2x 2(-1+\/?) 2%

- —1+\/7 Ar‘cTan[ ]+l —1+\/7 Ar‘cTan[ ]—
4 4

/2(1+ﬁ) /2(1+ﬁ)

Log[v2 - [2(-1+V2 ) x+x2] Log[v2 + [2(-1+V2 ) x+x?]

+

8 -1+vV2 8/ -1+2
Result (type 3, 41 leaves):
1 (1-1)%%ArcTan| ]+ (1+4)*?ArcTan| X ]]
4 Vi-i Vi+i
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Problem 16: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J e —1

V2+5x%-3x4
Optimal (type 4, 10leaves, 2 steps):

X
EllipticF [ArcSin[—], -6]

\/?
Result (type 4, 65 leaves):
J'L\/zmEllipticF[iAr‘cSinh[\/?x], -]

Problem 17: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+4x%-3x
Optimal (type 4, 48 leaves, 2 steps):

10 E111pt1cF AI"CSln

Result (type 4, 49 leaves):

i EllipticF[i Arcsinh[ [1+ |2 L(-7+2v10 )]

Nrwwres

Problem 18: Result unnecessarily involves imaginary or complex numbers.

N|I—‘
w||—\

(-7-2+10 )]

w

1
J = ax

V2+3x2-3x4
Optimal (type 4, 48 leaves, 2 steps):
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EllipticF[Ar‘cSin[ x] B : (—7—\/ 33 )]
34433 3.4/33 4
Result (type 4, 53 leaves):
s . 6 1
-1 ElllpthF[Ji Ar‘cSmh[ E— x], - (—7+\/33 )]
3+4/33 -3+4/33 4

Problem 19: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V2+2x2-3x*
Optimal (type 4, 44 leaves, 2 steps):

4 7)

EllipticF[ArcSin| | —— x],

w =

Result (type 4, 49 leaves):

i E1lipticF[i ArcSinh| 71+3ﬁ x], § (_4+ﬁ)]

1+\ﬁ
Problem 20: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

==
—dx
2+x2-3x4

Optimal (type 4, 12leaves, 2 steps):
EllipticF [Ar‘csin [x], - 3]

2
V2
Result (type 4, 63 leaves):
iV1i-x2 /2+3x2 EllipticF[jArcSinh[\/;x}, -2
V3 242 -3xt




6 | 1.2.2 Quartic.nb
Problem 23: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-2x?-3x4
Optimal (type 4, 42leaves, 2 steps):

EllipticF[ArcSin] 3 l - ) ]
1+\ﬁ 3
1+ \ﬁ
Result (type 4, 51 leaves):
i EllipticF[i ArcSinh| 2— x], -%- ﬂ]
1+\/7 3 3
1+ \/7

Problem 24: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-3x2-3x4
Optimal (type 4, 46 leaves, 2 steps):

/ 1
E1lipticF [ArcSin| = (-7++/33]]
4

Result (type 4, 55leaves):

, 2 N . 6
-i | ————— EllipticF[i ArcSinh| x|, -

-3+4/33 3+4/33 4

ER
4

Problem 25: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-4x?-3x*
Optimal (type 4, 48 leaves, 2 steps):
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: (-2++/10 ) EllipticF[Arcsin| : (2410 ) x], : (-7+2+10 )]
6 2 3
Result (type 4, 49leaves):
J, 3 (-7-210 )]

i E111pt1cF i ArcSinh \/7 |2
-2+

10

Problem 26: Result more than twice size of optimal antiderivative.

1
J = ax
V2-5x?-3x*
Optimal (type 4, 18leaves, 2 steps):
EllipticF [ArcSin[V/3 x], - %]
Ve
Result (type 4, 54 leaves):
\/1-3x2 /2 +x2 EllipticF [Ar‘cSin [\/? x} , - i]

V6 V2-5x2-3x%

Problem 27: Result unnecessarily involves imaginary or complex numbers.
1
J— dx
V3+7x2-2x4
Optimal (type 4, 45leaves, 2 steps):

EllipticF [Arcsin[— o], (-61-7/73 )]

12
-7+73 V7473

Result (type 4, 52 leaves):

EllipticF[i ArcSinh | ], = (-61+773 )]

+V73 VTN
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Problem 28: Result unnecessarily involves imaginary or complex numbers.

1
J —ax

V3+6x2-2x*
Optimal (type 4, 44 leaves, 2 steps):

1
15 E111pt1cF Ar‘c51n — , —4-4/1
3

Result (type 4, 43 leaves):

i EllipticF [i ArcSinh[ |1+ |2 x|, -4++/15 |

+V 15

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J = ax
V3+5x2-2x*
Optimal (type 4, 10leaves, 2 steps):

X
EllipticF [ArcSin[—], -6]
V3

Result (type 4, 65leaves):

i /1—% V1+2x2 EllipticF[JlAr‘cSinh[\/Tx], —i]
V2 V/3+5x2-2x4

Problem 30: Result unnecessarily involves imaginary or complex numbers.

1
J = ax

V3+4x2-2x4
Optimal (type 4, 44 leaves, 2 steps):



EllipticF [Arcsin[ [—2— x|, 3 (-7-2+10 )]

\/—2+\/E

Result (type 4, 51 leaves):

i EllipticF [i ArcSinh[ | — % x], -1, 2

\J2+4/10

Problem 31: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+3x2-2x4
Optimal (type 4, 45leaves, 2 steps):

s s . 2 X 1
EllipticF [Ar‘c51n [ 7} y —
-3+4/33 3.4/33 4
Result (type 4, 50 leaves):
2 X

EllipticF[i ArcSinh|

Problem 32: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+2x2-2x*
Optimal (type 4, 44 leaves, 2 steps):

EllipticF[Arcsin[ | —— x], 7 (—4—ﬁ)]

Result (type 4, 49 leaves):

73]
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i E1lipticF [i ArcSinh| 2 ], 2 (_4+ﬁ)]

Problem 35: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
—dx
Optimal (type 4, 12leaves, 2 steps):
EllipticF [ArcSin(x], - ]

V3
Result (type 4, 65leaves):

iV1-x* +/3+2x? EllipticF|[i ArcSinh| /f x|, —%}

V2 V3-oxZo2xt

Problem 36: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-2x2-2x*
Optimal (type 4, 42 leaves, 2 steps):

EllipticF [ArcSin| 71+2\ﬁ x|, i (_4+ \/TH

1+ \/7
Result (type 4, 51leaves):

i EllipticF[i ArcSinh]| - x|, —g— @]

—1+\/7



Problem 37: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V3-3x2-2x*
Optimal (type 4, 43 leaves, 2 steps):

EllipticF[Arcsin| — ], (-7++/33 )]
3+1/33 303t
Result (type 4, 52 leaves):
-1 2z EllipticF|i Ar‘cSinh[zix], 7 i]
-3+/33 3.9 8

Problem 38: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-4x?-2x*
Optimal (type 4, 44 leaves, 2 steps):

EllipticF [ArcSin| 72“2/? x|, i (—7 +2 \/ﬁ) ]
+~/10
Result (type 4, 51leaves):
i EllipticF Ar‘c51nh 2+w/zﬁ ]

V-2++/10

Problem 39: Result more than twice size of optimal antiderivative.

1
J = ax
V3-5x2-2x*
Optimal (type 4, 18leaves, 2 steps):
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EllipticF[ArcSin {\/7 x|, - i]
Ve
Result (type 4, 54 leaves):

V1-2x /34 x? EllipticF[Arcsin[v2 x], - 1]

V6 V3-5x2-2x*

Problem 40: Result unnecessarily involves imaginary or complex numbers.

1
J e —r
V3-6x2-2x*
Optimal (type 4, 42leaves, 2 steps):

1
— E111pt1cF Arc51n
6

Result (type 4, 45leaves):
i EllipticF[i ArcSinh[ [ -1+ | 3 x|, -4-+/15 ]
\/-3+V15

Problem 41: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-7x2-2x*
Optimal (type 4, 45leaves, 2 steps):

Elliptick [Arcsin|— <], (-6147/73 )]
7++/73 .73 12
Result (type 4, 52 leaves):
i | —2 EllipticF|iArcsinh|—> ], = (-61-773 )]

+v73



Problem 43: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2+4x%x%+3x4

Optimal (type 4, 141 leaves, 1step):

2[vie) < \/ 2+ x2 EllipticF[Ar‘cSin[zm—Sl/H}, % (5+\/ﬁ)]

(210 W
2 194 | — 1 /2.4 x2:3x4
27(2+\/ﬁ) x2

Result (type 4, 81 leaves):

iV2-4x2-3x* EllipticF[iArcsinh[ -1+ [* x], 3 (-7-2+/10 )]

2

—2+410 V-2+4x%2+3x*

Problem 44: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+3x%+3x4
Optimal (type 4, 146 leaves, 1step):

_ 2 /'
[EE) @ \/ 4+ | x2 EllipticF [Arcsin[ =222 ], L (114433 )]

3+ 33 74+(3+\/§) x?
2vT 3 [ e
a2 4-(3+J§) X2 rEXeEx

Result (type 4, 83 leaves):
iv4-6x*-6x* EllipticF[i ArcSinh|

@]

A
4 4

6
3433 x] -

-3+4/33 V/-2+3x%2+3x*
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Problem 45: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2+2x%+3x*4

Optimal (type 4, 141 leaves, 1step):

M \/2+ (1+\/7) x2 EllipticF[Ar‘cSin[;%], L (7+\ﬁ)]
2—(1+\/7) x? —2+(1+\ﬁ) x2 *

2 74 | — 1 [ 2.2x2:3x4
2—(1+\/7)x2

Result (type 4, 83 leaves):

i\2-2x2-3x* EllipticF[i ArcSinh| 13ﬁ x|, -4+

“1++V7 V-2+2x2+3x4

Problem 48: Result unnecessarily involves imaginary or complex numbers.

1
j —ax
V-2-x2+3x*
Optimal (type 4, 65leaves, 1step):

~n
x
J——
-
[N
[

V-1+x% \/2+3x% EllipticF[ArcSin|

-1+x?

V5 A/ -2-x2+3x4
Result (type 4, 60 leaves):

iV1-x2 \/2+3x% EllipticF[i ArcSinh| /% x|, - 2]

V-6-3x%2+9x*

Problem 49: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-2x%+3x*



Optimal (type 4, 148leaves, 1step):

Jz (1-V7 ] 2712 ey ipticE [Arcsin| —Z2Ax ] L (7-v7 )]
2+ (177 ) s
-2- (147 ) x

2. 7V | — L 2 ox2i3x4
2+(17ﬁ) x2

Result (type 4, 81 leaves):

iV2+2x¥-3x* EllipticF[i ArcSinh| 713ﬁ x], 3 (-4+V7 ]

1+vV7 V-2-2x2+3x4

Problem 50: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-3x%+3x4

Optimal (type 4, 153 leaves, 1step):

Ao 3-v33) e [ EEE * Elliptick [Arcsin|[ 23 ] 1 (11-+33)]
4+(3-v33 ) 22 2
“4-(3-433 ) %

2+/2 33W4 | —1 [ 2 3x2,:3x4
2 a3 )0 :

Result (type 4, 81 leaves):

i1/4+6x" - 6x* EllipticF[iArcsinh[ [ —S— x|, 2 (-7++/33]]

3++4/33 V-2-3x2+3x4

Problem 51: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-4x%2+3x4
Optimal (type 4, 148 leaves, 1step):
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2o (2-vie ) ke | PP ey ipticE[Ancsin[ 25 1 (5 \/7g
( ) =
2+(27 10 ) X2 727(27 - ) B

2 10v4 | —1 /2 4x2:3x4
2+(27\/E)x2

Result (type 4, 81 leaves):

iV2+4x2-3x* EllipticF[i ArcSinh| 1+\/§ x],i(—7+2\/10>}

\V2+V/10 v -2-4x2+3x4

Problem 52: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-5x2+3x4

Optimal (type 4, 63 leaves, 1 step):

V-2+x2 A/143x2 EllipticF[ArcSin{@}, 2]

-2+x?

~N

V7 A -2-5x2 3%
Result (type 4, 65 leaves):
i\/:mEllipticF[iAr‘cSinh[\/? x|, -]

Problem 53: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+7x%+2x*
Optimal (type 4, 148leaves, 1step):



sl \/ 6+ x2 EllipticF[Ar‘cSin[ég2 73 x ] i (73+7\/f)}

7+ 73 76+(7+m) x?
2T e [t s
V3 6—(7+\/ﬁ) x? o rex

Result (type 4, 80leaves):
iV6-14x2-4x* EllipticF|i ArcSinh|

m}, i(-sl-h/f)]

~7+473 A/ -3+7x%2+2x4

Problem 54: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+6x%+2x*
Optimal (type 4, 148leaves, 1step):

LS \/ 3+ x2 EllipticF[Ar‘cSin[ég2 11 ], & (5+\/F)]

3+ 15 73+(3+\/§) x?
2 33/4 gl/a 1 V-o3+6x2+2x4
vz N 3—(3+\/f)x2 FEXTrex

Result (type 4, 77 leaves):

iV3-6x2-2x* EllipticF[iArcSinh[ [-1+ [2 x|, -4-+/15]

-3+4/15 V/-3+6x>+2x*

Problem 56: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+4x?+2x4

Optimal (type 4, 148 leaves, 1step):
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»levie) \/ 3+ x2 EllipticF[Ar‘cSin[—zg/4 5 x B i (5+\/ﬁ)]
2+ 1e ,3+(2+W) x?

23/4 3 51/4 1 4/_3 4 2 2 4
V3 \[ 3-[2+v10 ) % R ex

Result (type 4, 83 leaves):

ivV3-4x2-2x4 EllipticF[jArcSinh[ 2 x], —1—24@]
2+\/10 3 3

—2+410 V-3+4x%2+2x4

Problem 57: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+3x2+2x4
Optimal (type 4, 146 leaves, 1step):

s3] \/ 6+ x2 EllipticF[Ar‘cSin[ég2 2], i (11+@)}

3+ 33 76+(3+\/¥) x?

2.3%4 1114 1 [ 3,3x2;:2x%%
6—(3+\/33 ) X2

Result (type 4, 80leaves):

iV6-6x2-4x* EllipticF|i ArcSinh[ —2%—], -2 _ 33 ]
V333 ¢

-34+4/33 /-3+3x2+2x4

Problem 58: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+2x%+2x*
Optimal (type 4, 143 leaves, 1step):



[T J_3+ (147 ] x* EllipticF[Arcsin| 270 ], L (7,7 )]
3- (1+\/7) x? —3+(1+\/7) x?

14
6 7v/4 | —2— -3:2x2 2%t
Ve 37(1+ﬁ) x? ! ’

Result (type 4, 83 leaves):

iv/3-2x%-2x* EllipticF[i ArcSinh| - x|, —5—£]
144/7 3 3

~1+47 V-3+2x2+2x4

Problem 59: Result unnecessarily involves imaginary or complex numbers.

1
J - ax
V-3+x2+2x4
Optimal (type 4, 63 leaves, 1step):

V-1+x2 /3+2x% EllipticF[ArcSin]

15

v |w

]

0

~14x2

\/?\/—3+X2+2X4
Result (type 4, 63 leaves):

iV1-x? V3+2x* EllipticF[iArcSinh[ |2 x|, - 2]

V2 V-3+x2+2x4

Problem 62: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3-2x2+2x4

Optimal (type 4, 150 leaves, 1step):
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J—B - (1 - \/7) x2 3+(1+ﬁ) < EllipticF [Ar‘csin[—*w] , (7 - \/7)]
3+(1-4/7 | x? 737(1#7) @

Ve s [— i TIaaiax
X

1
3+(17ﬁ)

Result (type 4, 81 leaves):

iV/3+2x2-2x* EllipticF[i ArcSinh| 137 x|, (_4+\/7>}

1+vV7 V-3-2x2+2x*

Problem 63: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-3x2+2x4
Optimal (type 4, 153 leaves, 1step):

6 (333 ) |ElEIE EllipticF[ArcSin|[ —233"x ] 1 (17 _./33
( ) 22

6 (3-v33 | W

2 33/4 111/4 I S “/—3—3X2+2X4
6+(3-v33 | x2

Result (type 4, 78 leaves):

iV6+6x*-4x* EllipticF[i ArcSinh| 3235 ], 2 (-7++/33)]

3+4/33 V-3-3x2+2x4

Problem 64: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-4x2+2x4
Optimal (type 4, 155leaves, 1step):



J-3- (2-V1e ) x2 220304 ) s ptick [Arcsin] 2 ] 1 (5-+1e )]
3+(27m) x2 737(2#?) B

23/4 /3 gl/4 — 1/ 3_a4ax2.i2x4
V3 N 3+(27W)x2 xorex

Result (type 4, 83 leaves):

ivV3+4x2-2x4 EllipticF[jArcSinh[ 2 x], —Z+ﬂ]
—2+wfﬁ;

24410 V-3-4x2+2x4

Problem 65: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-5x2+2x*
Optimal (type 4, 63 leaves, 1step):

V=34 x% \/1+2x2 EllipticF[Arcsin| 2% ],

-34x2

N =

]

Result (type 4, 65leaves):
i\/zmEllipticF[jArcSinh[ﬁx], -]

Problem 66: Result unnecessarily involves imaginary or complex numbers.

1
J e
V2+5x2+3x*
Optimal (type 4, 52leaves, 1 step):

(1+x2) /% EllipticF [ArcTan(x], - 7]

vV 2 2+5x%x%2+3x4

Result (type 4, 58 leaves):
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iV1+x? +/2+3x? EllipticF|[i ArcSinh| /i x|, 5]

V6 +15x%+9x*

Problem 67: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+4x?+3x4
Optimal (type 4, 90 leaves, 1step):

2) [ 2:4x%3x4 R 3\1/4 11
(2+\/Ex ) (2+ﬁxz)2 E111pt1cF[2Ar‘cTan[(2) x], N J?]
2 642 AxT 3

Result (type 4, 144 leaves):

i J1-—2¥— J1. 23X EllipticF[iArcSinh| |- —3— x|, 2]
-2-iv2 ~2+i2 -2-i2 ~2+i2

V3 - —t— V2+ax?43x
-2-i2 ! !

Problem 68: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+3x2+3x4
Optimal (type 4, 92 leaves, 1step):

(246 2] /m EllipticF[2ArcTan[(2)""x], 2 (4-+/6 )]
2 6Y42+3x%2+3x4
Result (type 4, 144 leaves):

i [1-—8< 1- —¢ — EllipticF[i ArcSinh| |- —8— x], =115 ]
-3-i+/15 -3+i /15 -3-i4/15 -3+ /15

V6 - L V2+3x2+3x4
-3-i+/15 i !



Problem 69: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V2+2x2+3x4
Optimal (type 4, 92 leaves, 1 step):

(2+\/?x2) % EllipticF[ZAr‘cTan[(%)UAX], i (6—\/?)]
2+/6 x?

2 642+ 2x%2+3x4
Result (type 4, 144 leaves):

i 1o —2¥— 13X EllipticF [iArcSinh[ [-—2 x|, M]
-1-i /5 ~1+1 /5 -1-i+/5 -1+i /5

V3 o - —t— 2+2x2+3x4
1ivE et

Problem 70: Result unnecessarily involves imaginary or complex numbers.

1
—dx
Jm
Optimal (type 4, 88leaves, 1step):
205343 x4 - 3)1/4 1
(2 + \/?xz) / eode ] EllipticF[2ArcTan]| ( 2) x]s o (12 - \/?)}
2 6442+ x%2+3x4
Result (type 4, 142leaves):

i j1-—8¢ 1. 8¢ EllipticF[i ArcSinh| |- —F° x|, 22
-1-1+/23 -1+1+/23 -1-1+/23 -1+1+/23

Je |- —1 V2 x2+3x8
iV BRI

Problem 71: Result unnecessarily involves imaginary or complex numbers.

1
Jgdlx
V2+3x4
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Optimal (type 4, 72leaves, 1step):
2 2+3x* . . 3\1/4 1
(2+\/Ex ) ,7(24?)(2)2 E111pt1cF[2Ar'cTan[(2) x], 2}

2 6Y4+/2+3x4%
Result (type 4, 25leaves):

1 1/4 1/4
7(7—) EllipticF[jArcSinh[[——) x|, -1]
6 2

Problem 72: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J\/ 2-x2+3x4
Optimal (type 4, 90 leaves, 1step):
2-x2+3 x4 . . 3\1/4
(246 x| /m EllipticF [2ArcTan[ (2] x], L (1246 |]
2 6U4\2 X2 3x
Result (type 4, 144 leaves):

i J1-—8¢— J1_ 8¢  ElipticF[i ArcSinh| [-—8— x|, V2]
1-i1+/23 1+i /23 1-1+/23 1+1+/23

Ve |- —r— 2-x2:3x4
1-1+/23 "

Problem 73: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-2x?+3x4
Optimal (type 4, 90 leaves, 1step):

(2+6 2] ﬁ EllipticF [2ArcTan[(2)""x], 1 (6++/6 )]
2476 x?

2 6142 2x 3%
Result (type 4, 144 leaves):



j\/li 1- —2¥— EllipticF[iArcSinh| |- —2— x], &5
1-1+/5 1+i /5 i

V3 - —t— 2-2x2:3x4
1-i /5 *

Problem 74: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-3x%+3x4
Optimal (type 4, 90leaves, 1step):

(2+ﬁx2) —(2*3;*372 EllipticF[ZAr‘cTan[(§)1/4x], L (4+ﬁ)]
2++/6 x?

2 6Y%/2-3x2+3x*
Result (type 4, 144 leaves):

i J1-—8¢ J1_ 8¢  E1lipticF[iArcSinh[ [-—8— x], 3115 ]
3-i+/15 3+1+/15 3-14/15 3+1+/15

Je |- —1 V2-3x2+3x%x4
3-i+/15 *

Problem 75: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-4x%+3x4
Optimal (type 4, 88leaves, 1step):

(2+\/?x2) (22’::%—*;")2 EllipticF[ZAr‘cTan[(%)Mlx], §+ %]
2 642 -4x?i3x4
Result (type 4, 144 leaves):
j\/lﬁ 172;’% EllipticF[i ArcSinh | 72_&7 x|, ilv;]

V3 - ——= 2-4x2+3x*
2-i2 !
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Problem 78: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V3+9x2+2x4
Optimal (type 4, 110leaves, 1step):

Se[o/57) e . .
s (57 | (6+ (9+\/577) xz) E111pt1cF[Ar'cTan[ . (9+\/577) X], . (719+3\/577)]
Result (type 4, 97 leaves):

i | 274 g, /57 1 4x? EllipticF[i ArcSinh[—2X—], 2, 357 ]
-9+V/57 Jovsz 4 ¢

2V3+9x%2+2x4

Problem 79: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+8x%2+2x*
Optimal (type 4, 110leaves, 1step):

?(:g) Xz (3+ (4+\/ﬁ) xz) EllipticF [ArcTan| i (4+\/§) x|, —i (5—2m)]
+(4+ X

3 (4+W) V3r8x2i2x

Result (type 4, 98 leaves):

i |4l 4, /10 +2x? EllipticF[iArcSinh| | —2— x|, &, 441 ]
—4++\/10 4+\/§ 3 3

V6 +16x2+4x*



Problem 80: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V3+7x%+2x4
Optimal (type 4, 60leaves, 1 step):

/ % (1 +2 XZ) EllipticF [Ar‘cTan [\/? x] , g]
V6 V317 x2 2%
Result (type 4, 61 leaves):

i V3+x? /1+2x> EllipticF[iArcSinh[V2 x], 2]

V6 V3+7x%2+2x4

Problem 81: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+6x2+2x4
Optimal (type 4, 104 leaves, 1step):

3+(3-4/3 | x?

e 3+ (3++/3) x®] EllipticF[ArcTan[ [ (3443 ) x|, -1+V3]

3(3+\/?) V3i6x212x

Result (type 4, 90 leaves):

i 34% \J3+/3 +2x? EllipticF[iArcsinh| [1- -1 x], 2++/3 ]
3 3

-3+ \/7
V6 +12x%+4x4

Problem 82: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+5x%+2x*
Optimal (type 4, 52leaves, 1 step):

1.2.2 Quartic.nb | 27



28 | 1.2.2 Quartic.nb

(1+x2) /% EllipticF[ArcTan[x], i]

V3 V/3+5x%2+2x4

Result (type 4, 58 leaves):
i/1+x2 V3+2x7 EllipticF[i Arcsinh[ |2 x], 2]

Problem 83: Result unnecessarily involves imaginary or complex numbers.

1
J —ax
V3+4x2+2x4
Optimal (type 4, 90 leaves, 1 step):

2\ | 3:4x?i2x* .o 2\ 1/4 11
(3+\/Ex ) 7(3+\/?x2)2 E111pt1cF[2Ar‘cTan[(3) x], S ﬁ]
2 64314 2

Result (type 4, 144 leaves):

i [1- 2% 1- —2% EllipticF[i ArcSinh| |- —2— x], 242 ]
-2-i+/2 —2+i/2 -2-iv/2 —2+i/2

V2 [-—t— V3+ax2i2xt
-2-iy2 " ’

Problem 84: Result unnecessarily involves imaginary or complex numbers.

1
J —ax
V3+3x2+2x4
Optimal (type 4, 92 leaves, 1 step):

13x242 x4 . . 1/4
(3+\/Ex2) lm E111pt1cF[2Ar‘cTan[(§) x|, i (47\5)]
2 6Y44/3+3x2+2x4
Result (type 4, 142leaves):




i [1-—2¢— 1. —%¢— EllipticF|iArcSinh[2 |- —2— x], =415 ]
-3-i+/15 -3+1+/15 -3-i+/15 -3+14/15

2 [-—2 V3+3x2i2x4
-3-i+/15

Problem 85: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+2x2+2x4
Optimal (type 4, 92 leaves, 1step):

(346 %) % Elliptick[2ArcTan[ (2)""x], L (6-+/6 ]
3+7/6 x?

2 6Y4/3+2x2+2x4
Result (type 4, 144 leaves):

i J1-—2¢— J1_ 2% EllipticF[iArcsinh| [-—2— x], LS5
-1-i+/5 -1+i /5 -1-i+/5 -1+i /5

NP — V3+2x2i2x4
~1-i+/5 * *

Problem 86: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J\/ 3+x2+2x4
Optimal (type 4, 88leaves, 1step):

(346 x| /(;?TZ;) EllipticF[2ArcTan[ (2] x], 2 (126 |]
2 6Y4/3 4 x2+2x4
Result (type 4, 140leaves):

i [1-—2¢— 1. —%¢— EllipticF|iArcSinh[2 [- —1— x], L8]
-1-1+v23 -1+1 /23 -1-i+/23 -1+1+/23
2 [-—1— 3 x2i2x
-1-i+/23
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Problem 87: Result unnecessarily involves imaginary or complex numbers.

J; dx

Optimal (type 4, 72leaves, 1 step):

(3+\/?x2) /ﬁ EllipticF[ZAr‘cTan[(f)lﬂlx], %}
2 6Y4/3+2x%

Result (type 4, 25leaves):

1\1/4 2\1/4
- (_7) EllipticF|i ArcSinh[[-;) x|, -1]
6

Problem 88: Result unnecessarily involves imaginary or complex numbers.

1
——  dx
J\/ 3-x2+2x*
Optimal (type 4, 90 leaves, 1step):

(3+/6 x?] /ﬁ EllipticF[2ArcTan[ (2] x], 2 (1246 |]
2 643 -x2+2x4
Result (type 4, 142 leaves):

i [1-—2% 1- —%X— EllipticF[iArcSinh[2 [-—1 — x], 23]
1-i+/23 1+i+/23 1-i+/23 1+i+/23
2 [-—2— /3-x2+2x
1-1+/23

Problem 89: Result unnecessarily involves imaginary or complex numbers.

1
J —ax
V3-2x2+2x4
Optimal (type 4, 90 leaves, 1step):



(3+\/?x2) '(S:Jg—izx)t EllipticF[ZAr‘cTan[(§)1/4x], 11—2 (6+ﬁ)]
2 6V44/3-2x%2+2x*
Result (type 4, 144 leaves):

i [1--—2¢— 12X EllipticF[iArcSinh| |- —2— x], EL5]
1-i+/5 1+15 i

V2o [-—t— 3-2x2+2x*
1ivE X*+ 24X

i

Problem 90: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V3-3x2+2x4
Optimal (type 4, 90 leaves, 1step):

(3 /6 xz) f —(33’3;?(:‘)42 EllipticF[2ArcTan| (i) v x|, i (4 + \/E) ]
2 6Y4/3-3x2+2x4
Result (type 4, 142leaves):

i [1-—2¢— 1. 2% EllipticF[iArcSinh[2 |- —2— x|, =]
3-i+/15 3+1i /15 3-i+/15 3+i+/15
2 [-—2— +/3-3x2+2x
3-1+15

Problem 91: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V3-4x%+2x4
Optimal (type 4, 88leaves, 1step):
(3 +/6 xz) | —(2’3%*?(%2 EllipticF[2ArcTan| (i) L x|,
2 6Y%/3-4x2+2x*
Result (type 4, 144 leaves):

+

N =

=l
\/?
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i [1--—2¢— 12X EllipticF[iArcSinh| |- —2— x], &2 ]
2-iV2 2412 2-iV2 2412
V2 L— /3-axti2xt
SiNZ -

Problem 95: Result more than twice size of optimal antiderivative.

1
J dx
V-3+7x%-2x*

Optimal (type 4, 19leaves, 2 steps):
. . X 6
EllipticF [Ar‘cCos[E} s ;]

_ V5

Result (type 4, 58 leaves):

WFElllptlcF [Arcsin[v/2 x], i]
V2 2347 x2 2%

Problem 97: Result more than twice size of optimal antiderivative.

1

J dx
V-3+5x2-2x*

Optimal (type 4, 14 leaves, 2 steps):

-E1llipticF [Ar‘cCos [ x] , 3]

Result (type 4, 53 leaves):
V3-2x% v/1-x2 EllipticF[ArcSin [\/E x|, %]

wN

V-6+10x2 -4 x4



Problem 98: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+4x?-2x4

Optimal (type 4, 88leaves, 1 step):

(3+\/?x2) ﬁ EllipticF[ZAr‘cTan{(5)1/4)(], %+ %]
2 64/ -3 +4x%2-2x4
Result (type 4, 144 leaves):
j\/l—ﬁ 1- ijzﬁ EllipticF[i ArcSinh] _z,jzﬁ x|, zjri]

2 |- —r1— J 3+4ax2-2x4
V2 i V-3+

i

Problem 99: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+3x2-2x4

Optimal (type 4, 90leaves, 1 step):

(3+\/?x2) 33xta2xt EllipticF[ZAr‘cTan[(;)
(3+\/€ Xz)z 3

1/4 X] ,

(446 |]

0 [

2 6Y4+-3+3x2-2x*
Result (type 4, 142leaves):

i 1o —2¢ 1- —2X _ EllipticF [iArcSinh[2 |- —1— x|, > ]
3-1+/15 3+1 v 15 3-1+15 3+1 4/ 15
2 [-—2— /-3+3x2-2x*
3.5 +/15

Problem 100: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+2x%2-2x*
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Optimal (type 4, 90 leaves, 1step):
(346 %) /ﬁ Elliptick[2ArcTan[(2)7"x], L (6+/6 ]
2 6Y4/-342x2-2x4
Result (type 4, 144 leaves):

i\/l— 20 1- —2¢— EllipticF[i ArcSinh|[ [-—2— x], 145 ]
1-i+/5 1+i 5 i

NP — V-3+2x2-2x4
1-i+/5 i

Problem 101: Result unnecessarily involves imaginary or complex numbers.

1
J - ax
V-3+x2-2x4
Optimal (type 4, 88leaves, 1step):

(3+\/Ex2) /% EllipticF[ZAr‘cTan[(f)lﬂlx], i (12+\E)}
314/6 x?

2 6Y4+-3+x2-2x*

Result (type 4, 140leaves):

i [1-—2¢— 1% ElljpticF[iArcSinh[2 [-—1 — x], 2]
1-i+/23 1+i+/23 1-i+/23 1+i+/23
2 |-—2— J-34x2-2x"
1-1+/23

Problem 102: Result unnecessarily involves imaginary or complex numbers.

1
— dx
J\/ -3-2x4
Optimal (type 4, 72leaves, 1step):

(3+\/€X2) lﬁ EllipticF[ZAr‘cTan[(f)lﬂlx], ]

2 6Y4 -3 -2x4

N




Result (type 4, 47 leaves):
(— i) Y434 2x% EllipticF [i ArcSinh| (— f) Ve x|, -1]
V-3-2x*

Problem 103: Result unnecessarily involves imaginary or complex numbers.

1
J T
V-3-x2-2x4
Optimal (type 4, 90leaves, 1 step):

(346 »?] /ﬁ EllipticF[2ArcTan[ (2] x], 2 (12- 6 |]
2 6423 -x2-2x4
Result (type 4, 142 leaves):

i [1-—2 1- —* — EllipticF[iArcSinh[2 [-—1— x], 42|
-1-1+/23 -1+1+/23 -1-1+/23 -1+i1+/23
2 [-—r— V-3-x-2x
-1-1+/23

Problem 104: Result unnecessarily involves imaginary or complex numbers.

1
J dx

Vv-3-2x2-2x*
Optimal (type 4, 92 leaves, 1 step):

L2 %242 x4 . . 1/4
(3+\/Ex2) lm E111pt1cF[2Ar'cTan[(§) X], i (67\5)]
2 64+ -3-2x2-2x4

Result (type 4, 144 leaves):

i J1-—2¢— J1-—2¢  ElljpticF[iArcsinh| |- —2— x], L5
-1-i+/5 -1+ /5 -1-i /5 ~1+i /5

NP — V-3-2x2-2x4
~1-i+/5
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Problem 105: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-3x2-2x%
Optimal (type 4, 92 leaves, 1 step):
+ X2+ X4 . . 1/4
(3+\/?x2) /m E111pt1cF[2Ar‘cTan[(§) x|, i (4—\/?)]
2 6Y44/-3-3x2-2x4
Result (type 4, 142 leaves):

1o —2 . fq A2 EllipticF[i ArcSinh[2 [-—* x|, 2
-3-1+/15 -3+1+/15 -3-1+/15 -3+1+/15

2 |- —— +/-3-3x2-2x*
-3-14/15

Problem 106: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-4x?-2x4
Optimal (type 4, 90leaves, 1 step):
3+4 x2+2 x4 . . 2 1/4 1 1
(3+ \/?xz) /7(%@)(2)2 EllipticF|[2 Ar‘cTan[(_j) x|, 3 - \/?]
2 64~/ -3-4x?-2x*
Result (type 4, 144 leaves):

i 1o —2¢ 1. —2¢ EllipticF[i ArcSinh[ [-—3 x|, M]
—2-i2 —2+i/2° —2-i+2 —2+i/2

NP V-o3-4x2-2x4
—2-i+2

Problem 107: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-5x%2-2x*



Optimal (type 4, 53 leaves, 2 steps):
V3 +2x? EllipticF [Ar‘cTan [X], i]

\/? [C1-x2 3+2x?2

14x2

Result (type 4, 63 leaves):

iV1+x2 \/3+2x2 EllipticF[jArcSinh[ /f x}, 3]

V2 V-3 -5x2_2xt

Problem 108: Result more than twice size of optimal antiderivative.

1

J dx
V-2+6x%-3x*

Optimal (type 4, 42leaves, 2 steps):

EllipticF[ArcCos| ﬁ x|, i (1+\/?)]

V2 3t
Result (type 4, 85 leaves):
\/3\/?—3%\/2+ (-3++/3) x? EllipticF[Arcsin[ [ 2 (3++/3 ) x], 2-V3]
V6 V216X -3xF

Problem 109: Result more than twice size of optimal antiderivative.

1
J dx
V-2+5x%2-3x*

Optimal (type 4, 6leaves, 2 steps):
-EllipticF [ArcCos[x], 3]

Result (type 4, 53 leaves):
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\V2-3x2 \/1-x2 EllipticF[Ar‘cSin[\/gx], 2]

3

V-6+15x2 -9 x4

Problem 110: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+4x?-3x4
Optimal (type 4, 88leaves, 1step):

(2+\/Ex2) MEllipticF[ZAr‘cTan[(z)l/4x], i+ %]
2 642 4ax2_3x4
Result (type 4, 144 leaves):
i\/l_ﬁ 1- 2 EllipticF[i Arcsinh[ [-—— x], 22 ]

V3=t — 2+4x2-3x
2-i/2 !

Problem 111: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+3x2-3x*
Optimal (type 4, 90 leaves, 1step):

3x2,3 x4 . . 1/4
(2+\/Ex2) /m E111pt1cF[2Ar‘cTan[(§) x|, i (4+\E)]
2 6Y44/-2+3x2-3x4
Result (type 4, 144 leaves):

i 1o 8% 1- —8¢  EllipticF[i ArcSinh| [-—8— x|, 315 ]
3-i4/15 3+1/15 3-1/15 3+1/15

V6 -1 V-2+3x%2-3x*
3-i+/15 "



Problem 112: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+2x2-3x4
Optimal (type 4, 90leaves, 1 step):
2x243 x4 . . 1/4
(2+\/?x2) /m E111pt1cF[2Ar‘cTan[(§) x|, i (6+\/€)]
2 6Y4A-2+2x2-3x4
Result (type 4, 144 leaves):

J'L\/l—L 1. 3¢ EllipticF[i ArcSinh| |- —>— x|, *12-]
1-i+/5 1+1+/5 i

N3 ot — W21 2x2-3x4
1-1/5 *

Problem 113: Result unnecessarily involves imaginary or complex numbers.

1
J "
V-2+x2-3x*
Optimal (type 4, 88leaves, 1step):
X243 x4 . . 1/4
(2+\/?x2) /m E111pt1cF[2Ar‘cTan[(§) x|, i (12+\/€)}
2 6Y4/-2+x2-3x4
Result (type 4, 142leaves):

i 1. —8¢ 1. 8¢ EllipticF[i ArcSinh| [- —%— x], ﬂ]
1-i+/23 1+1+/23 1-1+/23 1+1+/23

NI — V-2+x2-3x4
1ivTE i

Problem 114: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
V-2-3x4
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Optimal (type 4, 72leaves, 1step):

(246 mEllipticF[zArcTan[(2)1/4x], 2]
2 6Y4/-2-3x%
Result (type 4, 47 leaves):
(_i)lmmEllipticF[i ArcSinh[(—f)lMX], -1]

Problem 115: Result unnecessarily involves imaginary or complex numbers.

1
J e
V-2-x2-3x4
Optimal (type 4, 90leaves, 1 step):

(246 32| ﬁ EllipticF[2ArcTan[ (2] x], 2 (12- 6 |]

2 614+ -2-x2-3x4
Result (type 4, 144 leaves):

i [1-—¢— J1_ o EllipticF|iArcSinh|[ |- —f— x], iv2 )
-1-i+/23 -1+i+/23 -1-i+/23 -1+i /23

V6 - 1 V-2-x%2-3x*4
~1-i+/23

Problem 116: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-2x?>-3x*
Optimal (type 4, 92 leaves, 1 step):
2 %243 x4 . . 1/4
(2+\/Ex2) lm E111pt1cF[2Ar'cTan[(§) X], i (67\5)]
2 614+ -2-2x2-3x4
Result (type 4, 144 leaves):




i J1-—2¢— J1_ -2 EllipticF[iArcsinh[ [-—2— x], LS5
-1-i1+/5 -1+i /5 -1-i/5 -1+i /5

N — Vo2-2x2-3x4
~1-i+/5 X X

Problem 117: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-3x2-3x4
Optimal (type 4, 92 leaves, 1step):

(246 %) —(22*3&;3:)42 EllipticF[ZAr‘cTan[(§)1/4x], L(a-v6)]
+ X

2 6% -2-3x2-3x*
Result (type 4, 144 leaves):

i [1-—2¢— 1. —eX — EllipticF|iArcSinh| |- —f— x], 2241
-3-1/15 -3+1 /15 -3-i+/15 -3+ /15

Je |- —1 V-2-3x2-3x4
-3-i+/15

Problem 118: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-4x?-3x4
Optimal (type 4, 90 leaves, 1step):

(2+\/?x2) (Zz*:‘v’%—*i:‘)t EllipticF[ZAr‘cTan[(%)1/4x], i—%]
2 6142 4x 3%
Result (type 4, 144 leaves):
]‘l\/l 23—X2ﬁ 1- _Zj;;? EllipticF[i ArcSinh[ |- 23ﬁ x], %%]

V3 - —t—= V-2-4x2-3x*
—2-i+/2
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Problem 119: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-5x2-3x%

Optimal (type 4, 52 leaves, 2 steps):
v -2-3x% EllipticF [Ar‘cTan [x], - ﬂ

1+x2%

Result (type 4, 63 leaves):

iV1+x¥ V2+3x2 EllipticF[i ArcSinh[ [ 2 x], 2]

3
2

V3 A-2-5x2-3x4

Problem 120: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x%x%+5x4
Optimal (type 4, 92 leaves, 1 step):
245 %245 x* . . 5\1/4 1
(2++/10 %) /m EllipticF[2ArcTan[ (2] x], 1 (4-+10 |]
2 10Y4+/2+5x2+5x*
Result (type 4, 144 leaves):

i [1- X 1 29X EllipticF|iArcSinh|[ |- —2— x], =141
-5-1+/15 -5+1 /15 -5-1+/15 -5+1+/15

J1ie |- —1 V2+5x%x%+5x%x4
s ivis TR

Problem 121: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x%x%+4x*
Optimal (type 4, 90leaves, 1 step):



245 x%+4 x* . . 1
(12 ] | e EllipticF[2ArcTan[2V4x], L (8-5+2 )]
2 23/44/24+5x2+4x4
Result (type 4, 147 leaves):

i [1-—28< 1- —8— EllipticF[iArcSinh[2 |- —2— x|, =41 ]
-5-1+/7 -5+1+/7 5-1+7 -5+1/7

2+/2 -%ﬁ V2+5x%x%+4x4

-5-1

Problem 122: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V2+5x%+3x*
Optimal (type 4, 52 leaves, 1step):

(1+x2) /% EllipticF[ArcTan[x], —ﬂ

V2 A2+5x2+3x4
Result (type 4, 58 leaves):

i+/1+x% V2+3x7 EllipticF[i Arcsinh[ |2 x], 2]

V6 +15x%+9x*

Problem 123: Result unnecessarily involves imaginary or complex numbers.

1
J —ax
V2+5x%+2x4
Optimal (type 4, 58 leaves, 1 step):

f % (1+2x2) EllipticF[Ar‘cTan[\/? x|, i]
2V2+5x%x2+2x4
Result (type 4, 58 leaves):
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iv2+x2 V1+2x2 EllipticF[JiAr‘cSinh[\/?x], i]

2vV2+5x%x%2+2x4

Problem 124: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J\/ 2+5x2+ x4
Optimal (type 4, 108 leaves, 1step):

j*(zg) X: (4+ (5+\/ﬁ) xz) EllipticF[Ar‘cTan[imX}: ‘1} (717+5\/ﬁ)]

2\ 5++17 2+5x%+x4

Result (type 4, 103 leaves):

/517 +2x2 /517 +2x? EllipticF[iArcSinh|[ | —2— x|, 2, 07

|2 (5-x/17) 2+5x21 x4

Problem 125: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J\/ 2+5x2-x*
Optimal (type 4, 48leaves, 2 steps):

EllipticF [Ar‘cSin [ 2 x] B 1 (—29 -5+/33 ) }
-54++/33 5+4/33 4
Result (type 4, 55 leaves):
-1 EllipticF[i ArcSinh| -2 x|, A ]

5+4/33 -5+4/33 4 4
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Problem 126: Result unnecessarily involves imaginary or complex numbers.

1
J—————————dx

V2+5x2-2x4
Optimal (type 4, 45leaves, 2 steps):

2 EllipticF|Arcsin[— 2>, & (-33-5+/41 )]
-5+4/41 5. /a1 8

Result (type 4, 52 leaves):

2 X 33 54+/41
-+

EllipticF[i ArcSinh| —————],

541 N
Problem 127: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J————————dx
V2+5x%-3x*
Optimal (type 4, 10leaves, 2 steps):

X
EllipticF [ArcSin[——], - 6|
V2

Result (type 4, 65 leaves):
i [1-% \/14+3x% EllipticF[i ArcSinh[v3 x|, - 1]
V3 V/2+5x2-3%

Problem 128: Result unnecessarily involves imaginary or complex numbers.
1
J———————fdx
V2+5x2-4x*
Optimal (type 4, 49leaves, 2 steps):

EllipticF [ArcSin|2 2], b (-41-5+/57 |]

-54+4/57 5++/57 16
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Result (type 4, 56 leaves):

. . . . 2 1
EllipticF[iArcSinh[2 | ——— x|, —

5+4/57 -54++/57 16(

~41+54/57 ||

Problem 129: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x?-5x*
Optimal (type 4, 48 leaves, 2 steps):

1
————— EllipticF[ArcSin]| = (-9-+/65 )]
-5++/65 \/65 4

Result (type 4, 52 leaves):

- EllipticF[i Arcsinh[ > /565 x|, = (-9++e65 ]
5. /65 2 4

Problem 130: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x2-6x*
Optimal (type 4, 49leaves, 2 steps):

2 EllipticF[Arcsin|2 > x], - (-49-573 )]
-5+1/73 5++/73 24
Result (type 4, 56 leaves):
-i EllipticF[i Arcsinh[2 | ———— x|, — (-49+573 )]
+/73 -5+4/73 24

Problem 131: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J—dlx
V2+5x2-7x4



Optimal (type 4, 12leaves, 2 steps):

EllipticF [ArcSin[x], - Z]

2
V2
Result (type 4, 65 leaves):
iV1-x* \/2+7x2 EllipticF[i ArcSinh [\E x|, -2]

Problem 132: Result unnecessarily involves imaginary or complex numbers.

1
J e —

V2+5x%-8x*
Optimal (type 4, 45leaves, 2 steps):

EllipticF[Arcsin| — o], = (-57-5+/89 ]
+/89 5.8
Result (type 4, 52 leaves):
4x

EllipticF i ArcSinh|

—], i(—57+5\/§)]
<89 Josoves 32

Problem 133: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V2+5x%-9x*
Optimal (type 4, 49 leaves, 2 steps):

2 2

EllipticF [ArcSin| -61-5+/97 )]
-5+1+/97 54+4/9
Result (type 4, 56 leaves):
2 2
EllipticF [i ArcSinh| ~61+51/97 ||

5++97 -5++4/9

1.2.2 Quartic.nb | 47



48 | 1.2.2 Quartic.nb

Problem 171: Result more than twice size of optimal antiderivative.

(bx?+cx*) 3
J ST ax
X15
Optimal (type 1, 19leaves, 2 steps):
(b+cx?) 4
8bx8

Result (type 1, 43 leaves):

b3 b2c 3bc? 3

8x8 2x® 4x* 2x?

Problem 352: Result unnecessarily involves imaginary or complex numbers.
Jx”z A/ bx?+cx* dx

Optimal (type 4, 323 leaves, 8 steps):

28b*x*/2 (b + ¢ x?) 28b2+/x Vbx2+cx*  4bx52/bx2+cxt 2 3 .
- + +—x72/bx*+cxt -
195 ¢5/2 (W+Wx) NP 585 c? 117 ¢ 13
28 b13/4 x (\/F+\/?x> LZZ EllipticE[ZAr‘cTan[M}, L] 1ap3ax (\/F-%—\/?X) % EllipticF[ZAr‘cTan[M],
(VB e x) bt/4 2 (VB Ve x) bt/
+
195 c11/4 /b x? + c x* 195 c1/4 /b x2 + c x*

Result (type 4, 201 leaves):

iV cx? iV c
2x32 |\ x | X (-14b>-4b%cx®+55b 2 x* +45C x°) +42b7/2 |1+ . EllipticE[i ArcSinh| | - X |, -1] -
\ b

Vb

2 . .
42072 |1, X EllipticF i ArcSinh| ive x ], -1] / 585 c°/2 ive x x* (b +cx?)
b Vb Vb

Problem 353: Result unnecessarily involves imaginary or complex numbers.

Jx”zx/bx2+cx4 dx
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Optimal (type 4, 176 leaves, 6 steps):

10 b11/4 x (\er\/?X) —beex? EllipticF[ZAr‘cTan[iml,‘lX ] ﬂ
20b%2/bx2+cx* 4bx3¥2+/bx?*+cx? 2 \/“74 (Ve +e x| bY/
- + X“+cX* +

231 2x

b — X7/2
2312 /x 77 ¢ 11 231¢%4V/bx?+ cx*
Result (type 4, 133 leaves):
o
20i b3 |1+ -2 EllipticF[i ArcSinh : -1
1 2 (-10b% + 6bcx? + 21 ¢ x*) \/ cx? P [ [ VX [ -1
x2 (b+cx2) n

b 2 (bacx?)
Ve

Problem 354: Result unnecessarily involves imaginary or complex numbers.
Jx3/2x/bx2+cx4 dx

Optimal (type 4, 293 leaves, 7 steps):

4b2x3/2 (b+cx? 4b Vb x2 42
- ( ! + VX bt cx +=x2/bx?+cxt +
15c3/2(\/F+\/?x)\/bx2+cx4 45c¢
4 %4 x (\/FJr\/?x) —brex? EllipticE[ZAr‘cTan[M], 1} 2 b%/%4 x (\/FJr\/?x) —biex? EllipticF[ZAr‘cTan[M], l}
(\/F,,ﬁx)z bt/4 2 (\/F+\Ex)z bY/4 2
15c7/*\/bx? + cx?* 15c7/*/bx? + cx*

Result (type 4, 190 leaves):

iV e X c x? ive x
2x32 |4/ x ive (202 +7bcx*+5c2x*) -6b>2 [1+ EllipticE|i ArcSinh| ive ], -1] +
Vb b Vb

2 . .
6b52 |1+ < EllipticF|iArcSinh| i Ve x ], -1] / ssce | AVEX (b+cx?)
b Vb Vb
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Problem 355: Result unnecessarily involves imaginary or complex numbers.
J\/;x/bx%rcx“ dx

Optimal (type 4, 146 leaves, 5 steps):

2074 (Vb ++/c x| | 2% — EllipticF[2ArcTan[ < ], 1]
VB x)? b/* 2
@+EX3/2 [bx?+cx* - Yo /e
7

21c/x 214~ /bx?+cx*
Result (type 4, 120leaves):
io
4ib2 |1+ -2 EllipticF[iArcSinh[+——], -1]
1 4b cx NES
— X (brcx?) | ——+6x¥2-

= cVx b ¢ (becx?)
Ve

Problem 356: Result unnecessarily involves imaginary or complex numbers.
j\/ bx?+cx*
VX
Optimal (type 4, 263 leaves, 6 steps):

dx

4b5/%x (\/b +/c x) /ﬁ EllipticE[ZAr‘cTan[%E
4bX3/2 b+CX2 2 b +vc x A
< ) +—x \/bx?+cx* -
5+c (\/b +c x)\/bszrcx4 5 5c3/4/bx%+cx*

2 b5/4 x (\/FJr\/?x) \/%EllipticF[ZArcTan[%“&], ﬂ

5c¢34/bx?+cxt
Result (type 4, 176 leaves):




. 2 .
2x32 |\/c x ive (b+cx?) +2b%2 |1+ °X EllipticE[i ArcSinh| iVe x ], -1] -
Vb b Vb

2032 |1+ CI:Z E1lipticF [i ArcSinh| igx ], -1] ]/ [5\/?\/? [ (brcxt)

Problem 357: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4 dx

x3/2

Optimal (type 4, 118 leaves, 4 steps):

3/4 b+c x? . . /4 \[x 1
o 26%4x (Vb ++/c x| /—WRWX)Z EllipticF [2 ArcTan[ < 0x ], 2]
N

3% 3ct4/bx?+cx?
Result (type 4, 102 leaves):

ifo
2ib |1+ 2 EllipticF[jArcSinh[E], -1]
1 cX

2 Vx
= xz(b+cx2) n

3 VX

o

ﬁ

ive (b+cx?)

C

Problem 358: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4 dx

x>/2

Optimal (type 4, 254 leaves, 6 steps):
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4+/c x3/2 (b+cx2)

4 bl/4 cl/4 y (\/F+\/c_x) lﬁ EllipticE[2ArcTan|
2\/bX2+CX4 b +v/c x

cl/4 :x

p1/4

(\/F+\/?x) Vb x2+cx?t

2614 VA (Vb + /e x| [P EllipticF [2 ArcTan[ < 0]
(\/FJr\/C_X) b/

x3/2

Vb x2%+cx?

1
)

Result (type 4, 175leaves):

Problem 359: Result unnecessarily involves imaginary or complex numbers.
Vb x?+cx? 4

J

1

ive x NG (b+cx2)
Vb

bx%+cx*

c 2
24/b v/ x |1+ EllipticE[i ArcSinh|
T

x7/2

Optimal (type 4, 118leaves, 4 steps):

234y (\/F+\/?x) —beex? EllipticF[ZAr‘cTan[M], ]
) ﬁ) e (\/FME x) pl/4 2
- +

]i\/?X
Vb

2
], -1] +2vb Ve x |1+ c:: E11ipticF i ArcSinh |

3 X5/2

Result (type 4, 104 leaves):

3

X2 (b+cx2)

2ic |1+ -2 EllipticF|i ArcSinh[E
1 cX VX

x>/2

+

3bl/4/bx%+cxt

4

&’

J» -1]

ivb
Ve

(b+cx?)
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Problem 360: Result unnecessarily involves imaginary or complex numbers.

Vb x2+cx?t 4

J 972 X

Optimal (type 4, 293 leaves, 7 steps):

43232 (b+cx?) 2vVbx2+cxt 4c/bxZicxt

Sb(\er\/?x)\/bszrcx“ 5x7/2 5b x3/2

454 x (\/F+V?x) —beex? - EllipticE[ZAr‘cTan{im,X |, 2] 2c54x (\/F+V?x) —beex? - EllipticF[ZAr‘cTan{im,X ], 2]
(\/FH/? X) bY/* 2 (\/FM/? X) bt/* 2

+

5b3/4+/bx?+cx* 5b3/4+/bx?+cx*

Result (type 4, 196 leaves):

. 2 .
-2 ive x (b2 +3bcx?+2c?x*) -2/b 323 1+ " EllipticE[i ArcSinh| ive x ], -1] +
Vb b Vb

2 . .
2+vb 32x3 |1+ €x EllipticF[i ArcSinh| Ve x ], -1] / 5px32 | 2 VEX \X* (b+cx?)
b Vb Vb

Problem 361: Result unnecessarily involves imaginary or complex numbers.

Vbx%+cx?t
J X11/2 X
Optimal (type 4, 146 leaves, 5steps):
2c7/4x (\/F+\/?x) Lzz EllipticF[ZAr‘cTan[%“&], ﬂ
2vVbx2+ecx*  4cbx?icxt (Vo e« oY

7 x°/2 21 b x°/2 21b5/4 b x2 1 ¢ x4
Result (type 4, 122 leaves):
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ib

L 2 (3b-2cx) 4ic? [1+-2 EllipticF[iArcSinh| = ], -1]
— /X (b+cx®) |- -

21 b x°%/2

o

4

p [ive (b+cx?)

C

Problem 362: Result unnecessarily involves imaginary or complex numbers.

Vb x?%+cx?t
Ji dx
X13/2
Optimal (type 4, 323 leaves, 8 steps):
452507 b4 x2) 2Vbxi o 4cVb il 4t VbRrox
- - - + +
15 b? (\er\/?x) Vb x?+cx? 9 x11/2 45b x7/2 15b% x*/?
49 x (\/FJr\/?x) —biex? EllipticE[ZAr‘cTan[M], L] 2c¢%4x (\/FJrV?x) —beex? EllipticF[ZAr‘cTan[M], ]
(\/F,r c x)2 bl/4 2 (\/F+ c x)2 b/* 2
15b74/bx?+ cx* 15b74/bx? + c x*

Result (type 4, 209 leaves):

ive X c x? i\ c X
2 ive (-50*-7b2cx?+4bc?x*+ 6 x°) -6/b /2x° |1+ EllipticE[i ArcSinh]| ive ], -1] +
Vb b

2 . . /
6b c>2x5 |1+ % EllipticF[i ArcSinh| | - <X ], -1] / asp2x7z | EVEX [ (b+cx?)
b Vb Vb

Problem 363: Result unnecessarily involves imaginary or complex numbers.
j\/bx2+cx4

X15/2

dx

Optimal (type 4, 176 leaves, 6 steps):

10 c11/4 x (W+Wx) — b E1lipticF[2ArcTan| €], 1]
2vVbx2+cx* 4cvbx?+cx* 20c2Vbx?+cxt (Vb Ve x) oY
- - + +

11 x13/2 77 b x°/2 231 b2 x°/2 231 b9/4”/bX2 rcx?




Result (type 4, 133 leaves):

/b
Je

\/?

J» -1]

231

b2 X13/2

b2

ivb
Ve

20i¢3 |1+ -2 EllipticF[i ArcSinh
1 2 (-21b2-6bcx?+10c? x4) H pticF | [
X (b+cx?) +

(b+cx2>

Problem 364: Result unnecessarily involves imaginary or complex numbers.

Jx”z (b X2+ C x“)g’/2 dx

Optimal (type 4, 350 leaves, 9 steps):

56 b* x3/2 (b+cx2>

56 b3V x Vbx2+cx* 8bZx*/2A/bx%+cx* 12
- +

1105 c>/2 (\/FJr\/?x) Vb x2+cx?

56 b17/4 x (W s X) —beX — E]lipticE[2ArcTan|
(\/F‘F\/? X)

663 C

221

+ — bx%?
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2
Abx?+rcoxt + — x°/? (bx2+cx4)3/2—

1, i] 28 bl7/4 x (\/gﬂ/?x) \/%EllipticF[ZAr‘cTan[%?], i}

1105 c11/4 /b x2 + c x*

Result (type 4, 212leaves):

3/2 ive x 4 3.2 2 2.4 3.6 4.8 9/2 cx? R - :
2x Ve x (-28b*-8b%cx®+305b% c® x* +480b c?x®+195c* x®) +84b 1+ EllipticE[i ArcSinh|
b

|, -1] / 3315 ¢*/2 /l\/_% \[X* (b+cx?)

Vb

9/2 cx? fops - :
84b 1+ EllipticF[i ArcSinh|
b

+

Problem 365: Result unnecessarily involves imaginary or complex numbers.

J\/; (bx2+cx4>3/2d1x

Optimal (type 4, 203 leaves, 7 steps):

1105 c11/4 /b x2 + c x*
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8b3vVbx2+cx* 8b2x32+/bx2+cx? 4 2 2
A/ bx*+cx* +

- + + —bx’/?
231c2+/x 385 ¢ 55
4 bl5/4 x (W+\Ex) —beext EllipticF[ZAr‘cTan[—*lcm,x 1> %]
2 e e
— x3/2 (bx2+cx4)3/2+
15 231c%4/bx2+cxt
Result (type 4, 164 leaves):
ivb
/b Ve
2 ivh x*2 (-20b*-8b% cx® +131b> > x* + 196 b * x° + 77 c* x®) + 40 i b* x? EllipticF[i ArcSinh|[ ———], -1] /
Je c x? X
i \/b
1155 ivh ¢ [x* (b+cx?)
Ve
Problem 366: Result unnecessarily involves imaginary or complex numbers.
(bx2+cx4)3/2
J— dx
Vx
Optimal (type 4, 320 leaves, 8 steps):
8b3X3/2 b CXZ 2 2 4
) (b+ ) +8b Vx Vb xZ+cx +ibx5/2 /bx2+cx4+i\/7<bx2+cx4)3/2+
65 c3/2 (\/F+\/?X) VbxZ+cxt 195¢ 39 13
8 b13/4 x (\m+\/?x) Lzz EllipticE[zAr‘cTan[%], l} 4 p13/4 % (\m+\/?x> Lzz EllipticF[ZAr‘cTan[M}, l]
(W+ c X) pl/4 2 (W*'\/? X) pl/4 2
65 c’/4 /b x?+cx* 65 c’/*~/bx?+cx*

Result (type 4, 201 leaves):

iV e X c x? ive x
2x32 [\/c x L (4b>+29b%cx?*+40bc®x* +15c*x®) -12b7/2 |1+ —— EllipticE[i ArcSinh| ive ], -1] +
Vb b Vb
c x? L Ve X i Ve X
12072 1+ EllipticF [i ArcSinh| ive ], -1] / 105 32 | AVEX X (brex?)
b Vb Vb
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Problem 367: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J— dx
32

Optimal (type 4, 173 leaves, 6 steps):

4 b4 x (\/F+\/?x) P EllipticF[ZAr‘cTan[—\Ccl’mmx 15 2]
8b2+/bx?+cx? +be3/2m+2<bx2+cx4)3/zi (Vb +/c x| bY 2

77 c/x 77 11+/x 77 54 \bx% + cx*
Result (type 4, 153 leaves):

iVb
ivo Ve

b i /b
2 [ —— x¥? (40> +17b%cx*+20b?x* + 7 X)) -8ib® |1+ x? E1lipticF i ArcSinh]| ], -1] / 77 ive c+/ % (b+cx?)
Ve cx? Vx Ve

Problem 368: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J— dx
X5/2

Optimal (type 4, 290 leaves, 7 steps):

8b2x3/2 (b 2 2 (b x2 4\3/2
7 (o ex) N N [T I T Lkt
15\/?(\/F+\/c_x Vbx2+cxt 15 9 x3/2
9/4 b+c x? . . /4 [x 1 9/4 b+c x? . . /4 [x 1
8 b”/* x (\/FJr\/?x) ,7(ﬁ+ﬁx)2 E111pt1cE[2Ar‘cTan[ oi/e ], 2} 4 b°* x (\/FJrV?x) ,7(W+J?x)2 E111pt1cF[2Ar‘cTan[ o1/e ], 2}
+
15 c3/4\/bx? + c x* 15c3/4/bx? + cx?*

Result (type 4, 190 leaves):

iV X cx? i
2532 o x | (11b2+16bcx?+5c*x*) +12b%2 |1+ EllipticE[i ArcSinh| | - <X ], -1] -
Vb b Vb

, , .
12b52 1,25 EllipticF[i ArcSinh| iVe x ], -1] / 45/ c iVe x % (b+cx?)
b Vb Vb
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Problem 369: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
JA X7/2
Optimal (type 4, 143 leaves, 5steps):

4b7/% x (\/F+\/?X) —beo  E1lipticF[2 AncTan| €] 1]
4bbx2+cxt 2(bx2+cx4)3/2 (VB +/c x| b1/ 2
+

dx

+

7% 7 x3/2 7cl4\/bx2+cxt
Result (type 4, 119leaves):

4ib? /1+§ \/7EllipticF{iAr‘cSinh[—%},—l}

o
Ve

2x3/2 |3b2+4bcx?+c?x*+

7 [ x2 (b+cx2)

Problem 370: Result unnecessarily involves imaginary or complex numbers.

dx

J(bx2+cx4)3/2

x9/2

Optimal (type 4, 286 leaves, 7 steps):

24b+/c x3/2 (b+cx? 12 2 (bx2+cx4)3?
( ) + = cx A/bxtscx* - ( ’ )
5(\/F+\/?x)x/bx2+cx4 5 x7/2

24 b5/4 c1/4 % (\/Fer?x) %EllipticE[ZAr‘cTan[cl/;/ax ] %]

5+vbx2%+cx?

becx? ot e
12 b5/4 c1/4 % (\/F +c x) m EllipticF [2 ArcTan [ . bmx ] » i]

5vbx%+cx*

Result (type 4, 190 leaves):
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Ji\/c_x
Vb

2 i c x? i/ C X
126%2/C x |1+ EllipticE[i ArcSinh| ive x |, -1] —120%2+/c x |1+ EllipticF[i ArcSinh]| ive ], -1]
b Vb b Vb

Problem 371: Result unnecessarily involves imaginary or complex numbers.

(-5b%-4bcx®+c?x?) +

dx

J(bx2+cx4)3/2

X11/2

Optimal (type 4, 143 leaves, 5steps):

4 p3/4 c3/4 x (\/F+\/?X) —beex? - EllipticF[ZAr‘cTan{il/dﬂdx ], 2]
4cVbx%+cx? 2(bx2+cx“)3/2 (\/Fnﬁx) bY 2

+

34/x 3x%/2 3+vbx?+cx?
Result (type 4, 111 leaves):

4ibc JE x5/2 E1lipticF {iAr‘cSinh{— J; ],71}

b
Ve

3+/x /%2 (b+cx2)

Problem 372: Result unnecessarily involves imaginary or complex numbers.

2 -b2+c2x4+

dx

J(bx2+cx“)3/2

X13/2

Optimal (type 4, 287 leaves, 7 steps):
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24 bl/4 c5/4 x (\/F+\/?x) —brex? - EllipticE[ZAr‘cTan[—*Ccl"/Al/,4X
24 3232 (b+cx?) 12cVbx?+cxt 2 (bx2+cxt)?? (VB +ve x| b

5 (Vo ++/c x) VoxTiext 532 5 X112 5/bx < X
12 b1/ 574 x (\/FJr\/?x) ﬁ EllipticF[ZAr‘cTan[%“@], 2]

b +/c x '

5vbx?+cx*

Result (type 4, 193 leaves):

ive X ¢ x? ive X
-2 = (b>+8bcx?+7c?x*) -12+/b 32 [1+ EllipticE[i ArcSinh| = ], -1] +
Vb b Vb

) .= .=
124/b 2% |14 X EllipticF[i ArcSinh| Ve Xx ], -1] / 5y32 [ EMEX X (b+cx?)
b Vb Vb

Problem 373: Result unnecessarily involves imaginary or complex numbers.

)3/2

(bx?+cxt
J—dlx

x15/2

Optimal (type 4, 143 leaves, 5steps):

4c7%x (\/F+\/?x) —beext EllipticF[2Ar‘cTan[il/“mX ], 2]
4cbx2+cxt 2(bx2+cx4)3/2 (VB /< x| bl 2

+

7 x>/2 7 x13/2 764/ bx2 + ¢ x4
Result (type 4, 120leaves):

aic 1.2 x9/2E11ipticF{jAr‘cSinh[— e ],71}
2 |-b2-4bcx?2-3c2x*+ =

N
Je

7 x5/2 . [x2 <b+cx2)



Problem 374: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J X17/2

Optimal (type 4, 320 leaves, 8 steps):

dx

8c>/2x32 (b+cx?) 4c/bx?+cxt  8c2bxt+cxt 2 (bx2icxt)??
- 15 X7/2 - 15bx3/2 - 9X15/2 -

15b(\/?+\/?x) Vb x2%+cx?t
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8 c9/4 x (W+WX) /ﬁ EllipticE[zArcTan[%?], L] acx (W+\/?x) /(W‘”—ch)z EllipticF[ZArcTan[%?], 5]

+

15b34~/bx?+cx*
Result (type 4, 209 leaves):

i\/?x

15b3/4/bx? + c x*

ive x

c x? i
(5> +16b%cx?+23bc?x*+122 x°) -12+/b *2x° |1+ EllipticE[i ArcSinh| ], -1] +
Vb b Vb

2 . .
126 2% |1+ EllipticF[i ArcSinh| ive x ], -1] / 45 b x7/2 ivex \/x2 (b+cx?)
b Vb Vb

Problem 375: Result unnecessarily involves imaginary or complex numbers.

<bx2+cx4)3/2
J— dx
51972

Optimal (type 4, 173 leaves, 6 steps):

b+c x?

4 c11/4 x (\/FJr\Ex)
o e

12cvVbx2+cx* 8c2Vbx?+cx? Z(bX2+CX4)3/2

2 EllipticF[ZAr‘cTan[M}, l]

pl/4 2

77 X9/2 77 b X5/2 11 X17/2

Result (type 4, 154 leaves):

77 b>/4 /b x? + c x*
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ivVb
i Vb Ve
-2 ivh (7b*+20b%cx?+17bc?x* +4 P x8) +4ic® |1+ x*3/2 E1lipticF [i ArcSinh| - ], -1] /
Ve cx? Vx
i /b
77b ivb X2\ [x? (b+cx?)
Ve
Problem 376: Result unnecessarily involves imaginary or complex numbers.
(bx2+cx?)??
J— dx
X21/2
Optimal (type 4, 350 leaves, 9 steps):
8c7/2x32 (b+cx?) 4cVbx®rcxt 8c2Vbx2rcxt 83 bxrrcxt 2 (bx2icxt)??
- - - + - +
65 b2 (\/F+\/C_X) m 39 X11/2 195bx7/2 65 b2 X3/2 13 X19/2
8 c13/4 x (W+\Ex) Lzz EllipticE[ZAr‘cTan[%@], l} 4 c13/4 (W+\Ex) Lzz EllipticF[ZAr‘cTan[M}, l]
(\/F+\/C_ x) pl/4 2 (\/F+\/C_ x) pl/4 2
65 b7/ /b x%+cx? 65 b7/ /b x%+cx*

Result (type 4, 220 leaves):

ive X c x? ivVe X
2 = (-15b*-40b> cx?-29b>c*x* +8b A x®+12c*x®) ~12+/b 72X [1+ EllipticE|i ArcSinh| = |, -1] +
b

Vb

2 . .
126 2%’ |1+ EllipticF[i ArcSinh| Ve x ], -1] / 195 b? x**/2 ivex \/x? (b+cx?)
b ) Vb

Problem 377: Result unnecessarily involves imaginary or complex numbers.

dx

J(bx2+cx4)3/2

x23/2

Optimal (type 4, 203 leaves, 7 steps):



1.2.2 Quartic.nb | 63

4 c15/4 x (\/b +/c x) —bred EllipticF[ZAr‘cTan[L‘Zf“E], ]
acbx?+cxt  8c2\Vbxr+cxt 8cVbxircxt 2 (bx2icxt)?? (VB e x] > ’
- - + - +
55 x13/2 385 b x°/2 231 b2 x>/2 15 x21/2 231b%4 b x% + c x*

Result (type 4, 165leaves):

ivb
i /b b Ve
2| |- (-77b*-196b> cx? - 13162 > x* +8b > x® + 20 c* x¥) +20i ¢* |1+ —— x'/2EllipticF[iArcSinh| ], -1] /
A/ C CX2 ~/

i \/b
1155 b? ix”/2 x2 (b+cx2)
\ Ve

Problem 378: Result unnecessarily involves imaginary or complex numbers.

X13/2
——— dx
Jm
Optimal (type 4, 179leaves, 6 steps):

156"/ x (Vo + /e x| [ 2% EllipticF[2ArcTan[ 0], 1]
30b2Vbx2+cx*  18bx32+/bx2+cx*  2x72+/bx?+cx* (W*ﬁx) oY
_ + _

77 3 /x 77 c2 11c 77134\ bx2 1 cx*
Result (type 4, 153 leaves):

i+b
i /b b \ Ve i /b
2 ixi‘/2 (1502 +6b?cx?-2bc?x* +7c>x%) -30i b |1+ x? EllipticF[i ArcSinh| ], -1] / 77 icf‘«/xz (b+cx?)
Ve cx? Vx Ve

Problem 379: Result unnecessarily involves imaginary or complex numbers.

X11/2
———dx
J\/ bx?+cx*
Optimal (type 4, 296 leaves, 7 steps):
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146272 (b + c x2) 14b VX VBXTTox 2552 bR T CxE
_ + _
15c5/2(\/F+V?x)\/bx2+cx4 45 c? 9¢
14 b°/4 x (\/F+\Ex) LZZ EllipticE[ZAr‘cTan[i“j@}, l] 7 b%/4 x (W+\Ex) Lzz Ellip‘cicF[ZAr‘cTan[LA\,E
(Vb +ve x) bY/* 2 (Vb Ve x| bt/
+
15 ¢4 /b x2 + c x* 15 ¢4 /b x2 + c x*

Result (type 4, 190 leaves):

i v X ¢ x? iV X
2x32 |\ x | = (-7b*-2bcx®+5c?x*) +21b%2 |1+ EllipticE[i ArcSinh| = |, -1] -
Vb b Vb

2 . .
21652 |14+ <% EllipticF[i ArcSinh] ive x |, -1] / 45 c>/2 ivex \[X* (b+cx?)
b Vb Vb

Problem 380: Result unnecessarily involves imaginary or complex numbers.

X9/2
———dx
Jx/ bx%+cx*
Optimal (type 4, 149leaves, 5 steps):

5674 x (b + Ve x) [ oot E1lipticF [2 ArcTan| <], 1]
10bvVbx2rcxt  2x32Vbxlscxt (Vo Ve x) 2
- + +
21 ¢2/x 7c 21 c%4+/bx?+cxt

Result (type 4, 144 leaves):
o

. b . . . . c
x (b+cx) (_ 102:3c[2x . z;éc/z) 10 i b2 [1+ 2 x? EllipticF[i ArcSinh| e ], -1]

+

x? (b+cx2> 21 "LJ\/_E c?./x? (b+cx2>
C

Problem 381: Result unnecessarily involves imaginary or complex numbers.

7/2
Ji dx
Vb x2+cx?t
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Optimal (type 4, 266 leaves, 6 steps):

6bx3/2 (b+cx?) 2+/x Vbx?+cxt
- + +
5c3/2(ﬁ+\/?x)m 5¢
6 b>/4 x (\/F+\/?x) Lzz EllipticE[ZAr‘cTan[%], ] 3b%4x (\/F+\/?x) Lzz EllipticF[ZAr‘cTan[%&], ]
(W+F X) b1’/4 2 (’\/F«#\/? )() b1/4 2
5¢7/4bx2+cxt 5¢7/4bx2+cxt

Result (type 4, 176 leaves):

2 x3/2 11\/7x b+cx -3p32 ] —1]+
\j \ W

[
2 . .
3p¥2 14 % EllipticF[i ArcSinh]| ivVe x ], -1] / 5 ¢3/2 @ % (b+cx?)
: w

Vb

Problem 382: Result unnecessarily involves imaginary or complex numbers.

XS/Z
J — X ax
Vb x?+cx?
Optimal (type 4, 121 leaves, 4 steps):

b3/4 x (\/F+\/?x) —brext EllipticF[ZAr‘cTan[L&‘}E], ]
2V/bx%?+cx* (Ve Ve x| bt/ 2
3c/x 3c>4/bx?+cxt
Result (type 4, 126 leaves):
o
. b g rnsns D . Je
2ib [1+ -2 x2EllipticF[iArcSinh| )
2x3/2 (b+cx?) cx Vx:

3c/x (b+cx?) 3 | ive X2 (b+cx?)

Ve
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Problem 383: Result unnecessarily involves imaginary or complex numbers.

X3/2
———dx
J\/ bx?+cx?
Optimal (type 4, 231 leaves, 5 steps):

2614 x (Vb <€ x| [ E11lipticE[2 ArcTan| <] 1]
2X3/2 <b+ sz) (\/FJAEX) pl/4 2

Ve (Vb s e x) Vox i ext 4 bx® i oxt
bl/4 x (\/F+\/?x) ﬁ EllipticF[ZAr‘cTan[%AE], ﬂ

b +v/c x /

34 bx2rcxt

Result (type 4, 112leaves):

20 x52 |1+ [EllipticE[i ArcSinh| [ 1LEX ] 1] S EllipticF[i ArcSinh[ [ 2Lex ], 1]
b Vo Vo

(Ljﬁx)yz x2 (b+cx2)

Problem 384: Result unnecessarily involves imaginary or complex numbers.
J Vx
—dx
Vb x?+cx?

Optimal (type 4, 90 leaves, 3 steps):

X (\E+\Ex) Lzz EllipticF[ZAr‘cTan[M], l}
(\/Fﬂ/c_x) b1/4 2
b1/ (/4 o+ C X
Result (type 4, 85 leaves):

2i [1+-% x?EllipticF|[iArcSinh| e ], -1]
C X \/7

b X2 (b+cx?)
Ve




1.2.2 Quartic.nb | 67

Problem 385: Result unnecessarily involves imaginary or complex numbers.

1
dx

J\/?m

Optimal (type 4, 259 leaves, 6 steps):

2c4x (Vb —beex!  Ey)ipticE[2 ArcTan[ €4 L
2+/c x3/2 (b+cx2) 2/bx2 1 cx? ¢ X(\/—+\/?x)m iptic [ rc an{ e ], 2}

- +

b (b s Ve x| VBxPrext b7 b4 Vb ex®
/4y (\/F+WX) —beexX  E11ipticF[2 ArcTan| €] 1]
(W+\Ex) pl/4 2
b4 /b x4 cxt

Result (type 4, 177 leaves):

1

e ivec x
. b
S BN ey Ve

2 : 2 :
Vb VE x |1+ S EllipticE[i ArcSinh| ive x |, -1] +3/b v/ x_ |1+ S EllipticF[i ArcSinh| ive X ], -1]
b Vb b Vb

Problem 386: Result unnecessarily involves imaginary or complex numbers.

(brcx?) -

1
dx
Jx”2 Vb x%+cxt
Optimal (type 4, 121 leaves, 4 steps):
c3/4 x (\/F+\/?x) —brex? - Ellip’cicF[ZAr‘cTan[—\M4 ], 3]
2vVbx%?+cx? (Vo /e x] b/t 2
 3bxn2 7 3b5/4+/bx?+cx*
Result (type 4, 110leaves):
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=]

. ic [1e2 50 EllipticF[ﬂArcSinh{—\ﬁ },71}

2 |-b-cx®-
o

Je
3b/x /%2 (b+cx2)

Problem 387: Result unnecessarily involves imaginary or complex numbers.

x

1
dx
J x5/2\[bx2 1 C Xt
Optimal (type 4, 296 leaves, 7 steps):

6232 (b+cx?) 2vVbx2+cx? 6cVbxt+cxt
- - + +
5b2(\/F+\/?x)\/bx2+cx4 5bx’/2 5b%x%/2
6 /4 x (WJr\/?x) LZZ EllipticE[ZAr‘cTan[%‘l@], ﬂ 3c%/4x (\/FJr\/?X) Lzz ElliptiCF[ZAPCTan[Cl/AmX )5 ﬂ
e o el v :
5157/4/b x2 + ¢ x4 5b7%/bx?+cx?

Result (type 4, 199 leaves):

. 2 ]
2 1\/?)( (—b2+2bCX2+3C2X4)—GWCB/ZXB 1+CX EllipticE[iAr‘cSinh[ l\/?X},—l]‘*'
N b Vb

2 . .
60 32x3 |14+ % EllipticF[i ArcSinh| Lve x ], -1] / sp2x¥2 | LY X [l (b+cx?)
b Vb Vb

Problem 388: Result unnecessarily involves imaginary or complex numbers.

1
dx

Jx”2 Vbx2+cx*

Optimal (type 4, 149leaves, 5 steps):

5c7/4x (Vb +v/c x| | —%— EllipticF[2ArcTan[ 0], 1]
2vVbxrcxt 10cVbxicxt (Ve e x) i
- + +
7bx%/2 21b%x°/2 21b°4/bx? + cx*
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Result (type 4, 144 leaves):

(_ 2 _1ec )x(b+cx2) loic? [1+-2 szllipticF[iArcSinh[E},-1]
+

4

&,

7bx7/2 21 b2 x3/2 Vx

x? (b+cx?) 21 b2 MJ@ x? (b+cx?)

C

Problem 389: Result unnecessarily involves imaginary or complex numbers.

1
dx
JXQ/Z Vbx*+cxt
Optimal (type 4, 326 leaves, 8 steps):

14 c>2x3/2 (b + c x?) 2vVbx2+cx*  14cVbx?+cx* 142 \bx?+cxt
_ + _ -
15 b? (\/F+\/?x) Vb x?+cx* 9bxit/2 45b? x’/? 15 b3 x>/
14 c®/4 x (\/F+\Ex) LZZ EllipticE[ZAr‘cTan[M}, l] 7 ¢4 x (W+\Ex> Lzz EllipticF[ZAr‘cTan[%}, l]
(\/Fﬂ/? x) pl/4 2 (\mﬂ/? x) b/ 2
+
15 b4 ~/b x? + c x* 15 b4 /b x? + ¢ x*
Result (type 4, 210leaves):
i vV c x ¢ x? i vV c x
-2 ive (5b°-2b2cx?+14bc?x*+21 3 x®) +42+/b 2x° 1+ EllipticE[i ArcSinh]| ive ], -1] -
7o : 3

2 . .
42+/b ¢¥/2x5 |1+ = EllipticF|i ArcSinh| ive x ], -1] / 45 b® x7/? ivex \/x? (b+cx?)
b Vb Vb

Problem 390: Result unnecessarily involves imaginary or complex numbers.

1
dx
Jxﬂ/2 Vb xZ+cxt
Optimal (type 4, 179 leaves, 6 steps):



70 | 1.2.2 Quartic.nb

154 x (Vo + Ve x| [ —2e%— EllipticF[2ArcTan[ <0, 2]
2vVbx2+cx* 18cvVbx?Z+cx* 30c2\/bx?+cxt (Vo e x| oY
_ + _

11 b x13/2 77 b2 x°/2 77 b3 x>/2 77b13/4 b x2 + ¢ x4
Result (type 4, 134 leaves):

ifo
151 ¢ [10-2 X332 EllipticF[Ji Ar‘cSinh{— e },71]
2(-7b3+2b%2cx?2-6bc?x*-15c3x° - . e
o
Je

77 b3 x%/2 [ x? (b+cx2)

Problem 391: Result unnecessarily involves imaginary or complex numbers.
X17/2
J— dx
<bx2+cx4)3/2

Optimal (type 4, 174 leaves, 6 steps):

15 b7/4 x (\/F+\EX) ﬁ EllipticF[ZArcTan[%?}, 7]

x11/2 15bVbx?+cx*  9x32+/bx%+cx?
- + +

cvVbx?+cxt 7c3x 7 c? 14 ¢34 \bx2 1 c Xt
Result (type 4, 141 leaves):

b

idb 432 (L15b2-6bcx?+2c2x?) +15ib2 |1+ -2 x?EllipticF[i ArcSinh[-——], -1]
Ve N e vx

o

X

7 |ide 3 [y2 (b+cx?)
NI

Problem 392: Result unnecessarily involves imaginary or complex numbers.
X15/2
j— dx
(bx?+cx?)??

Optimal (type 4, 291 leaves, 7 steps):
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X972 21b %32 (b+cx?) 7~/x Vbx2+cx
- - + +
cVbxToxt e (VB on/T x| VBxE Xt 5 2
21 b%/4 x (\/F+\Ex) —brex® EllipticE[ZAr‘cTan[M}, l] 21 b>/4 x (\/FJr\/?x) —beex? EllipticF[ZAr‘cTan[M], l]
(\/F+\/c_x)z pt/4 2 (W+ﬁx)2 py/4 2
S 14 bx7 s Cxt 1614 b X7 - Cxt

Result (type 4, 179 leaves):

X
2 1\/c x = \/— (7b+2cx?) -21b%? —— EllipticE[i ArcSinh| ive x |, -1] +
\ \ Vb

2 . . /
21632 |14+ <% EllipticF[i ArcSinh[ | - — |, -1] / scsz [ EVEX [ (b+cx?)
b Vb Vb

Problem 393: Result unnecessarily involves imaginary or complex numbers.
X13/2
J— dx
(bx2+cx?)??

Optimal (type 4, 146 leaves, 5 steps):

5 b3/4 x (\/F+\/?X) —beext EllipticF[zArcTan[ijE], 2]
2 s B ox [/ S
_ . _
cVbx2+cxt 3c2+/x 6c24Vbx2+cx?t

Result (type 4, 128 leaves):

i
g\/@ x¥2 (5b+2cx?) -5ib [1+ ﬁ x2 EllipticF[iAr‘cSinh[E}, -1]

C X

3 [1b 2 [y (b+cx?)
Ve

Problem 394: Result unnecessarily involves imaginary or complex numbers.

1172
——dx
J(bx2+cx4)3/2
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Optimal (type 4, 259 leaves, 6 steps):

3bl/4 x (W+\Ex) —brex? E111pt1cE[2Ar‘cTan[M], l}
x°/2 3x32 (b+cx?) (Vo e x)° b/4 2
_ . _
cVvbx2+cx* 32 (\/F-%—\/?X) Vb x2%+cx? ¢4\ bx%+cxt
3bl/4 x (\/F+\/?x) % EllipticF[ZAr‘cTan[%], 2]
(\/F+FX) bt/4 2
274Xl s e Xt

Result (type 4, 167 leaves):

x¥2 [\ x lrx ~3b ] -1+
\ \/F

[

Ji\/?x
Vb

2
34/b EllipticF[i ArcSinh]| ], -

Problem 395: Result unnecessarily involves imaginary or complex numbers.

972
— dx
j(bszrcx“)S/2

Optimal (type 4, 119leaves, 4 steps):

X (\/F+V?x) LZZ EllipticF[ZArcTan[M], ]
372 (Vo e x| " ’
- +
cvVbx?+cx? 2bY4 >4\ /bx?+cx?

Result (type 4, 115leaves):

_ e / E
! b x¥24d [1+ -2 x?EllipticF[i ArcSinh[+——], -1]
Vx

ivo o [y (b+cx?)
NS
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Problem 396: Result unnecessarily involves imaginary or complex numbers.

X772
— dx
J(bx2+cx“)3/2

Optimal (type 4, 260 leaves, 6 steps):

572 x32 (b+cx?)

- +
bvVbx?%+cx* b\/?(\/?+\ﬁx)\/bx2+cx4

Lo x? . . 1/4 rcx? . . 1/a
X (\/FJr\/?X) beif?x)z E111pt1cE[2Ar‘cTan[ubl/4@], i] X (W+\Ex) m E111pt1cF[2Ar‘cTan[c—b1;“£}, i]
b3/8 ¢34 o xXT - C Xt _ 26%4 ¢34 b X7 - C Xt

Result (type 4, 168 leaves):

per Ve x [FIEE g ARy |/
O Vo

[bm [L) WNranerd

Vb

Problem 397: Result unnecessarily involves imaginary or complex numbers.

X5/2
— dx
J(bxz+cx4)3/2

Optimal (type 4, 118 leaves, 4 steps):

X (WHEX) bt EllipticF[ZAr‘cTan[M}, ]
x3/2 (Vo v x) " ’
+
b+bx%+cx? 2b%/4 4/ b x? + cx?

Result (type 4, 114 leaves):

b

i b x324+i [1+ 2= X2 E111pt1cF Ar‘cSmh[ - } ]
\/ \/ VX
b [ ik
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Problem 398: Result unnecessarily involves imaginary or complex numbers.

X3/2
J(bx2+cx“)3/2 >
Optimal (type 4, 286 leaves, 7 steps):

Vx 3+/c x¥2 (b+cx?) 3Vbx2 s cxt
+ —
b/bxZrcx® b7 (Vb +ve x| VbxErox DT

3cl/4x (\/F+V?x) — brex® EllipticE[ZAr‘cTan{M], l} 3cl/4x (\/F+V?x) — brex® EllipticF[2ArcTan|
(Vo e x)® b/* 2 (VB e x)®

/4%

b 1/4

s

1

2

}

+

b7/4 /b x?%+cx* 2b7/%\/bx%+cxt

Result (type 4, 181 leaves):

. 2 .
~ VX 1\/\/3)( (2b+3cx?) -3+b Ve x /1+C;( EllipticE[i ArcSinh| l;/zx ], -1] +
b b

3+/b ¢ x 1+c;<2 EllipticF[i ArcSinh| igx],—l} /b2 /jgx \[x* (b+cx?)

Problem 399: Result unnecessarily involves imaginary or complex numbers.

J(L ix

bx2+cx4)3/2

Optimal (type 4, 145leaves, 5steps):

5 ¢34 x (\/F+\/?X) —beo® E1lipticF[2 AncTan| €] 1]
. S/bx s cxt (/o /e o
b/x VbxZ+cxt 3b% x>/ 6b%4/bx2+cxt

Result (type 4, 110leaves):



Sic |1+ x*/2EllipticF {I‘LAr‘cSinh{— F ],71}

o
Jo

3b24/x +/x2 (b+cx?)

-2b-5cx?-

Problem 400: Result unnecessarily involves imaginary or complex numbers.
1

J\/; (bx2+cx4)3/2

dx

Optimal (type 4, 320leaves, 8 steps):

1 21 ¢¥2x%2 (b +cx?) 7Vbx2+cx*  21cVbx2+cxt
- - + +
bx*2+/bx*+cx* 5b3 (\/b e x)\/bx2+cx4 5 b2 x7/2 5b? x*/2
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21 c®/4 x (\/F+\Ex) l#ﬁ:x)z EllipticE[ZArcTan[%}, %] 21 c®/4x (\/FJr\/?x) lﬁ EllipticF[ZAr‘cTan[%“@], i]

5b11/4 /b x? +cx* 10 b11/4 /b x2 + c x*

Result (type 4, 198 leaves):

ive X c x? ive X
= (-2b+14bcx*+21c?x*) -21+/b ¥2x3 [1+ E1lipticE[i ArcSinh| | - ]
Vb b Vb

) . .
21/b 32x3 |1+ €X EllipticF[jAr‘cSinh[ ive x ], —1] / 5 b3 x3/2 @ NS (b+cx2)
b Vb Vb

Problem 401: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x*/2 (b x2 + cx“)3/2

Optimal (type 4, 173 leaves, 6 steps):

15 c7/4 x (\/F+\/?x) % EllipticF[ZAr‘cTan[%‘l@],
1 9vVbx?+cx* 15c/bx?+cx? (W*Fx) oY
- + +

bx5/2 Vb X2+ c x4 7 b% x°/2 7 b3 x>/2 14 b%3/4 /b x% + c x*
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Result (type 4, 143 leaves):

b (L2p246bcx2+15c2x4) +15ic2 |1+ -2 x9/2EllipticF[jArcSinh[E} -1]
,\/? cX

Nes >

4

ﬁ

7p3 [ i/b (52 x2<b+cx2)
N3

Problem 402: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x>/2 (b x2 + cx“)S/2

Optimal (type 4, 350 leaves, 9 steps):

1 77 ¢*/2x3/2 (b+cx?) 11Vbx2+cx*  77cVbx?+cx*  77c¢2Vbx? +cx?
+ - + - -
bx7/2+/bx?+cx* 15b* (\/F+\/?x) Vbx?+cx* 9 b2 xi/2 45 b x7/2 15 b x3/2
77¢4x (Vb + /e x| [t EllipticE[2ArcTan[ ], L] 7764 x (Vb v x| [ 2 EllipticF[2ArcTan[ 0],
(V5 /e x| i 102 (VB e x| o/
+
15 b¥/4~/b x? + c x* 30b¥/4/bx?+cx*

Result (type 4, 210leaves):

i/ c x? iV X
- [ EEET (1007 - 2262 X2+ 154 b c2 x* + 231 ¢ x6) +2314/b ¢¥2x5 |14 - EllipticE|[i ArcSinh[ | - ], -1] -
Vb b Vb
2 i i Ve X
231b 52 |1+ EllipticF[i ArcSinh| | - — |, -1] / aspix72 | TSR [he (b+cx?)
b /b /b

Problem 407: Result more than twice size of optimal antiderivative.
J‘“ x)" dx
(bx?+cx*) 2

Optimal (type 5, 45leaves, 3 steps):

(¢ X)"Hypergeometric2F1][2, i (-3+m), % (-1+m), —%]

b2 (3—m) x3
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Result (type 5, 109 leaves):

2

&] c2 x* Hypergeometric2F1 [2,
b

1+m 1+m

2 4 i Lm 3w
(CX)m b ( b 2cx2> N 2cx Hyper‘geometr‘chFl[l, > 50
-3+m -1+m

b* x3
Problem 408: Result more than twice size of optimal antiderivative.
J“—X)m dx
(bx?+cxt) 3
Optimal (type 5, 45leaves, 3 steps):

(c x)"Hypergeometric2F1|3, % (=5+m), % (-3+m), —Cbiz]

b3 (5-m) x°
Result (type 5, 164 leaves):

1

b® x>

. . . 2

b3 3p2cx® 6bc2xt 6¢?x®Hypergeometric2Fi[1, 1Tm’ m e
_ . _

-5+m -3+m -1+m 1+m

(ex)™

3 ¢ x° Hypergeometric2Fi[2, 1;"' s 3?’", - %] c3 x® Hypergeometric2Fi|3, 1*7"' am i]

1+m 1+m

Problem 438: Result more than twice size of optimal antiderivative.

(a2+2abx2+b2x4>2
J dx

X11
Optimal (type 1, 19leaves, 2 steps):

i (a+bx?)®

10 a x1@

Result (type 1, 52 leaves):

at alb a?b?2 ab?d b*

lox1® 2x8 x® x4 2x?
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Problem 449: Result more than twice size of optimal antiderivative.
sz’ (a2+23bx2+b2x4)3d1x
Optimal (type 1, 34 leaves, 4 steps):

a (a+bx2)7 (a+bx2)8
- +

14 b? 16 b?

Result (type 1, 77 leaves):
a® x4 15 5 3 b® x16
+acbxf+ —a*b?x¥+2a3b3x%+ = a?b*x2+ “ab’ x¥+

4 8 4 7 16

Problem 467: Result more than twice size of optimal antiderivative.

(a2+2abx2+b2x4)3
J dx

X15

Optimal (type 1, 19leaves, 2 steps):
(a +b X2> 7

14 a x4

Result (type 1, 82leaves):

a® a®b 3a*b? 5a3b?® 5a?b* 3ab® bb

14 x14  2x12 2 x1e 2 x8 2 x° 2x* 2x?

Problem 515: Result more than twice size of optimal antiderivative.

X9
J dx
(a2+2abx2+b2x“>3
Optimal (type 1, 19leaves, 2 steps):
Xle
10a (a+bx?)®
Result (type 1, 57 leaves):
a*+5a*bx?+10a%2b2x*+10ab3x®+5b*x8

10 b° (a+bx2)5
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Problem 659: Result unnecessarily involves higher level functions.

2

X
J dx
(a2+2abx2+b2x“>1/3

Optimal (type 4, 298 leaves, 4 steps):
3x (a+bx?)

5b (a2 +2abx?+b2x*)?

bx2 23 bx2 |13 1+(1+M)m+(1+“2)2/3 1+ﬁf(1+b"z)”3
3.3¥44/2-4/3 a? [1+ ) 1[1+ J 2 2 - EllipticF[ArcSin| 2 13},77+4ﬁ} /
a R L5 )
1-(14022)%7
5b2x (a?+2abx?+b?x*)"? 2 -
(17\/?7 (1+M)m)
a
Result (type 5, 64 leaves):
3 x (a+bx2—a (1+ %)2/3 Hyper‘geometr‘icZFl[%, %, %, —ba—xz])
5b ((a+bx?)?]™”
Problem 660: Result unnecessarily involves higher level functions.
1
J dx
(a?+2abx?+b2x*)*?
Optimal (type 4, 256 leaves, 3 steps):
242/3 2\1/3 1+ 1+M1/3+ 1+M2/3 1+4/3 - 1+M1/3
33/44/2_\/?3[1+bx) (1-(1+bx ] e B a)z E11ipticF [ArcSin | | 3)13],-7+4ﬁ] /
a a (1_\/?_(1+M)1/3) 1_\/?_(1+bx2)/

a

b x <a2+2abx2+b2x4)1/3
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Result (type 5, 49 leaves):

asbx? | 2/3 . 1 2 bx*
X (—a ) Hyper‘geometrlczFl[z, I

((a erxz)z)l/3

Problem 661: Result unnecessarily involves higher level functions.

1
J dx
x2 (a2+2abx2+b2x4)1/3

Optimal (type 4, 289 leaves, 4 steps):

a+bx?

ax <a2+2abx2+b2x4)1/3

1/3

2.3 (1+bx2 2/3 {1_(1+bx2 1/3 1+(1+ba_xz) +(1+:_Xz)2/3
i 2 (1_\/?_(1+E,TXZ)1/3)2
1- (14 05)%7

31/4X <a2+2abx2+b2x4)1/3

Result (type 5, 72leaves):

2/3
-3 (a+bx?) -bx? (1+ baiz) Hyper‘geometr‘icZFl[%, f, 3, -

3ax ((a+bx2)2)1/3

EllipticF [ArcSin|

Problem 662: Result unnecessarily involves higher level functions.

2

X
J dx
(a2+2abx2+b2x4)2/3

Optimal (type 4, 618 leaves, 6 steps):

1+\/?—(1+

XZ

o

® |

)1/3

1-\/?-(1+

XZ

o
)

1/3]
)

, ~7+4+/3 ] /
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3x (a+bx?) 9aX(1+M)4/3

bx?

2b (a?+2abx?+b2x*)?? _2b (a2+2abx?+b2x4) 23 (1_ﬁ_ (1+T)1/3)

1/3 2/3 1/3
bx2 )43 b x2\1/3 1+(1+ﬁ) / +(1+bx2) / 1.3 7(1+bx2) /
9 3V44/2+4/3 a? [1+ ) 1[1+ J a a - EllipticE[ArcSin[ a 1/3},77+4 ,—3}/
1/3 2
a a [V o)) SAERIEY
1 (1 sz)l/S

4b2x<32+2abx2+b2x4)2/3 - -

a

EllipticF [ArcSin|

oo e 5|

bx2)4/3 bx2)1/3 1+(1+M)1/3+(1+M)2/3
3. 33/432 (1+ J (1-(1+ ] =

V2 b2x (a2+2abx2+b2x4>2/3

Result (type 5, 64 leaves):

173
3x (a+bx?) (,1+ (1+ bai) HypergeometricZFlE, T

2b ((a+bx2>2)2/3

Problem 663: Result unnecessarily involves higher level functions.

1
J dx
(a2+2abx2+b2x“)2/3

Optimal (type 4, 609 leaves, 6 steps):
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3 X (1+ M)4/3
a

3x (a+bx?)
b x?

N
2a (a?+2abx?+b2x*)?? 2 (a2+2abx?+ b2 x4) %3 (1_ 3 _(1+_)1/3)
a

b x?)*/3 b2 (3] | 1w (14 88) 7 (1, 0] 1093 - (14 24)77
3 34 2+ﬁa(1+ (1(1+ ] a a 2 E1lipticE [Arcsin] a 1/3],77+4ﬁ]/
2
2 2 (1-ﬁ_(1+%2)“3) 143 - (1422
1-(1402)77
4bx(a2+Zabx2+b2x4>2/3 - 2 +
(17\/?—(1+M)1/3)2
a
1/3 1+(1+M)1/3+(1+M)2/3 1+\/?—(1+ﬁ)1/3
J 2 g EllipticF [ArcSin| 2 },—7+4\/?}/

b x2)4/3 b x2
3343 {1+ J {1- [1+
a

a

(1-ﬁ- (1+%2)”3)2

V2 bx (a2+Zabx2+b2x4)2/3

Result (type 5, 64 leaves):

1/3
x (a+bx?) -3+ (1+ ba—xz) Hyper‘geometr‘icZFl[i, 3, 3, -x

2a ((a+bx2)2>2/3

Problem 664: Result unnecessarily involves higher level functions.

1
J dx
x2 (a2+2abx2+b2x4)2/3

Optimal (type 4, 649 leaves, 7 steps):
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3(a+bx2) 5(a+bx2)2 5bx(1+ba¢2)4/3

N
2ax (a®+2abx?+b2x*)?? 2a’x (a2+2abx?+b2x*)?? 2a(a2+2abx2+b2x4)2/3(1_ /_3_(1+M)1/3)
a

b x2\4/3 b x21/3 1+(1+ﬁ)1/3+(1+‘”2)2/3 1+\57(1+bxz)”3
53442443 (1+ (1(1+ 2 *—— EllipticE[ArcSin| : 13],77+4ﬁ]/
a a (1_\/?_(1+%)1/3) 1_\/?_(1+:_Xz)/
1_(1+M)”3
4x (a®+2abx®+b2x*)?? |- a - | -
bx2\1/3
-3 - 1-22) )
2\4/3 211/3 14 (14 02)13, (1, 02253 1++/3 - (1, 82)Y°
5 [1+bx [1- [1+bx ] ( 2 ) ( 2 )2 EllipticF [ArcSin| ( 2 >13], ~7+4+/3 ] /
a a (1_\/?_(1+bsz)1/3) 1_\/?_(1+:i2)/
17(1+ﬁ)”3
a

V2 34y (a2+2abx2+b2x4>2/3

Result (type 5, 79 leaves):

) (a+bx2)

1/3
6a+15bx2-5bx? (1+ ba—xz) Hypergeometr‘icZFl[i, %, %, 7M})

6 a2 x ((a+bx2)2)2/3

Problem 909: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x(a+b+Zax2+ax4)

Optimal (type 3, 69leaves, 7 steps):

Va (1+x?
/a ArcTan| 7o } Log[x] Logla+b+2ax?+ax?t|
+

2/b (a+b) a+b 4 (a+b)

Result (type 3, 105leaves):
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4+/b Log[x] +1i (\/?Hi\/?) Log[—i\/F+\/?(1+x2H + (—i\/?—\/?) Log[i\/?+\/?(1+x2)]
4\/F<a+b)

Problem 910: Result unnecessarily involves imaginary or complex numbers.

J = dx
x3 (a+b+2ax2+ax4)

Optimal (type 3, 89leaves, 8steps):

Vi (100)
1 \/?(a—b) Ar‘cTan[ avéx ] 2alog[x] aLog[a+b+2ax2+ax4]
- + - +
2 (a+b) x? 2\/F(a+b)2 (a+b)2 2<a+b>2

Result (type 3, 163 leaves):
1 2 aLog[x] (71'1a2+2a3/2\/F+11ab)Log[\/?ﬂi\/FJr\/?xz} (ja2+2a3/2\/3711ab)Log[x/?ui\/FJr\/?xz]
- +

+

2(a:0)¢  (arb)’ 43 Vo [a-b)’ 43 B (a-b)?

Problem 911: Result unnecessarily involves imaginary or complex numbers.

X4
dx
a+b+2ax?+ax?

Optimal (type 3, 432 leaves, 10 steps):
(a+b+2\/?\/a+b)ArcTan[ 2 20 ’ﬁal/ax] (a+b+2\g*/a+b)Ar‘cTan[\/*ﬁ* arb /2 al/AX}

x Jalah i Vo an )
a 27 a5 ah \Va +varb 242 a¥/arb \[a +Varb
(a+b—2\/?\/m) Log[ﬂ—\/?al/4\/—\/?+m x+\/?x2}
42 a4 yarb \[-Va «varb
(a+b72\/?\/afb) Log[Va+b ++/2 a¥*1/-Va ++/a+b x++a x?|

Result (type 3, 164 leaves):
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i \/?—i\/FZAr'cTan —Jax 1 \/?Hi\/? 2Ar‘cTan —Jax
x ( ) [m}+ ( ) [ a+j\/?\m}

@ 2a+Ja-iva Vb Vb 2aJa+iva Vb Vb

Problem 912: Result unnecessarily involves imaginary or complex numbers.

X2
J dx
a+rb+2ax?+ax?
Optimal (type 3, 331 leaves, 9steps):
Ar‘cTan[\/’ a ++/a+b -/2 al/”'x] Ar‘cTan[\/’ a +/a+b +/2 al/“x]

- + +

2\533/4\/\/?+ a+b 2\/7a3/4\/\5+ a+b
Log[Vaib - V2 at*\[va +Varb xiva xt] Log[vaib +vZ a4\ Va «vaib xi4a x|
4-/2 a34+/-+a +/a+b 4\/7a3/4\/—\/?+ a+b

Result (type 3, 143 leaves):

(Ji \/?H/F) Ar‘cTan[L] (—Ji \EM/F) Ar‘cTan[L]
aiva b .\ Jasiva Vb
a-iva b a+iva Vb
2+/a Vb

Problem 913: Result unnecessarily involves imaginary or complex numbers.

J ! dx
a+b+2ax?+ax?
Optimal (type 3, 359 leaves, 9 steps):

Ar‘cTan[\/’ a +v/a+b /2 al//“x] Ar‘cTan[\/’ a +/a+b /2 al/“x]
\/\/a +\/a+b \/Va +\/a+b

247 a4 yaib \[Va +vaib 242 a¥*vaib A/va +aib
Log[vVaib -2 a’*/ va +vVaib x+a x] ) Log[vVa b +v2 a’*/ va +Vaib x+a x]
a2 at*azb [-va «asb avZ at*arb \/-Va sarb
Result (type 3, 1191eaves):
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iAr‘cTan[L} iAr‘cTan[L}
Va-iva Vb Ja+riva Vb

2+Ja-iva Vb Vb  2+/a+i+a Vb b

Problem 914: Result unnecessarily involves imaginary or complex numbers.

J : dx
X2 (a+b+2ax?+ax?)
Optimal (type 3, 433 leaves, 10 steps):

A/ - + b - /
al/4 (2\/?+\/H) ArcTan| a +yath 2314"]
1 \/37+ a+b

— + —

(a+b)x Z\E(a+b)3/2\/\/?+ a+b

- + +b_ +/2 al/4
al/4 (2\/?+\/a+b)Ar'cTan[V a \;Hm a X] al/a (Z\E_ﬂ/aer)Log{ﬂ/aer /2 a4~/ -+/a +/a+b x+\/a_x2]

+ —

247 (a2b)723Va +Vaib 4T (a:0)72 A A5 vaE
al/4 (Zx/g—m) Log[Va+b ++/2 a¥*+/-Va ++/a+b x++a x?|
4\/7(a+b)3/2\/—\5+ a+b

Result (type 3, 174 leaves):

(ia—ﬁW)ArcTan[L} (—ia—ﬁW)ArcTan[L}
1 a-iva Vb . a+ia Vb

+

(-a-b) x 2+a-iva /b W(a+b) 2+/a+iva Vb \/F(a+b)

Problem 918: Result unnecessarily involves imaginary or complex numbers.

XZ
J—dlx
1-x2+x4

Optimal (type 3, 74 leaves, 9steps):

L 1- 3 2 L 1 3 2
*EAF‘CTan[\/?—ZX]+lAr*cTan[\/?+2X}+ og| \ﬁx+x}7 og[1+/3 x+x?]
2 ’ 43 43

Result (type 3, 94 leaves):



“1-1+/3 (]'].+\/?) Ar‘cTan[% (1—1‘1\/?) x| s -1+1+3 (—Ji+\/?) Ar‘cTan[i (1+1’m/?) x|
26

Problem 919: Result unnecessarily involves imaginary or complex numbers.

XZ
J;au
2-2x%2+x4

Optimal (type 3, 188leaves, 9steps):
2 (1 N \/7) -

ArcTan |

l2(1+\/?> +2X Log[\/?— /2(1+\/?) x+x2] Log[\/?Jr l2(1+\5> x+x2]
]+ —

ArcTan [

b 217
SO

2(-1+ﬁ) 4 /2(1+ﬁ) 4 2(1+\/7)

]

Result (type 3, 39 leaves):

ArcTan | | ArcTan]

~1-1 -1+1

( 1- 1)3/2 ( 1+]l>3/2

Problem 930: Result unnecessarily involves imaginary or complex numbers.
Jx4«/a+bx2+cx4 dx

Optimal (type 4, 395 leaves, 5steps):
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2(2b2—5ac)xx/a+bx2+cx4 b (8b2-29ac)xvVa+bx?+cx?t x3(b+5cx2)\/a+bx2+cx4

+ +

35¢

105 2 105 ¢5/2 (\E+\/?X2)

1/4 2 2 a+b x2+c x* . . /4 x 1 B b
al4b (8b2-29ac) (Va +V/c x) ,—(vaﬁxz)z EllipticE[2ArcTan[<7X], 2 (2 ﬁﬁ)} .
+
105 c/4 v/ a+bx?+cx* 210 c/4+/a+bx?+cx*

1/4 3 a+bX2+CX4 . . 1/4X 1 b
a (Sb -29abc+2+a ¢ (2b2—5ac))(\/a ++/c x2) ———————— EllipticF[2ArcTan| |, =2-——|]
Vo o )’ e et a e

Result (type 4, 538 leaves):

1
420c3 | —— “Ja+bx?+cx?
b++/b%-4ac

x (1l0a’c-4b>x*-b?cx*+18bc*x®+15c x® +a (-4b®>+13bcx?+25c*x*)) +ib (8b*-29ac) (—b+x/b2—4ac]

C

b+vb2-4ac

4c

b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx? L ] . c b++vb2-4ac
EllipticE|[i APCSlnh[\/? x|, | -
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

b+vVb2-4ac +2cx?
i(-8b*+37ab?c-20a2c2+8b3/b>-4ac —29abe/b2—4ac) : -
b++vb?>-4ac

2b-2+vb2-4ac +4cx? c b+vb2-4ac
- EllipticF[i ArcSinh[+/2 x|, i ]
b-+vb?-4ac b+vb2-4ac b-+vb2-4ac

Problem 931: Result unnecessarily involves imaginary or complex numbers.

szw/a+bx2+cx4 dx

Optimal (type 4, 342leaves, 4 steps):
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2(b2—3ac)xx/a+bx2+cx4 x (b+3cx?) Va+bx?+cx?t

- + +
15 ¢3/2 (\E+\Ex2> 15¢
2av* (b2-3ac) (Va + Ve x| /% EllipticE[2ArcTan[< 2], 2 (2- ﬁbﬁ)] )
15c7*a+bx?+cx?* 30c”*Va+bx?+cx?
a+bx2+cx? Vax. 1 b
al/4 (2b2+\/?b\/?—6ac) (\/?+V?x2) ———————— EllipticF[2ArcTan| 1, = 2—7]]
(Va «~/e =)’ R N

Result (type 4, 479 leaves):

1
30c2 | —— Va+bx?+cx?
b+v/b%-4ac

2¢ S x(b+3cx2) (a+bx2+cx4)—j (b2—3ac) (—b+ b2—4ac)
b+vVb2-4ac

b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
b+vVb2-4ac b-+Vb%2-4ac

C b+vb?-4ac
EllipticE[jAr‘cSinh[\E - x}, +—] 1 (7b3+4abc+b2\/b2—4ac —3acﬂb2—4ac]
b+vVb2-4ac b-+/b2-4ac
b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx? c b+Vb2-4ac
- i - E1lipticF [i ArcSinh[+/2 x|, — ]
b+vb2-4ac b-+Vb%*-4ac b+Vb%?-4ac b-+Vb*-4ac

Problem 932: Result unnecessarily involves imaginary or complex numbers.
Jx/a+bx2+cx4 dx

Optimal (type 4, 309 leaves, 4 steps):
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1/4 2 _arbx?rex? - x) 1[4 b
1 T bW?W?X)mﬂhpt”[“"““[aﬂ’4(2 )]
Jaibx®icxt +

x _
3\/?(\/?+\/?x2) 3c34a+bx2+cxt
+b x%+c x* . . Y4 1 b
al/4 (b+2ﬁﬁ) (ﬁ+ﬁx2) li(\ag:g;)z E111pt1cF[2Ar‘cTan[cal/mx}, ) (27 ﬁﬁ)]
6c3*\Va+bx?+cx?

Result (type 4, 445 leaves):

C

4c —x(a+bx2+cx4)+
b+vb?>-4ac
b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx? C b+Vb2-4ac
jb(fb+ b2—4ac) - i i E1lipticE [i ArcSinh[+/2 x|, — ] -
b+vVb2-4ac b-+vVb%2-4ac b+Vb%2-4ac b-+Vb%2-4ac

b+vbZ-4ac +2cx? 2b-2+/b%2-4ac +4cx?

i (—b2+4ac+b b2—4ac)

b+vb2-4ac b-+vb2-4ac
C b+vb?-4ac c
EllipticF[jArcSinh[\E - x}, +—] / 12c |——————— +Ja+bx?+cx?
b+vVb2-4ac b-+/b2-4ac b+Vb2-4ac

Problem 933: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2+cx4

2

dx
X

Optimal (type 4, 303 leaves, 4 steps):

2al/4 V4 (\fa ++fc x2) [ b EllipticE[ZAr‘cTan[ﬂ}, Ll2- =P
Jarbxrcxt  24/C xvarbxiicxt | Ty A
. )

. NN NrarTra
2 a+b x?+c x* . . /4 x 1 B b
(b+2\/?\/?) (\/?+\/?x ) ,7(\/:?%)8)2 EllipticF|[2ArcTan| e |, " (2 \/?WH
2at/4cl/4/a+bx?+cx?

Result (type 4, 435leaves):



1.2.2 Quartic.nb | 91

c
-2 | (a+bx2+cx4) +
b+vb2-4ac

b+vVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx? c b+vVb2-4ac
Ji(—b+x/b2—4ac X * i ’ EllipticE[JiAr‘cSinh[\/? x], * }—
b+vVb2-4ac b-+vVb%2-4ac b+Vb2-4ac b-+Vb%2-4ac
b-+vb2-4ac +2cx? b+vb2-4ac +2cx? c b+vb2-4ac
iv/2 ~/b2-4ac x * ’ * EllipticF[jAr‘cSinh[\E x}, * ] /
b-+vVb%2-4ac b+Vb2-4ac b+vVb2-4ac b-+/b2-4ac

C
2 |——————— x+Ja+bx?+cx?
b +

Problem 934: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2+cx4

dx

x4

Optimal (type 4, 341 leaves, 5steps):

bcl4 (v/a +/c x? —asbxPrext EllipticE[ZAPcTan[LMX], =N Qp— }
Jaibx i cx bVaibicx  bye xVaibxlioxt | | o oie e b
B + _
333 3ax 33(\/?+\/?X2) 3a%4+a+bx?+cx?

(b+2\E\E) cl/4 ('\/?+\EX2) 7(;5”3*_”4)2 EllipticF[ZAr‘cTan[cl’;:‘}, i (2— rbr)]
a +\/c x? a’/ a c

6a3%+a+bx?+cx*

Result (type 4, 459 leaves):
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1
12a | ——— x3Va+bx?+cx?
b++y/b%-4ac

c b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx?

-4 | — (a+bx2) (a+bx2+cx4)+ib(—b+ b2-4ac | X3 * i i

b+vb2-4ac b+vb2-4ac b-+vb2-4ac
c b+vVb2-4ac

EllipticE[i ArcSinh[+/2 | ———— x], +—]—j(—b2+4ac+bx/b2—4ac X3

b+vVb2-4ac b-+/b2-4ac

b+vbZ-4ac +2cx? 2b-2+b%-4ac +4cx? c b+vb2-4ac

u . . EllipticF[i ArcSinh[+/2 x|, ]

b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 935: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2+cx4

6

dx
X

Optimal (type 4, 397 leaves, 6 steps):
Varbx®+cx* byarbx?rcx* 2(b*-3ac)Va+bx®+cx* 2+/c (b2-3ac)x\a+bx?+cxt
- + +

5 X5 15 a3 15 a2 x 15a% (vVa + Ve X
1/4 2 2 a+b x?+c x* . . /4 x 1 b
2 cl/ (b —3ac) (\/?Jr\/?x) li(ﬁwc_xz)z E111pt1cE[2Ar‘cTan[ 31/4 }, . (2— J?v?)] .
15a’/*Va+bx?+cx?* 30a”*Va+bx?+cx?
2 4 1/4
cl/4 (2b2+\/?b\/?—6ac) (\/?+V?x2) _arbxirext Ellip‘cicF[ZAr‘cTan[c X\ L, b ]
(Vo e ) at el e e

Result (type 4, 530leaves):
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1
30a2 | —— x*Va+bx?+cx?
b+v/b%-4ac

c
-2 | (3a3’—2b2x6 (b+cx2)+a2 (4bx2+9cx4)+a(—b2x4+7bcx6+6c2x8>)—j<b2—3ac) (—b+x/b2—4ac)
b+Vb%2-4ac
b+vb2-4ac +2cx? 2b-2+Vb2-4ac +4cx? C b+vbZ-4ac
x° i i i EllipticE[Ji Ar‘cSinh[\/? — x|, +—] +
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
i|-b>+4abc+b*+/b?-4ac -3ac+/b® -4ac|x° * * -
b+Vb%2-4ac b-+Vb%2-4ac
c b++vVb%?-4ac
EllipticF[ler‘cSinh[\/? ] : ]

¢y, hryb-dac

b++Vb%2-4ac b-+vb2-4ac

Problem 947: Result unnecessarily involves imaginary or complex numbers.
Jx“ (a+bx2+cx4>3/2d1x

Optimal (type 4, 495 leaves, 6 steps):
(8b4—51ab2c+60a2c2) xva+bx2+cx* 8b (2b2—9ac) <b2—3ac) xva+bx?+cx?

1155 ¢? 115572 (Va e x|
x3 (b (2b2+ac)+10c(b2—3ac)x2) Vva+bx2+cx* x3 (b+3cx2) <a+bx2+cx4)3/2 1
+ +
385 c? 33c 1155 c®4/a+ b x2 + c x*
2 4 1/4
8al’“b (2b2-9ac) (b?-3ac) [Va «Vc ¥ 20X liptice[2arcTan[ S, © 2_#]} :
(Ve + e x2)’ e el m e
! al/4 (8b(2b2—9ac) (b2—3ac)+\/?\E(8b4—51ab2c+60a2c2))
2310 c®4a+bx?+cx?

2 4 1/4
(\/?+\/?x2) arbxrext EllipticF[ZAr‘cTan[c X]

1
(\/a_+\/?xz)2 al/4 ’Z
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Result (type 4, 657 leaves):

1
2310c* | ———— Ja+bx%+cx?
b++/ b%-4ac

C
2c |[———— x(68a’c*+a*c (-51b*+92bcx?+255¢c*x*) +a (8b*-57b% cx*-14b% c®x* + 367 b c* x® + 300 c* x¥) +

b+vb2-4ac

X2 <8b5+2b4cx2—b3c2x4+145b2c3x6+245bc4x8+105c5x19)) -41ib (2b4—15ab2c+27a2c2) (—b+x/b2—4ac)

b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx? L ] . c b++vb2-4ac
EllipticE|[i APCSlnh[\/? x|, |+
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

i (—8b6+68ab4c7159a2b2c2+60a3c3+8b5x/b2—4ac ~60ab3c+/b2-4dac +108a2bc2x/b2—4ac)

b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx? L _ . c b+vb2-4ac
EllipticF[i ArcSinh[~/2 x|, ]
b+vb2-4ac b-+Vb%*-4ac b+Vb2-4ac b-+Vb?-4ac

Problem 948: Result unnecessarily involves imaginary or complex numbers.
sz (a+bx2+cx4>3/2d1x
Optimal (type 4, 443 leaves, 5steps):

(8b4—57ab2c+84a2c2) xva+bx?+cx?
315 ¢5/2 (\/?+\/?x2)

x (b(4b?-9ac)+6c(2b?-7ac)x?)Va+bx2+cx? x(3b+7cx?) (a+bx?+cx?)?? 1
. _
315 c? 63 c 3151174 /3 + b x2 + ¢ X4
b 2 4 1/4 1 b 1
al/4 (8b“—57ab2c+84a2 c2) (\E+\Ex2> _axhxrrex; EllipticE[ZAr‘cTan[C X}, 2= J} +
(\/;Jr\/?xz)z al/4 4 va Ve 630 cl¥4/a+bx2+cxt

1/4 X

2 4
al/4 (8b4—57ab2c+84a2c2+4\/?b\/? (b2—6ac)) (ﬁ+\/?x2> _arbxirext EllipticF[2ArcTan|

1
Vo e )’ ETR




Result (type 4, 602 leaves):

1
1260c3 | ——— Ja+bx%+cx?
b++/ b%-4ac

C

1.2.2 Quartic.nb

de | ———— x (-4b*x* -’ cx*+53b7 *x®+85b > x¥+35c* x¥+a’c (24b+77cx2) +a (—4b3+27b2cx2+151bc2x4+112c3x6)) +

b+vb2-4ac

b+vb2-4ac +2cx?
i(8b4—57ab2c+84a2c2) [—b+x/b2—4ac) : i

b+vb2-4ac
2b-2+b2-4ac +4cx? c b+vb2-4ac
: EllipticE[i ArcSinh[+/2 x|, — ] -
b-+vb2-4ac b+vb2-4ac b-+vb%2-4ac

b+vVb%2-4ac +2cx?
i|-8b°+65ab>c-132a’bc?+8b*+/b>-4ac -57ab’c+/b?>-4ac +84a2c2«/b274ac)

b++Vb%2-4ac
2b-2+/b2-4 4cx? Vo> -4
b-2b —4acC +ACX b lipticF[iArcsinh[vZ ‘ , penbdac
b-+vVb%2-4ac b++Vb%2-4ac b-+vb2-4ac
Problem 949: Result unnecessarily involves imaginary or complex numbers.
j(a+bx2+cx4)3/2d1x
Optimal (type 4, 381 leaves, 5steps):
2b (b2-8ac)xVa+bx?+cx* x(b2+10ac+3bcx?) Va+bx?+rcx* 1
- < ) . . + ( ’ . ) . - +*X(a+bX2+CX4)3/2+
35 ¢3/2 (V?HEXZ) 35¢ 7
1/4 2 2 a+b x2+c x* . . /4 x 1 _ b
2al/4p (b 8ac) (\/?+\Ex) li(h_dc_xz)z E111pt1cE[2Ar‘cTan[ oy }, . (2 Ja_ﬁ)] .
35c’/4~a+bx?+cx? 70c’/*a+bx?+cx?
b x2 4 1/4 1 b
al/4 (\/?\/? (b*-20ac) +2b <b2—8ac)> (\/?+V?x2) arpxrrex; EllipticF[ZAr‘cTan[C X], = 2—7J}
(Vo Ve ) it el a e

| 95
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Result (type 4, 533 leaves):

1
70c2 | ——— +Ja+bx?+cx*
b++/ b%-4ac

ZC\/C x(15a2c+a(b2+23bcx2+20c2x4)+x2 (b3+9b2cx2+13bc2x4+5c3x6))—ib(b2—8ac) (—b+ b2—4ac)
b +

VvbZ-4ac

c b+\/b2—4ac}
5 +

X
b+Vb%2-4ac b-+Vb%2-4ac

\/b+\/b24ac +2cx? \/2b2\/b24ac +4cx?

EllipticE[i ArcSinh[~/2
b+Vb2-4ac b-+vb%-4ac

b+vb2-4ac +2cx?
Ji(—b4+93b2c—20a2c2+b3\/b2—4ac—8abc\/b2—4acJ\/ : ’

b+vVb2-4ac

\/2b—2\/b2—4ac +4 c x2

b-+Vb%>-4ac

C b+vb2-4ac
EllipticF|i Ar‘cSinh{\/? x|, * ]
b+vb2-4ac b-+vb2-4ac

Problem 950: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx
2

J<a+bx2+cx4

X

Optimal (type 4, 361 leaves, 5steps):

(b2+12ac)xm 1 (a+bx2+cx4)3/2
+=x (7b+6cx®) \Jarbxticoxt - -
5+/c (\E+\Ex2) > X

+bx?+c x? s : rx 1 b

al/4 (b2 +12ac) (\/?Jf\/?xz) | (%:}:z)z E111pt1cE[2Ar‘cTan[Cal/,;‘], . (2— ﬁﬁ)] .
+

5¢3/4~/a+bx2+cx? 10c*Va+bx?+cx?
e (12 5 a+bx2+cx?t L c4x, 1 b
a (b +8v?bv?+12ac) (\E+\Ex) —— = =" EllipticF[2ArcTan| |, = |2- ——|]

Vo e x) ae Ca e e

Result (type 4, 505 leaves):
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1
20c | ——— x+Va+bx?+cx*
b++y/b%-4ac

C
4¢c | —mm— (—5a2—3abx2+2b2 4—4acx4+3bcx6+c2x8)+j1(b2+12ac) (—b+ b2-4ac

b++vb%2-4ac

b+vVb?-4ac +2cx?
b+vb2-4ac

X

2b-2+vb%2-4ac +4cx? c b+Vb%2-4ac
- E1lipticE i ArcSinh[+/2 x|, — ] -
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
j(—b3+4abc+b2\/b2—4ac +12ac+/b’>-4ac | x * * ’
b+vVb2-4ac b-+/b2-4ac
c b+vVb2-4ac
E1lipticF[i ArcSinh[+/2 ], ]

B S—— AR L S AL
b+vb2-4ac b-+vb%-4ac

Problem 951: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx
4

J(a+bx2+cx4

X

Optimal (type 4, 353 leaves, 5 steps):
8b+/c xVarbx?+cxt (3b—2cx2) Vva+bx?+cxt (a+bx2+cx4>3/2

3(\/?+\/?x2) 3x 3x3

+bx%+c x4 . . i 1 b
galtbcl/4 (\/?+\/?x2) /7(;;%;)2 E111pt1cE[2Ar‘cTan[Cal/mx], " (2— HW)]

3vVa+bx?+cx?

+bx2+c x* . . /4 1 b
(36282 by/c +4ac) (Va s/ x| FﬁE111pt1cF[2Ar‘cTan[cal/ax}, L2- =]
62t cV/ai bt cxt

Result (type 4, 473 leaves):
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1
6 | ——— x3+Va+bx?+cx?
b+v/b%-4ac

C

b+Vb?-4ac +2cx?
2 | — (—a2—5abx2—4b2 4—3bcx6+c2x8)+4ib(—b+ b2-4ac | X i ’
b+vb2-4ac b+vb2-4ac
2b-2+vb%2-4ac +4cx? c b+Vb%2-4ac
* EllipticE[JiAr‘cSinh[\/? x|, * ]—i(—b2+4ac+4bxlb2—4ac)
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx? c b+vVb2-4ac
x3 ’ * * EllipticF[jArcSinh[\E — x|, R A
b+Vb2-4ac b-+b2-4ac b+vVb2-4ac b-+/b2-4ac

Problem 952: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx

J(a+bx2+cx4

x6

Optimal (type 4, 400 leaves, 6 steps):
(b2+12ac) Va+bx?+cx? \/?(b2+12ac)xx/a+bx2+cx4 (b—6cx2)\/a+bx2+cx4 (a+bx2+cx4)3/2
- +

5ax Sa(\/?Jrﬁxz) 5 x3 5 x>
1/4 (12 2 _aibx®rex® st x] L[y b
c/4 (b +12ac) (\/?+\/?x ) mElllptlcE[ZAr‘cTan[ e ] . (2 \E\F)] .
N
5a34\/a+bx?+cxt 10a34Va+bx?+cxt

1/4 y

2 4
¢/t (b2 +8+/a b/c +12ac| (Va «Vc ¥ 2D lipticF[2ArcTan| S 2

Ve e ) e

1
4

el

Result (type 4, 527 leaves):
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1
20a | ——— x*+Va+bx?+cx?
b++y/b%-4ac

-4 S (a3+b2x6 <b+cx2)+a2 <3bx2+8cx4)+a(3b2x4+9bcx6+7c2x8)>+j(b2+12ac) (—b+x/b2—4ac

b++vb%2-4ac

XS

b+vbZ-4ac +2cx? 2b-2+vb%2-4ac +4cx? c b+vb2-4ac
’ : ’ EllipticE[i ArcSinh[+/2 x|, — | -

b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
i|-b>+4abc+b®+/b?-4ac +12ac+/b*-4ac ’ * *
b+Vb2-4ac b-+b2-4ac

C } b+vb2-4ac
— = y], 2 e
b+vb2-4ac b-+vb?-4ac

XS

]

EllipticF|i ArcSinh [\/?

Problem 953: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

J<a+bx2+cx4

x8

Optimal (type 4, 447 leaves, 7 steps):
(b2—20ac>x/a+bx2+cx4 2b(b2—8ac>x/a+bx2+cx4 2b\E<b2—8ac)xVa+bx2+cx4 3(b+10cx2)\/a+bx2+cx4
_ N _ _

35ax3 35a2x 35 32 (\E+\Ex2) 35 x°

2bcl/4 (b2 -8ac (\/a e x2) —abxeex®  p11ipticE[2 ArcTan| €4X], L (27 b )
(a+bx2+cx4>3/2 ( ) (\/a—+\/?xz)2 [ [ al/4 ]’ 4 \/?\F ] 1
. _
7 x7 35a74/a+bx?+cx? 70a’*a+bx?+cxt

o)

a+bx?+cx? cl/4 x

EllipticF[2ArcTan| L
(\E+\Ex2)2 altt =4

cl/4 (\/?\/?(bz—zeac)+2b<b2—8ac)> (\/?Jr\/?xz)

Result (type 4, 572 leaves):
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70a2 | ——— x’“Ja+bx?+cx*
b+v/b%-4ac

DY (5a*-2b*x® (b+cx?) +a® (13bx*+20cx*) +abx® (-b?>+17bcx?>+16c*x*) +3a% (3b>x*+13bcx®+5c2x%) ) -
b+Vb%2-4ac

ib (b*>-8ac) [— +1/b?2-4ac

+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
b+vVb2-4ac -Vb%2-4ac

b++Vb2-4ac
EllipticE[i ArcSinh| \ﬁ\/ },+—]+J’1(—b4+9ab2c—20a2c2+b3«/b274ac78abc«/b2—4acJ

+Vb%2-4ac b-+b2-4ac

, | b+Vb?-4ac +2cx? 2b-2+b%2-4ac +4cx? L . . c b+vb%2-4ac
X E111pt1cF[1 ArcSmh[\E —_— x|, —]
+vb%?-4ac -v/b%>-4ac b++vb%>-4ac b-+b%>-4ac

Problem 954: Result unnecessarily involves imaginary or complex numbers.
Jx/3—2x2—x4 dx
Optimal (type 4, 48 leaves, 5steps):

2 EllipticE[ArcSin(x], - 1] 4EllipticF[ArcSin(x], - 1]
=x4/3-2x2-x* - 2y 2
V3 V3

Result (type 4, 59 leaves):

3

x[3-2x2-x* -2 EllipticE[i ArcSinh[ ——], -3] -4 i EllipticF [i ArcSinh[ ——], -3]
V3 V3

Problem 963: Result unnecessarily involves imaginary or complex numbers.

X4
J X ax
Va+bx?+cx?
Optimal (type 4, 313 leaves, 4 steps):



2a14b (\a +c x| | 2o E1iptice[2 AncTan[ €0X], 2 (2o —b )]
xVa:bxlicxt  2bxVaibxlicxt | | Vo ye] Rl
- +

3c 332 (\/?+\/?x2) 3c74Jarbx2+cxt
al/4 (2b+ﬁ\/?) (ﬁJr\Exz) l% EllipticF[ZAr‘cTan[c::f}, i (2— ﬁbﬁ)]
6c’/*Va+bx2+cxt

Result (type 4, 444 leaves):

C

1.2.2 Quartic.nb | 101

2¢ —x(a+bx2+cx4)—
b+vb?>-4ac
b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx? C b+Vb2-4ac
ib (—b+x/b2—4ac ) - i i E1lipticE [i ArcSinh[+/2 x|, — ] +
b+vVb2-4ac b-+vVb%2-4ac b+Vb%2-4ac b-+Vb%2-4ac

b+vbZ-4ac +2cx? 2b-2+b2-4ac +4cx?

i (—b2+ac+b b2—4ac)

b+vb2-4ac b-+vb2-4ac
C b+vb?-4ac c
EllipticF[jAr‘cSinh[\E - x}, +—] / 6c? | ——————— +Ja+bx?+cx?
b+vVb2-4ac b-+/b2-4ac b+Vb2-4ac

Problem 964: Result unnecessarily involves imaginary or complex numbers.

X2
J —ax
Vva+bx?+cx?
Optimal (type 4, 267 leaves, 3 steps):

1/4 2 a+bx2+c x* . . My 1 ~ b
Y a (\/?+\/?x ) FmElllptlcE{ZAr‘cTan[ oy ]s . (2 H\E)]

e (\/?+\Ex2> 34 Jarbx?+cxt
1/4 2 a+b x?+c x* . . /4 x 1 B b
a (\/?+\/?x ) /7(\/:;%)(2)2 EllipticF[2ArcTan| e ] . (2 \/:TW)]
2c¥4a+bx?+cx?

Result (type 4, 278 leaves):
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b+vbZ-4ac +2cx? 2 ¢ x2
Jl(—b+\/b2—4ac) : - 1+
b+vb2-4ac b-+vb2-4ac

b+Vb>-4
E1lipticE[i ArcSinh[v2 | —————— x|, ——2—"2C
b+vb%2-4ac b-vb*-4ac

{Z\Ec\/c Ja+bx?+cx?
b +

Vvb%2-4ac

Problem 965: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
Vva+bx?+cx?
Optimal (type 4, 114 leaves, 1step):

2 a+b x?+c x* . . /4 x 1 _ b
(Va +Ve ) | T EllipticF[2ArcTan[ <72 ], 2 (2 HW)]
2at4ct4a+bx?+cx?
Result (type 4, 186 leaves):

i\/b”bz'“c 2cx 14 —2cx EllipticF[i Ar‘cSinh[\/? € x| b/ b-4ac ]

b+/b*-4ac b-+/b%*-4ac b++/b%-4ac ’ b-+/b%*-4ac
\/7 —=< —— Ja+bx2+cxt
b+/b*-4ac

Problem 966: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x>\ a+bx?+cx?
Optimal (type 4, 294 leaves, 5 steps):

| - EllipticF[i ArcSinh [\/?J

c b+vb2-4ac
X,
b+vb?-4ac b-+vb2-4ac

|/



1.2.2 Quartic.nb | 103

1/4 2} [ _asbxiex®  E1yipticE[2 ArcTan| €8x, L (oo b
GiTTeR JEaaremrer V)[R et a2, L - 2 )]

ax a(\/?+\/?x2) ad4Ja+bx2+cxt
+bx?+c x* . . 1/4 1 b
cv/4 (va +ve x| /(aﬁfT‘;)z ELLipticF[2ArcTan[ 7], & (2- 2 —]]
2a34+a+bx?+cx?

Result (type 4, 298 leaves):

1 4 (a+bx2+cxt 1 b+vb2-4ac +2cx? 2 ¢ x?
- < )+ ]'l\/?[—b-%— b2—4ac) : : 1+
4aa+bx?+cxt X c b+vb2-4ac b-+vb2-4ac

b+/b%-4ac

b+Vb2-4 b+~/b2-4
EllipticE[iAr‘cSinh[\/? < x}, +—ac] —EllipticF[Ji Ar‘cSinh[\/? ¢ x], * ac ]
b+vb2-4ac b-+vb?-4ac b+vb?-4ac b-+vb2-4ac

Problem 967: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x*\Va+bx?+cx?
Optimal (type 4, 345leaves, 5steps):
Varbx2iex* 2bva+bx2icx* 2b+c xVa+bx2+cx?
+ - +
3ax3 3a%x 3 32 (\/?+\/?x2)

2bcl/e (ﬁ+%x2) /—(j;xzﬁc;) EllipticE[ZArcTan[i%], L (2— ﬁbﬁ)}

3a’”%+/a+bx?+cx?

(2b+va Ve | e (Va s ie %) /4(‘}”’“;*2)2 EllipticF[zArcTan[C;fﬂ, L2- ﬁbﬁ)]
a +yc X /

6a’’/*vVa+bx?+cx?

Result (type 4, 459 leaves):
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1
6a2 | —— x3+Va+bx?+cx?*
b++/b%-4ac

c b+vVb?-4ac +2cx? 2b-2+vb%2-4ac +4cx?

-2 | ——— (a-2bX?) (a+bx2+cx4)_jb(_b+ b2_4ac | x3 + + Y +

b+vb2-4ac b+vb2-4ac b-+vb%-4ac
c b+vVb2-4ac

EllipticE[i ArcSinh[+/2 | ———— x], +—]+j(fb2+ac+b b>-4ac | x?

b+vVb2-4ac b-+/b2-4ac

b+vbZ-4ac +2cx? 2b-2+b%-4ac +4cx? c b+vb2-4ac

u . . EllipticF[i ArcSinh[+/2 x|, ]

b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 968: Result unnecessarily involves imaginary or complex numbers.

X7
J X ax
Vva+bx?-cx*
Optimal (type 3, 124 leaves, 5steps):

b (5b%+12ac) ArcTan| —229¢ ]
x*Va+bx2-cx* (15b?+16ac+10bcx?) Va+bx?-cx® 2+/¢ \Jarbx®cxt

6cC 48 c3 32c7/2

Result (type 3, 112leaves):
1

96 C7/2

i (b-2cx?
[—ZX/C_\/a-%—bXZ—CX‘l (15b°+16bcx®+8c (2a+cx*)) +31 (5b°+12abc) Log[w+2x/a+bx2—cx4]

C

Problem 969: Result unnecessarily involves imaginary or complex numbers.

XS
J X ax
va+bx?-cx?
Optimal (type 3, 107 leaves, 5steps):

(3b2+4ac) Ar‘cTan[¢

3bva+rbx2-cx* x2+/a+bx2-cx* 2 AfarbxP-c Xt

8 c? 4c 16 c5/2

Result (type 3, 94 leaves):



Lo 2
(3b+2cx2) Varbx-cxt i(3b2+4ac) Log[l—(%)—+2\/a+bx2—cx4}
C
) 8 c? ' 16 c>/?

Problem 970: Result unnecessarily involves imaginary or complex numbers.

3

X
— dx
a+bx?-cx?

Optimal (type 3, 70leaves, 4 steps):

bAr‘cTan[—b’zc"2 ]
Va+bx?-cx* 2+/c +Jatbx2-cx*
2c¢c 4 c3/2

Result (type 3, 77 leaves):
VaTba o iblog[- HEEEEEl Lo b o]

C

- +
2c 4 c3/2

Problem 971: Result unnecessarily involves imaginary or complex numbers.

X
J X ax
Vva+bx?-cx?
Optimal (type 3, 44 leaves, 3 steps):

B 2
Ar‘cTan[ b-2cx

2+/c Jatbx2-cx* ]
2+/c

Result (type 3, 51 leaves):
i Log[—i—('b%cxz)—+2\/a+bx2—cx4 ]

2+/c

Problem 976: Result unnecessarily involves imaginary or complex numbers.

4

X
—dx
a+bx?-cx?

Optimal (type 4, 409 leaves, 5 steps):
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xVa+bx?-cx* 1 2cx?
- . b(b—«/b2+4acJ b++b2+4ac \/1—

3c 342 c52/a+bx2-cx b-+vb2+4ac
2 ¢ x? 2 Ve x b+vb2+dac 1
1- — """ EllipticE[ArcSin| V2 Ve ], —— ] +
b+vVb2+4dac bivblidac b-+vVb%2+4dac 372 ¢%2+/a+bx2-cx*
2 ¢ x? 2 ¢ x? 2 Ve x b++vb2+4dac
b++/b*+4ac (b2+ac—bx/b2+4ac) 1-———— [1-—————— EllipticF|ArcSin| V2 e ] . .
b-+vb2+4ac b++vb2+4dac bivVblidac b-+vb2+4ac

Result (type 4, 459 leaves):

1
6C2 -— \/aerXZ*CX4
b++/b%+4ac

c b+vVb2+4ac -2cx? -b+b?+4ac +2cx?
2¢ ——x(—a—bx2+cx4>—Ji\/?b(—b+x/b2+4ac) * * * * i
b++vb2+4dac b++vb%+4ac -b++b2+4ac
c b+vb2+4dac
EllipticE[jAr‘cSinh[ﬁ - x], ’ * } +1/2 (—bz—ac+bwb2+4ac )
b+Vb%2+4ac b-+Vb2+4ac
b+vVb2+4ac -2cx? -b+/b?+4ac +2cx? c b+vVb2+4ac
A A i E1lipticF[i ArcSinh[v2 |- x|, ———" ]
b+vVb2+4ac -b+/b?+4ac b+vVb2+4ac b-+/b2+4ac

Problem 977: Result unnecessarily involves imaginary or complex numbers.

XZ
J — ax
Vva+bx?-cx*
Optimal (type 4, 377 leaves, 4 steps):

]
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1 2 ¢ x?
- (bfx/b2+4ac) b++/b%>+4ac 1-—
22 32 Ja+bx2-cx? b-vVb2+4ac
2 cx? 2 vJc x b+vb2+4dac 1
1- — """ EllipticE[ArcSin| V2 Ve ], — = v
b+vVb%2+dac bivblidac b-vVb2+4ac 22 ¢32/a+bx2-cx*

EllipticF [ArcSin| B ]
b-vVb2+4ac

2 ¢ x? 2 ¢ x? 2 Ve x b++vb2+4dac
(b—x/b2+4ac) bs~b2+dac |1-—"" 1 — =%  Ellipti i V2 e M
b+vb2+4dac lb.Vblsdac b-vb2+4ac

Result (type 4, 271 leaves):

2 cx? 2 cx? c b+vVb2+4dac
- j(b+x/b2+4ac)\/1+ \/1 [EllipticE[jAr‘cSinh[\E -— x] * ’
-b b

) |-
+vb%+4ac +vb%+4ac +vb%2+4ac -b++vb%2+4ac
c b+vb2+4dac c
EllipticF[jAr'cSinh[\E e x], - * ] / 2vV2 ¢ |-————— Ja+bx?-cx*
b++vVb%>+4ac -b++/b%2+4ac b++vb2+4ac

Problem 978: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
Va+bx?-cx*

Optimal (type 4, 169 leaves, 2 steps):

Vbsvbirdac [1-—22¢ 1 29¢  ElljpticF[ArcSin|[—L2lex ] balbtdac ]
bf\/m b+ b2+4ac Jk”\/m b,\/b2+4ac

V2 vJc Varbx2-cx*
Result (type 4, 177 leaves):

i1 —2<X 26X E1lipticF[i ArcSinh[v2 |- ——¢ x|, - bribdac ]
-b+/b%+4ac b+ b2+4a c b+/b%+dac -b+/b%+4ac
V2 o [-—— Ja+bx*-cx*

b++/b%+4ac
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Problem 979: Result unnecessarily involves imaginary or complex numbers.

1

J dx
x?va+bx?-cx*

Optimal (type 4, 408 leaves, 6 steps):

Va+bx?-cx?
_yer7r =7,
ax
2 cx? 2 cx? 2 Ve x b++Vb%2+dac
(b—«/b2+4acj b++/b>+4ac 1-————— |1-—————— EllipticE[ArcSin| V2 e B - - ]/
b-vb2+4ac b+vb2+4ac lbsb2rdac b-vb2+4ac

(Zﬁa\/?x/a+bx2—cx4

2 2 2 2 2 b+vVb%+4

[b—x/b2+4ac) bifb2rdac |1 —— 1. — =% EllipticF|ArcSin| V2 Ve x ], 2 ac]/
b-+Vb%>+4ac b++Vb%2+dac lb+/b2rdac b-+b*+4ac

(Z\Ea\/?xlaerxz—cx“

Result (type 4, 283 leaves):

1 4a 1 4 c x? 2 ¢ x2
- — —4bx+4cxXP+ ——— i (—b+x/b2+4ac]\/2+ \/1—
b+

4a+a+bx?-cx* X B c -b++/b%2+4ac Vb%2+4ac
b++/b%+4 ac
c b+vb2+4dac c b+vb2+4dac
EllipticE[i ArcSinh[+/2 |- x|, ! * | - EllipticF[iArcSinh[V2 |- x|, i * ]
b+vVb2+4dac b-+vb2+4dac b+vb2+4dac b-+vb2+4dac

Problem 980: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x*\Va+bx?-cx*

Optimal (type 4, 445leaves, 6 steps):
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Vva+bx?2-cx* 2b+a+bxZ-cx*

— + —

3ax3 3a%x
2cx? 2cx? 2 Ve x b+vbZ+4ac
b[b—x/b2+4ac) b+ b?+4ac 1-—————— |1-————— EllipticE[ArcSin| V2 Ve B : - ]/
b-+vb2+4dac b+vb2+4dac /b+\/m b-+vb2+4ac
2 c x?
(B\Eazx/?«/a+bx2—cx4 +|4/b+r/bZrdac [b2+ac—bx/b2+4ac) 1-—
b-+/b?>+4ac

2 cx? 2 Vc b+vVb2+4ac
g ccx EllipticF [ArcSin| V2 Ve x B * ’ ] /(3\/7a2\/?«/a+bx2—cx4
b+vb2+dac lb.blsdac b-vb2+4ac

Result (type 4, 472 leaves):

1
6a2 |-—— x3+Va+bx?-cx*
b+/b%+4ac

2\/; (afszz) (a+bx27cx4>fj\/7b(7b+«/b2+4ac
b+

3\/b+\/b2+4ac -2cx? \/b+\/b2+4ac +2cx?
X

VvbZ+4dac b+vb2+4dac -b+vb%+4dac
C b+Vb2+4ac
EllipticE[jAr‘cSinh[ﬁ - x], i * }+]1\/7[7b27ac+bx/b2+4ac X3
b+vb2+4ac b-vVb%2+4dac
b+vVb2+4ac -2cx? -b+/b?+4ac +2cx? c b+vVb2+4ac
A - e EllipticF[i ArcSinh[2 |- x|, R
b+vbZ+4dac -b+vb2+4ac b+vb2+4dac b-+vb%+4ac

Problem 989: Result unnecessarily involves imaginary or complex numbers.

6

X
dx
J(a+bx2+cx4)3/2

Optimal (type 4, 408 leaves, 5 steps):



110 | 1.2.2 Quartic.nb

x3(2a+bx2) bx+va+bx?+cx* 2(b2—3ac)X'\/a+bx2+cx4

(b2-4ac) Va+bx2+cxt c(b>-4ac) c¥? (b?-4ac) (\E+\/?X2)

2al/4 (b2-3ac) (\/?Jr\/?xz) /7(5‘;’33*;?)2 EllipticE[ZArcTan[%}, . (2, Hbﬁ)]

c7/4 (b2—4ac) Va+bx?+cxt

a b 2 c 4 1/4 1 b
al/s (2b2+\/?b\/?—6ac) (\/?+\/?x2> axhxrrext EllipticF[2ArcTan| X}, = 2—7J] /
Va « /e =)’ e et a e
(Zc”4 (b274ac) \Ja+bx?+cox?
Result (type 4, 489 leaves):
1
2¢? (—b2+4ac) —<—— Ja+bx?+cx?*
b+v/b%-4ac
c b+vVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
2¢ —x(b2x2+a(b—2cx2))—i(b2—3ac) (—b+x/b2—4ac) ’ reex rrex
b+vb2-4ac b+vb2-4ac b-+vb?-4ac
b++vVb2-4
E1lipticE[i ArcSinh[v2 | ——————— x|, —— 25 ] . (7b3+4abc+b2w/b274ac —3aCx/b2—4ac]
b+vVb2-4ac b-+/b2-4ac
b+vb2-4ac +2cx? 2b-2+b%2-4ac +4cx? c b+Vb?-4ac
: - X EllipticF[i ArcSinh[v2 x|, — ]
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 990: Result unnecessarily involves imaginary or complex numbers.

4

J X dx
(a+bx2+cx4)3/2

Optimal (type 4, 342 leaves, 4 steps):
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al/4b (\a +/c x?) |2 E11ipticE[2 ArcTan Hx] Ly b
X (2a+bx?) bxva+bx?+cx* ( ) (Va Ve %) | [a“] 4 ( \E\E)]
_ N _
(b2—4ac) va+bx?+cx? \/?(bz—4ac) (\/;Jr\/?xZ) c3/4(b2—4ac)\/a+bx2+cx4

al/a (\E+\EX2) /7(;;*;:2)2 EllipticF[zArcTan[%], L (27 ﬁbﬁ)]

2 (b—Z\/?\/?) c34va+bx?+cx?

Result (type 4, 452 leaves):

te | —— x(2avbn) -

b+vb?-4ac

b+vVb2-4ac +2cx? 2b-2+/b%2-4ac +4cx? c b+vb2-4ac
’ ! i EllipticE[j Ar'cSinh[\/? x] * } +

jb(fb+ b2—4ac) s
b+vVb2-4ac b-+vVb%2-4ac b+Vb2-4ac b-+Vb%2-4ac

b+vbZ-4ac +2cx? 2b-2+/b%2-4ac +4cx?

i (—b2+4ac+b b2—4ac)

b+vb2-4ac b-+vb?-4ac
C b+vb?-4ac c
EllipticF[jAr‘cSinh[ﬁ _— x}, +—] / 4c (b2—4ac) ————— Ja+bx?+cx*
b+vVb2-4ac b-+/b2-4ac b+Vb2-4ac

Problem 991: Result unnecessarily involves imaginary or complex numbers.

2

J X dx
(a+bx2+cx4)3/2

Optimal (type 4, 341 leaves, 4 steps):

234 V4 ((fa +nfc x| | bl E1lipticE[2 ArcTan[ <X, L (2 —°
x(bs2cx) 27T xa b | )m | el
+

- +

_(b2—4ac) Va+bx2+cx*  (b?-4ac) (\/?+\/?x2) (b>-4ac)Va+bx®+cxt

(Va «Ve %) /&_ﬁﬁ ELlipticF[2ArcTan[ %],

2 al/4 (b—Z\/?\/?) cl/4va+bx%+cx?

b=
—
N
|
5
o
4
—_
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Result (type 4, 437 leaves):

-2 S x(b+2cx2>+
b+vb2-4ac

j( b++/b? 4ac)\/b+\/m+2cxz \/Zb‘z\/m+4cx2

b++Vb%-4
EllipticE[j Ar‘cSinh[\/? ¢ x], i ac } -
b+vb2-4ac b-+vb2-4ac

b+vb2-4ac b-+vb2-4ac

b-+vb2-4ac +2cx? b+vb2-4ac +2cx? c b+vbZ-4ac
i+2 /b -4ac * i * EllipticF[Ji Ar‘cSinh[\/Z —_—— x}, ST tes ] /
b-+vb2-4ac b+vb2-4ac b+vb2-4ac b-+vb?-4ac

2<b2—4ac) ;x/a+bx2+cx4
b++vb?2-4ac

Problem 992: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2+cx4)3/2

Optimal (type 4, 353 leaves, 4 steps):

bct4 (vVa ++c x? —atbxlrext -~ EllipticE[2ArcTan fx] 1y b
x (b?-2ac+bcx?) b/c xVa+bx2+cxt ( )\/ (Va Ve x) | {31/4} 4( ﬁﬁ)}
_ . _
a(b?-4ac)Va+bx®+cx* a(b*-4ac) (\EJr\/?xz) a¥4 (b2-4ac)Va+bx?+cxt

cl/4 (\E+\Ex2) /7(5’;1"2:22)2 EllipticF[ZAr‘cTan[%], i (2— ﬁbﬁ)]

2a3/4(b—2\/?\/?) Vva+bx?+cx?

Result (type 4, 456 leaves):



_ _4\/; X(bZ—ZaC+bCX2>+J'lb[—b+\/b2—4ac)

b+vb2-4ac

b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx? C b+Vb2-4ac

- i - E1lipticE[i ArcSinh[vV2 | ———— x|, — 2 -
b+vVb2-4ac b-+Vb%2-4ac b+Vb2-4ac b-+Vb2-4ac

b b2_-4 2 2 2b-2+/b2-2 4 5
P[0 aacooraac] Vb2 -4ac r2cx J67Aac +dcx
b+b?-4ac b-b?-dac

b+vb2-4
EllipticF[i ArcSinh[+/2 < x|, ’ ac ] / 4a(b*>-4ac) S — Ja+bx?+coxt
b++Vb%2-4ac b-+vb%2-4ac b++Vb%2-4ac

Problem 993: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x2 (a+bx2+cx4)3/2

Optimal (type 4, 428 leaves, 5steps):

b2-2ac+bcx? 2(b2—3ac>\/a+bx2+cx4 2\/?<b2—3ac)x a+bx?+cxt
_ . _
a(b’-4ac)xVa+bx?+cxt a? (b*-4ac) x a’ (b2-4ac) (\/?+\/?x2)

2 cl/4 (b2—3ac) (\/?Jr\/?xz) li(j;’:‘zr;ci:)z EllipticE[ZAr‘cTan[%}, i (2— ﬁbﬁﬂ

a’/4 (b2—4ac) va+bx?+cx?

2 4 1/4
ct/4 (2b2+\/;b\/?—6ac) (\/;Jr\/?xZ) _arbxirext Ellip‘cicF{zAr'cTan[c x}) 1
(\/?+V?x2)2 at/t 4

(Za”4 (b2—4ac) x/a+bx2+cx4)

Result (type 4, 515leaves):
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1
2a2(b2—4ac> —< —— x+Va+bx2+cxt
b+v/b%-4ac

X

(—4a2c+2b2x2 <b+cx2) +a (b2—7bcx2—6c2x4>) -1 <b2—3ac) (—b+x/b2—4ac

|+

\/ 4ac
+vVb2-4ac +2cx? 2b-2+vb2-4ac +4cx? C b+vbZ-4ac

* * EllipticE[ler‘cSinh{\/? x|, *
b+vb2-4ac -vb2-4ac -4ac b-+vb?-4ac

i [—b3+4abc+b2x/b2—4ac -3ac+/b?-4ac|x

b+vb2-4ac b-+vVb%2-4ac

2 —
EllipticF|i Ar‘cSinh[ﬁ\/ c ] b+ m}

\/b+\/b24ac +2cx? \/2b2\/b24ac +4cx?

X,
b+vb2-4ac b-+vb2-4ac

Problem 1003: Result unnecessarily involves imaginary or complex numbers.

X4

dx

\/a+(2+2b—2(1+b))x2+cx4

Optimal (type 4, 108 leaves, 3 steps):

a3/ (\/?+\/?x2) % EllipticF[ZAr‘cTan[Cl/é"], 2]
xVa+cxt (Va /e x) vt 2
3¢ 6c>4a+cxt

Result (type 4, 92 leaves):

1+— Elllp‘thF[Jl ArcSlnh{ ?\/T x},—l}
a

e
Ja

3cVa+cx?

x(a+cx4)+




Problem 1005: Result unnecessarily involves imaginary or complex numbers.

J\ -
le
\/a+(2+2b 2(1+b>)X +CX

Optimal (type 4, 210 leaves, 4 steps):

al/4 (\/?+\Ex2) 7(ra”;f )2 EllipticE[ZArcTan[iclilx], i]
aT R | ave e @

Ve [V e <) N
gl/4 (\E+\Ex2) lﬁ EllipticF[ZAr‘cTan[%], ﬂ
2c¢34/a+cxt

Result (type 4, 104 leaves):

i1 [EllipticE[j Arcsinh| [ +L x], —1] —EllipticF[i ArcSinh| [ L& x], 1}}
VA Ve e

a

. 3/2
(=) Ve e
a

Problem 1007: Result unnecessarily involves imaginary or complex numbers.

1

dx

Jar (2+42b-2(1+b)) 2+ cxt
Optimal (type 4, 88leaves, 2 steps):
a+cx* . . /4 x 1
(\/a_ + \/? xz) / m EllipticF [2 ArcTan [ 317] R ;}
2al4cl4a+cxt
Result (type 4, 74 leaves):

i /1+Ca%4 EllipticF[i ArcSinh| M\/? x|, -1]

T
Va
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Problem 1009: Result unnecessarily involves imaginary or complex numbers.

J = dx
xz\/a+(2+2b—2(1+b))x2+cx4

Optimal (type 4, 232 leaves, 5steps):

cl/4 (\/;+\EX2) —2:0  E11ipticE[2ArcTan| <X, 7]
Vva+cx?t Ve x/a+cxt Varve s "
_ + -

ax a(\/?+\/?x2) a3 a+cxt
1/4 2 a+cx* . s /4 x 1
C (\E + \Ex ) / 7(%4? XZ)Z EllipticF [2 Ar‘cTan[TI/4 ], 2}
2a%%+a+cx?
Result (type 4, 121 leaves):
1 a+cx? i € cx* RV
_2t - Ve 1+ EllipticE[i ArcSinh| e x|, -1] -EllipticF[i ArcSinh|
Vaiox | ax Va a Va

Problem 1011: Result unnecessarily involves imaginary or complex numbers.

1

dx

x4\/a+ <2+2b—2 (1+b)> x2 +cx*

Optimal (type 4, 110leaves, 3 steps):

c3/4 (\/? v XZ) —asex® - EllipticF|[2 Ar‘cTan{L/ix ], %]
Va+cx? (Va Ve ) al/4 2
R 6a>4Va+cxt
Result (type 4, 95 leaves):

ic /1+% EllipticF[iArcsinh[ fﬁ x},—l]

e
Ja

3ava+cx?

arcx*
- +

X3




Problem 1039: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
V3-2x2-x*

Optimal (type 4, 12leaves, 2 steps):
EllipticF [Ar‘cSin [X], - i]

V3
Result (type 4, 18 leaves):

X
-i EllipticF[i ArcSinh|[ —], -3]

V3

Problem 1040: Result more than twice size of optimal antiderivative.

1
J - ax
V-1+5x%-x*
Optimal (type 4, 39leaves, 2 steps):

EllipticF [ArcCos| [ —2— x|, (22+5+/21 )]

211/4

Result (type 4, 87 leaves):
V5-21 -2 \/2+ (-5++21 | x2 EllipticF[Arcsin| [ 2 (5421 ) x], 2 - =20 ]
2V -1+5x%-x4

Problem 1062: Result is not expressed in closed-form.

%9/2
— dX
a+bx?+cx*

Optimal (type 3, 389 leaves, 9steps):
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{b+bzzacJ Ar‘cTan[M] {b_bZZBCJ Ar‘cTan[M}
(m—Jm]m Jbaac [7b+m)1/4

- - +

3¢ 2-”/4c7/4(—b—\/b2—4ac)1/4 23/4c7/4(—b+\/b2—4ac)1/4

2
2X3/2 b*-4ac

[b y Dic2ac ) Ar‘cTanh[;Lzm <t /x —] (b - bi-2ac ] Ar‘cTanh[;M e —]
[—b—x/bz—zlac ] ' [—b+\/b2—4ac /
+

23/4 c7/4 (—b—\/b2—4ac )1/4 23/4 c7/4 (—b+\/b2—4ac )1/4

b’-4ac b*-4ac

Result (type 7, 80 leaves):
a Log[ﬁ—nl]m Log{\/?—nlw 114

b#1+2 c11®

4 x3/2 - 3 RootSum|a + b #1* + c 1118 &, &

6cC

Problem 1063: Result is not expressed in closed-form.

7/2
— dX
a+bx?+cxt

Optimal (type 3, 385Ileaves, 9steps):

[b + b%-2ac ) ArcTan { 2L/4 /4 /x — } [b _ _b2-2ac ] ArcTan { 21/4 /4 \/x — ]
2 \/? N b%-4ac [7b—«/bz—4ac ! \b*-4ac “bifbrdac |
+

+ +

¢ 21/4c5/“(—b—\/b2—4ac)3/4 21/4c5/“(—b+\/b2—4ac)3/4

[b+ b-2ac ) ArcTanh[421/aCl/ﬂ x—] (b bP-2ac J Ar‘cTanh[%Lzl/‘1 < x — ]
[—b—x/b2—4ac J ' \b*-4ac “bir/b-4ac ] '

+
3/4 3/4
21/4 ¢5/4 (7b7\/b2—4ac) 21/4c5/4(7b+\/b274ac)

b?-4ac

Result (type 7, 80 leaves):

a Log[ﬁ—nl]m Log{\/?—nlw 114 &}

br13+2 cn1’

-4~/x +RootSum|a +b#1*+ cn1® &,

2c

Problem 1064: Result is not expressed in closed-form.

X572
— dX
a+bx?+cxt



Optimal (type 3, 331 leaves, 8steps):

(*b - \/m) % ArcTan [M]
Lmﬁ]m

(7b+\/b274ac )3/4ArcTan[%Lm}
[—b+w/b2—4ac ) i

23/4 c3/4“’b2—4ac

(~b- Vb aac )’ ArcTanh[ 2 el ]

1/4
[—b—xl b*-4ac )

+

23/4c3/4“’b2—4ac

(‘b + \/m) 2 Ar‘cTanh[M}

1/4
[—bn/ b?-4ac )

+

23/4¢3/4+p2—4ac
Result (type 7, 48 leaves):

1 4 8
= RootSum[a + b1 + c 118 &,

Log[V/x -#1] =13

2 b+2cnl

23/4 ¢3/4\/b2 _ 4 ac

3

Problem 1065: Result is not expressed in closed-form.

X3/2
J — X ax
a+bx?+cxt
Optimal (type 3, 331 leaves, 8steps):

(_b—\/m)IMAr‘cTan[MLm}
[—b—M)/

(—b+\/b2—4ac )1/4Ar‘cTan[%Lm]
[—b+\/b2—4ac '

21/4 c1/4\/p2 _4ac

(—b - m) Y% ArcTanh [M}
oforaac )

21/4 /4 /b2 _ 43 c

(—b+\/b2—4ac )1/4Ar‘cTanh[Lcw\Lm}
[—b+xlb2—4ac ) ’

24 UaNbT gac
Result (type 7, 46 leaves):

1 Log[+/x -#1] n1
= RootSum|a + brl® + c 1% &,
2 b+2cH1?*

21/4 1/4 /b2 _ 42 c

8]

Problem 1066: Result is not expressed in closed-form.

dx

J \/ x
a+bx?+cx?

Optimal (type 3, 331 leaves, 8steps):

1.2.2 Quartic.nb | 119
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1/4 1/4 1/4 1/4 1/4 1/4 1/4 (1/4
21/4 /4 Ar‘cTan[4\Lz/ X /4l Ar*cTan[4\LZ Cx— ] pl/4cl/ Ar‘cTanh[;LZ X gt/ c1/4ArcTanh[42/ x|

1/a 1/4 1/4 1/4
[7b7\/b274ac ] ' [7b+«/b274ac ] ' [7b4/b274ac ] [7b+\/b274ac

— + + —

Vb%2-4ac (—b—\/b2—4ac)1/4 b2-4ac (—b+ b2—4ac>1/4 Vb%2-4ac (—b—x/b2—4ac)1/4 Vb%2-4ac (—b+ b2—4ac>1/4

Result (type 7, 47 leaves):

1 Log \ﬁ—ttl
= RootSum[a + b1 + c 1118 &, Q
2 bal+2cnul®

8]

Problem 1067: Result is not expressed in closed-form.
1

J\/7 (a+bx?+cx?)

dx

Optimal (type 3, 331 leaves, 8 steps):

1/4 1/4 1/4 1/4 1/4 1/4 1/4 (1/4
23/4 c3/4 ArcTan | 2R " | 2¥4c¥4ArcTan| AL AL —] 2% c¥%ArcTanh| LTS AL P — | 23/4c¥4ArcTanh| LAk a— — ]
"/ r/ /
(—b—\/ b?-4ac ] (—b+w/ b’-4ac ] [—b—xlbz—zlac ' [—b+xlb274ac ]

+ —

Vb%2-4ac (—b—\/b2—4ac)3/47\/b2—4ac (—b+\/b2—4ac)3/4 Vvb%2-4ac (—b—\/b2—4ac)3/4 Vb%2-4ac (—b+\/b2—4ac)3/4

Result (type 7, 49leaves):

1 . . Log[+/x -=1]
fRootSum[a+bttl +CHI®&, ——— &
2 brl3+2cnl’?

Problem 1068: Result is not expressed in closed-form.

J 1 dx
x3/2 (a+bx2+cx4)

Optimal (type 3, 371 leaves, 9steps):

// ,/ ,/ //
cl/4 [1 b ] Ar‘cTan[g\Lzucl/4 X 1/4} cl/4 (1+ b ) Ar‘cTan[éLZHCH X 1/4}
2 \b?-4ac [—b—xlb2—4ac ' \b?-4ac [—b+w/b2—4ac ) /
- - - +
1/4 1/4
avx 23/4a(—b—\/b2—4ac) 23/4a(—b+\/b2—4ac)

1/4 1/4 1/4 1/4
cl/4 (1— b ] ArcTanh [ —2- el v A ArcTanh [ —22ex —]
b’-4ac [7b7«/b274ac ' b*-4ac (7b+«/bz—4ac ] '
+

25‘/4a(—b—\/b2—4ac)1/4 23/“a(—b+\/b2—4ac)1/4
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Result (type 7, 78 leaves):

—*— 4 RootSum|[a + ba1* + c 1% & b Log [ - ve Log x —za] s’ &|
VX ? brl+2 cml’

2a

Problem 1069: Result is not expressed in closed-form.

J & dx
x*/2 (a+bx?+cxt)

Optimal (type 3, 371 leaves, 9steps):
c3/4 {1 - b ) Ar‘cTan[4*L21/4 <t/ | (1 + b ] Ar‘cTan[%M ctJx ]

, Joiaac [bﬁ) b aac [onfvaac j”“
- 32 3 i 3/4 "

/ /4

3ax 21/4a(—b—\/b2—4ac) 21/4a<—b+\/b2—4ac)

c3/4 (1 b ] Ar‘cTanh[Lcm\Lm] c3/4 [1+ b ) Ar‘cTanh[gw SRS 1/4]

b>-4ac [—b—xlb2—4ac ' Jb*-4ac [—b+x/b2—4ac]

+
3/4 3/4
21/4a(—b—\/b2—4ac) 21/4a(—b+\/b2—4ac)

Result (type 7, 82leaves):

bLog{ﬁ—ul%c Log[x/?—nll 14 &}

~*~+ 3RootSum|a + bal* + c =18 &,
3/2 b13+2 c 11’

6a

Problem 1070: Result is not expressed in closed-form.

J 1 dx
x7/2 (a+bx2+cx4)

Optimal (type 3, 412leaves, 10 steps):
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cl/a (b— b2-2ac JAr‘cTan[ 21/4 ¢1/4 X 1/’4} cl/a (b+ b2-2ac JAr‘cTan[ 2Y/4 14 \[x 1/4]
2 2b \b*-4ac (—b—xlbz—Aac ] ' Jb?-4ac (—b+w/b2—4ac ] i

— + + —

.
5ax>?  24/x 23/4 32 (-b—\/b2—4ac)1/4 2%/% a? (‘b+vb2_4ac)l/4

2_ 1/4 ~1/4 2_ 1/4 c1/4
cl/4 (b— b2ac ]Ar‘cTanh[g\Lz £y 1,4] cl/4 [b+ bi-2ac jAr‘cTanh[;Lz’ VX M]
/
\Vb?-4ac [—b—\/b2—4ac ' [—b+x/b2—43c '

23/4 32 (—b—\/b2—4ac )1/4 23/4 32 (—b+x/b2—4ac )1/4

b?-4ac

Result (type 7, 107 leaves):

b2 L -nl|-acl -nl|+bclL -n1| w1t
22 285 g5 RootSum|a+bHlt+cHl® g, o8|/ =1 ac Log| Vx 1] b Log [V vt
X2 X bnl+2 cul®

10 a2

8]

Problem 1071: Result is not expressed in closed-form.

x13/2
dx
j(a+bx2+cx4)2

Optimal (type 3, 544 leaves, 10 steps):

(3b°-26abc+ (3b2-14ac) Vb7 -4ac | ArcTan| —Zetb ]
b x3/2 x7/2 (2a+bx2) [-b-MJ/

— + + —

2c (b?-4ac) 2(b*-4ac) (a+bx?+cx?) 4 23/4 (7/4 (b2—4ac)3/2 (7b7 b274ac)1/4

(3b3—20abc— (3b2—14ac) Vb2-4ac ) Ar‘cTan[#&%]
-b+1/b%*-4ac

4 . 23/4c7/4 (b2—4ac)3/2 (—b+\/m)l/4

(3b3—20abc+(3b2—14ac) \/b24ac)ArcTanh[%} (3b3—20abc—(3b2—14ac) \/b24ac)Ar‘cTanh[4*L[ 21’&2]1/4]
“b-~/b2-4ac | -b+y/b?-4ac '

4 23/4c7/4 (b2—4ac)3/2 (—b—\/b2—4ac )1/4 4 . 23/4c7/4 (b2—4ac)3/2 (—b+\/b2—4ac )1/4

Result (type 7, 144 leaves):

4x%? (b2 x%+a (b-2cx?))

a+b x?+c x*

3abLog[v/x -11]+3b? Log[+/x -n1] #1%-14a c Log[/x -m1] m1? &]

+RootSum|a + brl* + c =18 &, bl+2 c 115
+2 C

8¢ (b2—4ac)
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Problem 1072: Result is not expressed in closed-form.

X11/2
J dx
(a+bx2+cx“)2
Optimal (type 3, 520leaves, 10 steps):
b/x x*/2 (2a+bx?)

— + —

2¢ <b2—4ac) 2 <b2—4ac) (a+bx2+cx4)

[bz -10ac+ M] Ar‘cTan[MLm] (bz _10ac. 2122 ] Ar‘cTan[wLm}
[—b—\/m ' Jbaac (_mW] /

4 214¢54 (b2 -4ac) (—b—\/b2—4ac)3/4 4 21/4¢5/% (b2 -4ac) (—b+\/b2—4ac)3/4

\b*-4ac

[b210a6+M] Ar‘cTanh[MLm} [bzlaacM] Ar‘cTanh[MLm}
[—b—\/b2—4ac ) ) [—b+\/b2—4ac ) )

4 21/4 /4 (b2—4ac) (—b—\/b2—4ac)3/4 4 2l/4c5/4 (b2—4ac) (—b+\/b2—4ac)3/4

b’-4ac b’-4ac

Result (type 7, 144 leaves):

43X (BxPea (b-205))

abLog|v/x -n1]+b? Log|v/x -n1| n1%-10a ¢ Log[+/x -n1] m1® &]
a+b x?+c x*

+ RootSum|a + b#1* + c #1® &,
b13+2 c g1’

8¢ (b2—4ac)

Problem 1073: Result is not expressed in closed-form.

x9/2
dx
J<a+bx2+cx4)2

Optimal (type 3, 471 leaves, 9steps):

(b2+lzac+b‘\/ b2_4ac ) Ar\cTan{MLm} [b— b?+12ac ]APCTan{ 21/4 c1/4 [x 1/A]
x32 (2a+bx?) [,bfm ’ Jbraac be[baac

+ + -

2(b?-4ac) (arbxtrext) g4 pyecye (b2 aac)??(b-b2-4ac )t 4 24 (02 -dac) (-bsyb? aac )

(b2+12ac+b\/m) Ar‘cTanh[%Lm} (bbz*lmJ ArcTanh[MLm]
o fiaac | Jvasc ofoane ||

4 23/“c3/“(b2—4ac)3/2 (—bfx/b2—4ac)1/4 4. 23/4c¥4 (b?-4ac) (—b+\/b274ac)1/4
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Result (type 7, 124 leaves):

-6aLog[/x —1]+b Log[+/x —m1] n1* &]

4 8
_2ax32_px/2 RootSum [a +b 1% + cH1° &, Y

2 (b2-4ac) (a+bx2+cx4)+ 8 (b>-4ac)

Problem 1074: Result is not expressed in closed-form.

X7/2
J dx
(a+bx2+cx4)2
Optimal (type 3, 483 leaves, 9steps):

(3b2+4ac+3b\/b2—4ac)Ar‘cTan[%Lm} (3b2+4ac—3b\/b2—4ac)Ar‘cTan[MLﬂJ
Vx (2a+bx?) [o-foraac | [beforaac)”

N
2 (b2-4ac) (arbx?+cxt) 4 M4t (b2 -gac)¥? (b-Vb?dac | 4 M4t (b2 -gac)¥? (b7 dac |

(3b2+4ac+3b\/b274ac ) Ar‘cTanh[M] (3b2+4ac73b\/b2—4ac)Ar‘cTanh[M]

[ooaac|” [ oefoaac|”
4 2V4 V4 (b2 -aac)?? (—b—\/m)BM + 4 2VA 4 (b2 -dac)?? (—b+\/m)3/4
Result (type 7, 127 leaves):
“2a+/X -bx52 RootSum[a + b #1% + c 118 &, '2aL°g[ﬁ;“:jsibc:1gjﬂ-ﬂl] H1 &
_2(b2—4ac) (a+bx2+cx4)Jr 8 (b>-4ac)

Problem 1075: Result is not expressed in closed-form.

X5/2
dx
J(a+bx2+cx4)2

Optimal (type 3, 450 leaves, 9 steps):
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cl/4 (4b+\/b274ac ) Ar‘cTan[%Lm] cl/a (4bfx/b274ac ) Ar‘cTan[MLm}
%372 (b L2c Xz) (7bfx/b274ac ] ' [7b+x/b274ac ] ’

- - + +

2 (b?-4ac) (a+bx?+cxt) 2224 (b>-4ac)>? (-b- b2—4ac)1/4 2 234 (b2-4ac)?? (7b+m)m

cl/4 (4b+\/b2—4ac ) Ar‘cTanh[%Lw} cl/4 (4b—\/b2—4ac ) Ar‘cTanh[%Lm]
[—b—xlb274ac ] ' (—b+x/b2—4ac ] '

2 23/4 (b2—4ac)3/2 (—b—\/b2—4ac )1/4 2 23/4 (b2—4ac)3/2 (—b+\/b2—4ac )1/4

Result (type 7, 109 leaves):
4P (b:2exd) | pootsun [a+bul®+ cml® &, -3 Log| V¥ st ac Log |/ ua]urt &

a+rbx?+c x* b1+2 c11®

8 (b2—4ac)

Problem 1076: Result is not expressed in closed-form.

X3/2
J dx
(a+bx2+cx“)2
Optimal (type 3, 442leaves, 9steps):

c3/4 [3+ 4o J ArcTan| —27¢be ) 3/ (3_ 4b J ArcTan| — 2/ ]
VX (b +2cC Xz) b*-4ac [-b-M]m (_b+m 1/a
- +

N
2(b2—4ac) (a+bx2+cx4) 2 2% (b?-4ac) (—b—\/b2—4ac)3/4 2 2% (b?-4ac) (—b+ b2—4ac>3/4

\/b%*-4ac

c3/4 (3+ 4b ] Ar‘cTanh[ 21/4 /4 /% 1/4] c3/4 {3 _ 4b ) Ar‘cTanh[ 21/4 ¢1/4 [ x 1/4]
Jb?-4ac [—b—w/b2—4ac ' \b*-4ac [—b+w/b2—4ac ] ’

.
2. 2u4 (b2—4ac) (—b—\/b2—4ac)3/4 2 2u/4 (b2—4ac) (—b+\/b2—4ac)3/4

Result (type 7, 111 leaves):
4Vx [be2¢cX?) | pootoum la+bul*+cnml® g, b Log | x i1 v6 c Log|/x ] et &]

a+b x?+c x* br13+2 cn1’

8 (b2—4ac>
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Problem 1077: Result is not expressed in closed-form.

J(W ax

a+bx2+cx4)2

Optimal (type 3, 489 leaves, 9 steps):

2 1/4 -1/4 2 1/4 -1/4
cl/4 (b— b°-20ac ] Ar‘cTan[%LZ ] 4 [b+ b'-20ac ] ArcTan{;Lz’ ]
(—b—«/ b?-4ac ] ' “bifb2-dac |

+ —

N
2a(b’-4ac) (arbx’+cxt) 4 s, (b>-4ac) (—b—\/b2—4ac )1/4 4 2*%a(b*-4ac) (—b+\/b2—4ac )1/4

b2-4ac b*-4ac

x3/2 (b2—2ac+bcx2)

2 1/4 1/4 2 1/4 -1/4
cl/a (b Lb-20ac ] Ar‘cTanh[g\LZ S A 1/,4] cl/a [b+ b-20ac ) Ar‘cTanh[g*Lz’ o m]
[—b—xl b>-4ac | \b*-4ac [—bﬂ/ b2-4ac ] '

4 23%a(b’-4ac) (—bfx/b274ac)1/4 4 2%%a (b?-4ac) (—b+\/b2—4ac)1/4

b*-4ac

Result (type 7, 149leaves):

4 x3/? <b2—2ac+bcx2) + (a+bx2+cx4) RootSum[a+bJ¢14+cH18 &,
brl+2cnl®

b? Log[V/x -#1] ~1@aclog[Vx -#1] +bclog[Vx -#1] H1* &}]/
(8a (-b*+4ac) (a+bx®+cx?))

Problem 1078: Result is not expressed in closed-form.

j 1 dx
Vx (a+bx2+cx4)2

Optimal (type 3, 503 leaves, 9 steps):
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c3/4 (3b2728ac73b\/b274ac ) Ar‘cTan[M}

1/4

Vx (b2-2ac+bcx?) [7b7\/m
+ —_
2a(b?-4ac) (a+bx?+cx?) 4 21/43(b274ac)3/2(7b7\/m)3/4

¢/ (3b2-28ac-3bb7—4ac | AncTan[ 2 b ]
befiraac |”

4. 21/43 (b2—4ac)3/2 (—b+\/b2—4ac )3/4

c3/4 (3b2-28ac-3b+/b?-4ac ) Ar‘cTanh[M} c3/4 (3b2—28ac+3b\/b2—4ac ) Ar‘cTanh[M]

[ oaac)” [oefaac|”
4 2Y%a (b2-4ac)’? (—b—\/b2—4ac)3/4 _ 4 2Y%a (b2-4ac)’? (—b+\/b2—4ac:)3/4

Result (type 7, 153 leaves):

4x (b>-2ac+bcx?) + (a+bx®+cx?) RootSum|a + b #1% + c 1118 &,
br13+2cH17

3b2Log[\/—-n1]-14acLog[\/7-n1]+3bcLog[\/—-n1]n14&]]/
(8a (-b*+4ac) (a+bx?+cx?))

Problem 1079: Result is not expressed in closed-form.

J 1 dx
x3/2 (a+bx2+cx4)2

Optimal (type 3, 573 leaves, 10 steps):
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cl/4 (5b3728abc7 (5b?-18ac) \/b274ac)Ar‘cTan[%Lm}
5b2-18ac b2-2ac+bcx? [’b”bZ’“c]
_ N N _
2 a2 (b2—4ac)\/; 2a(b274ac)\/;(a+bx2+cx4> 4 23/4 32 (b274ac)3/2 (7b7x/b274ac)1/4

cl/4 (5b3—28abc+ (5b>-18ac) m) Ar‘cTan[M}

[7b+xlb2—4ac v
4 . 23/432 (b2—4ac)3/2 (—b+\/m)l/4

ct/4(5b°-28abc- (5b2-18ac) Vb2 -4ac ) Ar‘cTanh[(Zl’&%]
_b-+/b?-4ac |

4 . 23/4 32 (b2—4ac)3/2 (—b—\/b2—4ac )1/4

+

c/4 [5b>-28abc+ (5b?-18ac) Vb2-4ac ) Ar‘cTanh[M]

(7b+x/b274ac ]1'/4
4 . 23/4 32 (b2—4ac)3/2 (—b+\/b2—4ac )1/4

Result (type 7, 190 leaves):
1

8 a2

6 ax32 (b3—3abc+b2cx2—2ac2 x2> RootSum[a+btt14+cH18 g, 5b* Log[v/X -#11]-23abc Log[v/x -#1]+5b? c Log[+/x 1] #1*-18a 2 Log[+/x 1] m1*

bHl+2 cn1® ]
+ +

NS (b2—4ac) (a+bx2+cx4)

b2-4ac
Problem 1080: Result is not expressed in closed-form.
X15/2
j dx
(a+bx2+cx4)3

Optimal (type 3, 621 leaves, 11 steps):
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3(b2+12ac)\/; x9/2 (2a+bx2) 3x5/2(8ab+(b2+12ac)x2)
_ . N _

16 C (b2—4ac)2 4 (b2—4ac> (a+bx2+cx“)2 16 (b2—4ac)2 (a+bx2+cx4)

4_ 2 - 2 2 1/4 ~1/4 / 4_ 2 - 22 1/4 ~1/4
3[b328abc+M)Ar‘cTan[ /e XM} 3(b328abc—b 30“’524a°]Ar‘cTan[%Lz - X”]
/ /
\/b?-4ac [—b—\/ b2-4ac \/b?-4ac [—bﬂ/ b2-4ac

32 2V/4 54 <b274ac)2 (—b—\/m)3/4 32 2l/4 54 (b2—4a c)z (fb+\/m)3/4

3 [b3 -28abc+ M) ArcTanh | %Lm] 3 [b3 -28abc- MJ ArcTanh [ —22€mx < /x —|
N/ b*-4ac [7b7\WJ ' \b*-4ac (7b+w/bz—4ac ] '

32 2l/4 c5/4 (b2—4ac)2 (—b—\/b2—4ac )3/4 32 21/4 c5/4 <b2—4ac)2 (—b+\/b2—4ac )3/4

Result (type 7, 254 leaves):

4~x (-4b*+21ab?c-68a%c?+b>cx?-28abc?x?) (a+bx?+cx?) +

16 (b2—4ac)\/?(—Zazc+b3x2+ab(b—3cx2))+3c(a+bx2+cx4)2RootSum[a+btt14+cn18&,
ab?Log[Vx -#1] +12a%clog[V/x -#1] + b’ Log[V/x -#1] #1*-28abcLog[+/x - 1] H14 2|
bnrl13+2cnl’?

/(64c2 (b2—4ac)2 (a+bx2+cx4)2)

Problem 1081: Result is not expressed in closed-form.

1372
dx
J(a+bx2+cx4)3

Optimal (type 3, 569 leaves, 10 steps):

X7/ (2a+bx?) x*/2 (24ab+ (5b%+28ac) x?)
+ +

4 (b*-4ac) (a+bx2+cx“)2 16 (b2—4ac)2 (a+bx?+cx?)

(5b3+172abc+\/b2—4ac (5b2+28ac)) Ar‘cTan[MLm} [5b2+28ac— MJ Ar‘cTan[%Lm}
[fbf\/bz—zlac ' b*-4ac [—b+xlb274ac ] '

+ —

32 23/4 ¢3/4 <b2—4ac)5/2 (—b—\/b2—4ac )1/4 32 23/4 34 <b2—4ac)2 (—b+\/b2—4ac )1/4

5b3+172abc+Vb%2-4ac (5b2+28ac)) Ar‘cTanh[%Lm] (5b2+28ac mm“] Ar‘cTanh[MLm}
(—b—x/b2—4ac ] ' b>-4ac [—b+w/b2—4ac ) '

32 224c¥4 (b2 -dac)”? [-b-Vbr-dac | 32224 ¢¥4 (b2 -4ac)? (-b+ b2 -4ac
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Result (type 7, 216 leaves):

4x*% (4p°+8abc+5b>cx*+28ac?x?) (a+bx*+cx?) -16 (b>-4ac) x*’? (b>x*+a (b-2cx?)) +c <a+bx2+cx4)2

-72ablog[v/x -#1] +5b2 Log[/x - 1] #1*+28acLog[v/x -#1] n1*

RootSum|a + b #1* + c #1® &,
bal+2cnul’

&]]/ (64C (b2-4ac)? (a+bx2+cx4)2)

Problem 1082: Result is not expressed in closed-form.

X11/2
J dx
(a+bx2+cx“)3
Optimal (type 3, 569 leaves, 10 steps):
x*/2 (2a+bx?) Vx (24ab+ (7b2+20ac) x?)

+ —

4 (b2—4ac> (a+bx2+cx“)2 16 (b2—4ac)2 (a+bx2+cx4)

3 <7b3+36abc+\/b2—4ac (7b2+20ac))Ar‘cTan[M] 3 [7b2+20ac—MJ Ar‘cTan[M}

(m—M]m b2-4ac [—b+x/b274ac ]1/4
32 VA4 (b2 -4ac)®? (7b7m)3“‘ 32 21/4 1/ (b2—4ac)2(—b+\/b2—4ac)3/4
3 (7b3+36abc+\/b2—4ac (7b2+20ac)) Ar‘cTanh[MLm] 3 (7b2+203c ”’3*36‘“"] Ar‘cTanh[ML”}
[—b—xlb2—4ac ) b>-4ac [—b+w/b2—4ac ] ’
32 24l (b2—4ac)5/2(—b—\/m)3/4 32 24 L4 (b2—4ac)2(—b+\/b2—4ac)3/4

Result (type 7, 219leaves):

4\/?(4b3+8abc+7b2cx2+20ac2x2) (a+bx2+cx4)—16 (b2—4ac)\/7(b2x2+a(b—2cx2))+3c(a+bx2+cx“>2

~8ablog[Vx -#1] +7b?Log[+/x -11] #1*+20ac Log[V/x -u1]n1*

RootSum|a + b #1% + c 118 &,
br13+2cm1’

&] /(54C <b274ac)2 (a+bx2+cx4>2>

Problem 1083: Result is not expressed in closed-form.

x9/2
dx
J(a+bx2+cx4)3

Optimal (type 3, 533 leaves, 10 steps):




x3/2 (2a+bx2) 3 x3/2 <5b274ac+8bcx2)

4 (b2—4ac> (a+bx2+cx4)2 16 (b2—4ac)2 <a+bx2+cx4)

3 cl/4 (11b2+20ac+4b\/b2—4ac ) Ar‘cTan[Lcm\Lm} 3 cl/4 (11b2+20ac—4b\/b2—4ac ) Ar‘cTan[Lcm\Lm}
[—b—x/b2—4ac ) ' [—b+x/b2—4ac ) '

+ +

16 2%/ (b?-4ac)? (—b—\/b2—4ac )1/4 16 2%4 (b2-4ac)®? (—b+\/b2—4ac )1/4

3cl4 (11b2+20ac+4bVb2-4ac ) Ar‘cTanh[MLm] 3 cl/4 (11b2+20ac—4b\/b2—4ac ) Ar‘cTanh{MLm}
[—b—\/ b2-4ac ] ) [—b+xlb2—4ac '

16  23/4 (b2—4ac>5/2 (—b—\/b2—4ac )1/4 16 - 23/4 (b2—4ac)5/2 (—b+\/b2—4ac )1/4

Result (type 7, 176 leaves):

1 16 (b2—4ac) x3/2 (2a+bx2> 12 x3/2 (5b2—4ac+8bcx2)

64<b2—4ac)2 (a+bx2+cx4)2 a+rbx?+cxt

-7b2 Log[V/x -#1] -20acLlog[Vx -51] +8bclog[Vx -u1] #1*
3 RootSum|a +b#l* + c #1® &, &
brl+2cnl?

Problem 1084: Result is not expressed in closed-form.

57/2
J dx
(a+bx2+cx4)3
Optimal (type 3, 533 leaves, 10 steps):
&<2a+bx2) \5(13b2—4ac+24bcx2)
4 (b2—4ac> (a+bx2+cx4)2 16 (b2—4ac)2 <a+bx2+cx4)

c3/4 (41b2+28ac+36b\/b2—4ac ) Ar‘cTan[%Lm] c3/4 (41b2+28ac—36b\/b2—4ac ) Ar‘cTan[%Lm]
[—b—\/bz—4ac ! (—b+x(b2—4ac ] /

- +

16 2V% (b2 -4ac)”? (-b-Vb?-4ac | 16 214 (b2 -4ac)®? (-b+vb? dac |’

+

c3/4 (41b2+28ac+36b+/b*-4ac ) Ar‘cTanh[[zl/&%} c3/4 (41b2+28ac—36b\/b2—4ac ) Ar‘cTanh[%}
_b-+/b?-4ac | “bi/b2-4ac |

16 2l/4 <b2—4ac)5/2 (—b—\/b2—4ac )3/4 16 214 <b2—4ac)5/2 (—b+\/b2—4ac )3/4

Result (type 7, 177 leaves):

1.2.2 Quartic.nb | 131
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1 4+/x (28a2c+a (5b2+36bcx2—4c2x4) +bx? (9b2+37bcx2+24c2x4>)

+

764(b2—4ac>2 (a+bx2+cx“)2
~5b2 Log[V/x -#1] -28acLog[vx -#1] +72bcLog[+/x -1] n1* N

RootSum|a + b #1% + c 118 &,
b1®+2cul’

Problem 1085: Result is not expressed in closed-form.

X5/2
dx
J(a+bx2+cx4)3

Optimal (type 3, 594 leaves, 10 steps):
x*/2 (b+2cx?) 3x3/2 (b (b?+4ac)+c (b?2+12ac) x?)

- + +

4 (b2-4ac) (a+bx2+cx4)2 16 a (b2—4ac)2 (a+bx?+cxt)

/
1/4

3cl/4 {b2+12ac— b, _68abc ]Ar‘cTan[M] 3 cl/4 (b3—68abc+\/b2—4ac (b2+12ac))ArcTan[L\ﬁm]

Jbz,4ac \/b2—4ac [—bfx/bzleac [—b+«/b2—4ac
N _
32 25‘/4a(b2—4ac>2(—b—\/b2—4ac)1/4 32 23/4a<b2—4ac)5/2 (—b+\/b2—4ac)1/4
3 cl/4 (b2+12ac b’ 4 —BBabc ]Ar‘cTanh[ML”} 3c1/4(b3—68abc+\/b2—4ac (b2+12ac))Ar‘cTanh[%Lm]
Jbraac  \Jbraac [—b—x/b2—4ac ] ! (—b+x/b2—4ac ] '
32 23/4a(b2—4ac)2(—b—\/b2—4ac)1/4 32 2%%a (b2-4ac)®? (—b+\/b2—4ac)1/4

Result (type 7, 222 leaves):

~-16a (b2—4ac) x3/2 (b+2cx2> +12 x3/2 (b3+4abc+b2cx2+12ac2x2) (a+bx2+cx4) +

3 (a+bx2Jrcx“)ZRootSum[aJrbntl“+c1118 &,

b®Log[V/x -11] ~28abcLlog[vVx - 1] +b2clog[+/x -#1] #1%+12ac? Log[+/x - 1] =1 4] /
brl+2cnl®

(64a (b2—4ac)2 (a+bx2+cx4)2)

Problem 1086: Result is not expressed in closed-form.

3/2
dx
J(a+bx2+cx4)3

Optimal (type 3, 594 leaves, 10 steps):
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) \/?(b+2cx2) \/;(b(b2+2@ac)+c(b2+44ac)x2)7

4 (b2—4ac) (a+bx2+cx4)2 16 a (b2—4ac)2 (a+bx2+cx4)

3c3/4 (b2+44ac b’ 4 —BBabc ]Ar‘cTan[MLm] 3 ¢34 (b3—68abc+\/b2—4ac (b2+44ac>)Ar‘cTan[MLm]
\/b274ac \/b274ac [fb—\/bz—élac i [—b+xlb2—4ac :

32 21%a (b2-4ac)’ (-b-Vb7-4ac " 32 21%a (b2-4ac)*? (-b+ Vb -4ac "

334 {b2+44ac— b |, _68abc ]Ar‘cTanh[%Lm} 334 (b3—68abc+\/b2—4ac (b2+44ac))Ar‘cTanh[%L”]
b’>-4ac \/b2—4ac (7b4/b2—4ac ] ' (—b+w/b2—4ac ] ’

32 2Y%3 (b2—4ac)2 (—b—\/m)g/4 32 243 (b2—4ac)5/2 (—b+\/m>3/4

Result (type 7, 224 leaves):

716a(b274ac)&(b+2cx2)+4ﬂ(b3+20abc+b2cx2+44ac2x2) (a+bx?+cx?) +

b’ Log[v/x -#1] ~12abclog[vx -#1] +b?clog[V/x -#1] #1*+44ac? Log[+/x -nl] n1?
b1®+2cul’

3 (a+bx2+cx4)2RootSum[a+bH14+cH18 &,

(64a (b2—4ac)2 (a+bx2+cx4)2)
Problem 1087: Result is not expressed in closed-form.

J( Vx dx

a+bx2+cx4)3

Optimal (type 3, 658 leaves, 10 steps):
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x3/2 (b2—2ac+bcx2> x3/2 (5b4—45ab2c+5232c2+bc <5b2—44ac) xz)
N _
4a (b2—4ac) <a+bx2+cx4)2 16 a2 (b2—4ac)2 (a+bx2+cx4)
cl/4 (5b4—54ab2c+520a2c2—b (5b2-44ac)Vb2-4ac ) Ar‘cTan[MLm}
[—b—\/bz—4ac )

3222487 (b2 -4ac)®? (-b-\b? aac |

c/4 (5b*-54ab®c+520a*c?+b (5b>-44ac)Vb*-4ac ) Ar‘cTan[MLm}
-b++/b%-4ac /

32 2%%a? (b2-4ac)”? (—b+\/m)l/4

cl/4 [5p*-54ab2c+520a2c?-b (5b2—44ac) VvbZ-4ac ) Ar‘cTanh[[Zl/&%]
-b-+/b%*-4ac '

32 23/4 32 (b2—4ac)5/2 (7b—\/b2—4ac )1/4

c/4 (5b*-54ab?c+520a%c?+b (5b>-44ac)Vb*-4ac ) Ar‘cTanh[%Lm]
[—b+x/b2—4ac ] )

32 2%4a (b2 -4ac)”? (-b+ b2 -4ac |

Result (type 7, 254 leaves):
1 (16a(—b2+4ac)x3/2(b2—2ac+bcx2) 4x3/2(5b4—45ab2c+52a2c2+5b3cx2—44abc2x2)

+ + RootSum|a + b#1* + c #1% &,

64 a2 (b2—4ac>2 (a+bx2+cx4)2 a+bx?+cxt

1

75(5b4Log[\/;—H1} -49ab?clog[Vx -u1] +260a?c?Log[Vx -51] +5b%clog[v/x -#1] #1*-44abc? Log[+/x - 1] nl‘*) &
brl+2cnl

Problem 1088: Result is not expressed in closed-form.

1

J\/; (a+bx2+cx4)3

dx

Optimal (type 3, 658 leaves, 10 steps):
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\/?(bz—Zac+bcx2) \/;(7b4—55ab2c+60a2c2+bc (7b2—52ac)x2)

+ +

4a (b2—4ac) <a+bx2+cx“)2 16 a2 (b2—4ac)2 (a+bx2+cx4)

3c3/4 (7b4_66ab2c+280a2c2_b (7b2-52ac) \/m) Ar‘cTan[M]

1/4

[—b—w/ b2-dac |

32 2V/4 32 (b2—4ac)5/2 (—b—\/b2—4ac )3/4

3c¢¥4 (7b*-66ab2c+280a2c?+b (7b2—52ac) Vb2 -4ac ) Ar‘cTan[MLm]
“bi~/b2-dac |

32 21422 (b2 -4ac)®? (-b+b2-4ac |

3¢34(7b*-66ab*c+280a2c>-b (7b*-52ac) Vb2-4ac ) ArcTanh[%}
-b-+/b%*-4ac

3221422 (b2 -4ac)®? [-b-Vb? 4ac |

3¢34 (7b*-66abic+280a%c? b (7b2-52ac) b?-4ac | Ar‘cTanh[%}
-b++/b%*-4ac ’

32 2V4a% (b2-4a c)S/2 (—b+\/m)3/4

Result (type 7, 258 leaves):

1 16a(—b2+4ac)\/?(b2—2ac+bcx2) 4\/?(7b4—55ab2c+60a2c2+7b3cx2—52abc2x2)
- + + 3 RootSum|a + b #1% + c 1118 &,

64 a2 (b2—4ac>2{ (a+bx?+cx?)? a+bx2+cxt

;Pb“mg[\/;—nl} ~-59ab?clog[Vx -#1] +140a%c? Log[V/x -#1] +7b*cLog[/x -#1] 1% -52abc?Log[/x -#1] m“) &
b1®+2cul’

Problem 1089: Result more than twice size of optimal antiderivative.
J(dx)3/2xla+bx2+cx4 dx

Optimal (type 6, 147 leaves, ZSteps):
(d x) >/2 mAppellFl[ l, CHNE S S —T

4 bez dac b+\/b2—4ac

2
5d |1+ —2X 1+—2CX
b-+/b%*-4ac b+ b2 4ac
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Result (type 6, 1048 leaves):
! d+dx

10c (2b+5cx2) (a+bx2+cx4)2—

225 2 (a+bx2+cx4)3/2
1 1 1 5 2 ¢ x2 2 c x?
25a’b [b-+/b*-4ac +2cx?| |b+y/b?-4ac +2cx?| AppellFi[~, =, =, =, - s }]/
4 2 2 4 p,i+b2-4ac -b+vb2-4ac
1 1 1 5 2 c x? 2cx? e 5 1 3 9
SaAppellFl[_) T T T T > }Xz( b+ b274ac ] AppellFl[—, —, T, T,
2 4 pi+p2-4ac -b+b2-4ac 4 2 2 4

4 2

2cx? 2 ¢ x? 5 3 1
- , ]+[b—x/b2—4ac)AppellF1[f =, =
b+vVb2-4ac -b+vb%2-4ac 4 2 2

2 c x? 2 cx? J]
] n

9
Ty - )
4 b+Vb2-4ac -b+vb2-4ac

5 1 1 9 2 c x? 2 cx?
90a’cx? [b-~/b*-4ac +2cx?| [b+~/b?-4ac +2cx?| AppellF1[~, =, =, =, - s ]]/
4 2 2 4 p,+/b2-4ac -b+Vb*-4ac
5 1 1 9 2 ¢ x? 2 ¢ x? 9 1 3 13
9afppellFl[ =, =, =, =, - s -x?2 | |b++/b>-4ac ) AppellFl[ =, =, =, —,
4 2 2 4 pib’-4ac -b+/b2-4ac 4 2 2 4
2 ¢ x2 2 ¢ x2 9 3 1 13 2 ¢ x2 2 ¢ x2
- s ]+(b—x/b2—4ac)AppellF1[— =, =, =, - B ]]J+
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 b+rvVb2-4ac -b+vb*-4ac
5 1 1 9 2 ¢ x2 2 ¢ x2
27ab?x* [b-+/b?-4ac +2cx?| |b+y/b®-4ac +2cx?| AppellF1[=, =, =, =, - s ] /
4 2 2 4 pip2-4ac -b+b2-4ac
5 1 1 9 2 c x? 2 ¢ x2 9 1 3 13
(—93APP911F1[—, —s Ty T - s +x? | |b+/b?-4ac ) AppellFl[ =, =, =, —,
4 2 2 4 pi/p2-4ac -b+rb2-4ac 4 2 2 4
2cx? 2 c x? 9 3 1 13 2cx? 2 c x?
|+ [bfx/b274ac)AppellF1[— =, =, =, - , ]])]
4 2 2 4 brvVb2-4ac -b+vb2-4ac

b+\/b274ac -b++/b2-4ac

Problem 1090: Result more than twice size of optimal antiderivative.

J\/dx Ja+bx?+cox?* dx

Optimal (type 6, 147 leaves, 2 steps):
7 2¢cx? 2cx?

3/2\/ﬁ 3 1 1 7 _ _
2 (dx) a+bx?+cx AppellFl[A, Sr o s binkAac: b+\/b274ac}

2cx? 2cx?

1+

b-+/b*-4ac b+/b%-4ac

3d [1+

Result (type 6, 706 leaves):
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1
2x4/dx
147 (a+bx?+ cx*)?/?
3 1 1 7 2cx? 2cx?
21<a+bx2+cx4)2+ 49 a® [b—x/b2—4ac +2cxX?| |b+a/b?-4ac +2cx?| AppellF1[~, =, =, —, - B ]]/
4 2 2 4 pipb2-4ac -b+b2-4ac

31 1 7 2 ¢ x2 2 ¢ x2 7 1 3 11 2 ¢ x2
7aAppellFl[=, =, =, —, - s | -x®||b++/b*-4ac ] AppellF1[~, =, =, =, - —————,
42 2° 4 p,\b2-4ac -b+Vb2-dac 42 2 4 pib?-dac

2 i 2
2 ]‘f(b—\/m]AppellFl[z, i, 1) E, 2cx 2¢cx ]]
4" 2

~b++vb2-4ac 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2 ¢ x? 2 ¢ x?
[33abx2 b-~/b?-4ac +2cx?| [b+r/b?-4ac +2cx?| AppellFl[—, =, =, =, - , }J/
4 2 2 4 pi+p2-4ac -b+Vb*-4dac
7 1 1 11 2 c x2 2cx? 1 1 3 15
(22acAppe11F1[ T T s - s | -2cx? b+x/b274ac)AppellF1[f, =, 5, =,
4’2" 2" 4 b+vb2-4ac -b++vb%2-4ac 4 2 2 4

2 cx? 2 c x? 11 3 1 15 2 ¢ x? 2 ¢ x?
]+(b—\/b274ac)AppellF1[f, =, = }]]J
4 2

_ , _
brvb2-4ac -b++vVb2-4ac 2 4 b+\/b274ac “b+/b%2-4ac

Problem 1091: Result more than twice size of optimal antiderivative.

J\/a+bx2+cx4
vV dx

Optimal (type 6, 145leaves, 23teps):

2+/dx Va+bx?+cxt AppellFl[ l, 5, —2cd 0 2cx
4 b-+/b%-4ac b++/b%-4ac

2 2
d 1+ 2cx 1+ 2cx
b-+/b*-4ac b2 4ac

Result (type 6, 709 leaves):

dx
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1
254/d x <a+bx2+cx4)3/2

5 (a+bx2+cx4)2+ (25a2 (b—\/bzfllac +2cx?

2 X

b++/b>-4ac +2cx?

1 1 1 5 2 cx? 2 c x? ]]/
Ty Ty T Ty T K]
4’2 2 4 b+vVb2-4ac -b+vb%2-4ac

1 1 1 5 2 c x? 2 cx? 5 5 5 1 3 9 2 ¢ x?
c |5aAppellF1[~, =, =, =, - s | -x®||b+~/b*-4ac | AppellF1[~, =, =, =, - —
4 2 2 4 pi+/b2-4ac -b++/b’-4ac 4 2 2 4 pi+/b2-4ac
2 ¢ x2 5 3 1 9 2 ¢ x2 2cx?
]+(b—«/b2—4ac]AppellFl[f, -, =, =, - B }]]+
“b+vb2-4ac 4 2 2 4 pib2-4ac -b++b2-4dac
5 1 1 9 2 ¢ x2 2 ¢ x2
[9abx2(b—x/b2—4ac +2cxX?| |b+a/b?-4ac +2cx?| AppellFl[~, =, =, =, - ]]/
4 2 2 4 b+\/b2—4ac -b++Vb%2-4ac
5 1 1 9 2 ¢ x2 2 ¢ x? 9 1 3 13 2 ¢ x2
(ZC 9aAppellFl[ =, =, =, =, - s | -x2 b+x/b2—4ac]Appe11F1[— -, s =,
4 2 2 4 pi+b2-4ac -b+vb2-4ac 4 2 2 4 b+vVb2-4ac

2 ¢ x? 9 3 1 13 2 ¢ x2 2cx?
(oo mac | mpperira[2, 2, 2, 22 | )
b+Vb2-4dac 2 2 4 pib?-4ac -b+/b*-4ac

Problem 1092: Result more than twice size of optimal antiderivative.
J\/a+bx2+cx4

(d X)3/2

dx

Optimal (type 6, 145leaves, 2 steps):
ZWAppellFl[,i, _i ,l, 2, 20¢ . 2cx

bez dac b+\/b2—4ac

dvdx |1+ —2x 1+ZC7X
b-+/b%*-4ac b+ b2 4ac

Result (type 6, 707 leaves):
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1

-21 (a+bx2+cx4)2+
21 (dx)3/2 (a+bx2+cx4)3/2

2 X

3 1 7 2cx? 2cx?
49abx? |b-+/b>-4ac +2cx?| [b++/b?-4ac +2cx?| AppellFl|~, =, =, —, - B ]]/
4 2 2 4 pi+b2-4ac -b++/b*-4ac
3 1 1 7 2 c x? 2 c x? 7 1 3 11 2 ¢ x?
(2C 7ahAppellF1[=, =, =, —, - s | -x? b+x/b2—4ac]Appe11F1[—, -, s, =,
4 2 2 4 pi+p2-4ac -b+b*-4ac 4 2 2 4 b++vb2-4ac

2 , X
2 ]‘f(b-\/m]AppellFl[z, i, 1) 11, 2cx , 2cx ]
4 2 2

I

_b++b?>-4ac 4 b+vVb2-4ac -b+vb>-4ac
7 1 1 11 2 ¢ x2 2 ¢ x2
[33ax4 b-+/b>-4ac +2cx?| [b+~/b?-4ac +2cx?| AppellF1[—, =, =, —, - s ]/
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
7 1 11 2 cx? 2cx?
11aAppellFl|—, =, =, —, - B | -
4 2 2 4 b+vVb* -4ac -b++vb2-4ac

XZ

11 3 15 2 cx? 2cx?
(b+x/b274ac)AppellF1[f, > T T - s ]+
4 4 b+Vb2-4ac -b+yb2-4ac

13
2 2
1 3 1 15 2cx? 2cx?
(b—«/b2—4ac]AppellF1[*, N s ]
4 2 2 4 b++Vb2-4ac -b++b?>-4ac

Problem 1093: Result more than twice size of optimal antiderivative.
J(dx)”2 (a+bx®+cx*)¥?ax

Optimal (type 6, 148 leaves, 2 steps):

2 2
2a (dx)*?*~/a+bx?+cx* AppellF1[2, -2, -2, 2 _ Zec - 2cx
a7 20 274y [baac befb>aac

5d 1+ —2X 1, 22X
b-+/b%-4ac b++/b%-4ac

Result (type 6, 1751 leaves):
! 2d+/dx

5¢ (a+bx2+c:x4)2 (-28b*+20b%cx*+65c*x* (7a+3cx*) +bc (176 a+285cx?)) +

1 1 1 5 2 cx? 2 cx?
(b+x/b2—4ac +2cx? AppellFl[*, = =, 5, - , }j/
4 2 2 4 b+vb2-4ac -b++/b%?-4ac

5 1
b++b’>-4ac J AppellF1[ =, =,
2

3/2

16575 c3 (a+bx2+cx4)

b-+/b?-4ac +2cx?

175 a? b3

2 ¢ x2 2 ¢ x2 } 5
- X

5aAppellF1|

5
4 pi+b2-4ac -b+Vb2-4dac

) ) )

N R
N R
N W
R

FNQ
IS
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2cx? 2 c x? 5 3 1 9 2 cx? 2 cx?
- s ]+(b—«/b2—4ac)AppellF1[— ==, 5, - s ]]—
b+rvVb2-4ac -b+vb2-4ac 4 2 2 4 pip2-4ac -b+b2-4ac
1 1 1 5 2 cx? 2 c x?
110@a3bc[b—x/b2—4ac+2cx2 b++b*-4ac +2cx?| AppellFl[~, =, =, =, - s ]]/
4 2 2 4 b2-4ac -b+b2-4ac

2 c x? 2 cx?

> ] - Xz(
B 3
4 b+x/b2—4ac -b+ -4ac

b+
5 5 1 3
b++/b —4ac]AppellF1[f, =
4 2

1 1 1
5aAppellFl[~, =, =
4 2 2

2cx? 2 c x? 5 3 1 9 2 c x? 2 cx?
- , ]+(b—\/b274ac)AppellF1[f =, =, =, - s ]]+
b+vb?2-4ac -b+i/b%*-4ac 4 2 2 4 b+vb?2-4ac -b+i/b%*-4ac
5 1 1 9 2 ¢ x2 2cx?
[189ab4x2 b-+/b?-4ac +2cx?| [b+y/b>-4ac +2cx?| AppellFl[=, =, =, =, - B }]/
4 2 2 4 p.+or-4ac -b+Vb>-4ac
5 1 1 9 2 c x? 2 c x? 9 1 3 13
9aAppellF1{—, IR } x2 b+ wb2—4ac J AppellFl[—, —, T, —,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 2 4
2cx? 2 cx? 9 3 1 13 2cx? 2 cx?
s + [b -4ac ) AppellFl[ =, =, =, =, - , 11+
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 brvVb2-4ac -b+vb:-4ac
3 2. 5 5 1 1 9 2 cx? 2cx?
2340 a2 c?x? [b-+/b2-4ac +2cx? (b+ dac +2cx?| AppellFl|[ =, =, =, =, - }/
4 2 2 4 b+\/b2—4ac b+ —4ac
5 1 1 9 2 cx? 2cx?
9aAppe11F1[— —y =y — - R }—
4 2 2 4 pi+b2-4ac -b+yb2-4ac
5 2 9 1 3 13 2cx? 2 c x?
X (b+ b’2-4a c)AppellFl[f =, =, =, - s |+
4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
9 3 1 13 2 cx? 2 cx?
(b— b>-4ac ] AppellFl[ =, =, =, —, - s 1+
4 2 2 4 b+vb2-4ac —b+\/b274ac
11 9 2 ¢ x2 2cx?
1413 a2 b%cx? [b-+/b2-4ac +2cx? +1/b®-4ac +2cx? AppellFl[ =, =, =, - B }]/
4’2" 2" 4 b+rvVb2-4ac -b++vb*-4dac
5 1 9 2 ¢ x2 2 ¢ x2
-9aAppellFl| =, =, =, =, |+
4" 2 2 4 VB2 Fac  -bibT-dac
9 1 3 13 2 c x? 2 ¢ x2
x? b+x/b2—4ac)Appe11F1[— -, =, =, - s +
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 cx? 2cx?
(bfx/b274ac]AppellF1[— = =5 —> - ]]]J
4 2 2 4 b+\/b2—4ac -b++Vb%2-4ac

Problem 1094: Result more than twice size of optimal antiderivative.
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J\/dx (a+bx2+cx4)3/2d1x

Optimal (type 6, 148 leaves, 2 steps):

2 2
2a (dx)**/a+bx?+cxt AppellFl[i,—i,—i, L, —2ex - 2cx
4 4 b-+/b%-4ac b++/ b%-4ac

3d [14+ —2X 1, —2eX
b-/b%*-4ac b+/b%-4ac
Result (type 6, 1395 leaves):
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1

2x+/dx

7c<a+bx2+cx4)2(12b2+119bcx2+11c (19a+7cx4))—

8085 c? (a+bx2+cx4)3/2
147 a’? b? (b—x/b2—4ac +2cx?| |[b+/b2-4ac +2cx?
2 ¢ x2 2 ¢ x2

3.1 1 7 R
7afAppellFl[~, =, =, —, - s ] -x
4 2 4

2 b+vb2-4ac -b++/b%2-4ac

1
y

3
4 2

AppellF1|

N |

7 2 ¢ x2 2 ¢ x2 }J/
4 pi+vb2-4ac -b+Vb2-4dac

7 1 3 11
b+mJ AppellFi[ =, =, =, =,
4" 2

2 4

2cx? 2 cx? 7 3 1 11 2cx? 2 cx?
- B ]+(b—«/b2—4ac)Appe11F1[—, =, =, =, - s ]]J+
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 b+rvVb2-4ac -b+vb:-4ac
31 1 7 2cx? 2 c x?
2156a3c(b—«/b2—4ac+2cx2 b++/b?-4ac +2cx?| AppellF1l[ =, =, =, —, - s ]/
4 2 2 4 pip2-4ac -brvb2-4ac

31 1 7 2cx? 2 ¢ x? 5
7aAppellF1[f, —y = — - } - X
2 4

3
4 2 b+Vb2-4ac -b+yb2-4ac

7 1 3 11
b+ b*-4ac J AppellFl[Z, y Ty T

2 2 4

2 cx? 2 c x? 7 3 1 11 2 cx? 2 c x?
_ , ]+[b*\lb2*4ac)AppellFl[fJ Ty T T s~ > ]])+
b+vVb2-4ac -b++vb%2-4ac 4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
7 1 1 11 2cx? 2 ¢ x?
1188 a% b ¢ x2 (b—«/b2_4ac +2cx? (b+«/b2_4ac +2Cx2)AppellF1[*, —, Ty Ty - R ]]/
4 2 2 4 pi+br-4ac -b+Vb2-4ac
7 1 11 2 ¢ x2 2 ¢ x2
11aAppellFl|—, =, =, —, - B -
4 2 2 4 b+rvVb2-4ac -b++vb2-4dac
11 1 3 15 2 ¢ x? 2 c x?
X2 (b+x/b2—4ac)AppellF1[—, — s~ - s }+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
3 1 15 2 c x? 2 ¢ x2
(b—w/b2_4ac)AppellF1[—, ==, =, - B ]]+
2 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2 c x? 2 cx?
165ab>x? [b-+/b>-4ac +2cx?| |b+/b?-4ac +2cx?| AppellFl[~, =, =, —, - s ]]/
4 2 2 4 b+vVb2-4ac -b+vb%>-4ac
7 1 1 11 2cx? 2 c x?
-11aAppellFl[~, =, =, =, - s |+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
15 2 cx? 2 cx?

X2

B

—

11
AppellF1l [ —,
4

> b }*

(b+xlb2—4ac
4 b+Vb2-4ac -b+yb%-4ac

1 3
- )
2 2
11 3 1 15 2cx? 2cx?
(b—\/b2—4aC]App911F1[:, ;) 2: ) ]]J]

4 brvb2-4ac -b++vVb2-4ac
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Problem 1095: Result more than twice size of optimal antiderivative.

)3/2

dx

J<a+bx2+cx4
\dx

Optimal (type 6, 146 leaves, 2 steps):

2a/dx Va+bxZ+cx? AppellFl[i, —%, S TS ——

24 b—\/b2—4ac b+\/b2—4ac

d 14+ 2cx? 14 2cx?
b-+/b%-4ac b+\/m
Result (type 6, 1395 leaves):
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1
2 x c(a+bx2+cx4)2(4b2+25bcx2+3c(17a+5cx4))—
975 c2+/d x (a+bx2+cx4)3/2
1 1 1 5 2 cx? 2 c x?
25 a2 b? (b—x/b2—4ac +2cx?| |[b+y/b?-4ac +2cx?| AppellF1[~, =, =, =, - , ]]/
4 2 2 4 b+Vb2-4ac -b+vb%2-4ac
1 1 1 5 2 cx? 2 cx? 5 1 3 9
5aAppellFl[=, =, =, =, | -x2 ( b+ b>-4ac ] AppellFl[ =, =, =, =,
4 2 2 4 b+\/b274ac b+ _4ac 4 2 2 4
2 ¢ x? 2 ¢ x? 5 3 1 9 2 ¢ x? 2 ¢ x?
_ s ]+(b—x/b2—4ac)AppellF1[f =, =, - s ]]]+
b+rvVb2-4ac -b++vb*-4dac 4 2 2 4 p,+/b2-4ac -b+b2-4ac
11 1 5 2 ¢ x2 2 ¢ x2
[900a3c(b—x/b2—4ac +2cxX?| |b+a/b?-4ac +2cx?| AppellF1[~, =, =, =, - ]/
4 2 2 4 b+\/b2—4ac -b++Vb2-4ac
1 1 1 5 2 c x? 2 c x? 5 1 3 9
5aAppellfFi[~, =, =, =, - | -x2 [ b++/b2-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 2 4
2cx? 2 c x? 5 3 1 9 2 c x? 2 cx?
- s ]+[b—«/b2—4ac)AppellF1[— =, =, 5, - s ]]+
b+rvVb2-4ac -b+vb:-4ac 4 2 2 4 pi+p2-4ac -b+b2-4ac

5 1 1 9 2 ¢ x? 2 ¢ x?
252a?bcx? [b-+/b?-4ac +2cx?| [b+r/b?-4ac +2cx?| AppellFl[=~, =, =, =, - s ]]/
4 2 2 4 pi/p2-4ac -b+Vb*-4ac
5 1 1 9 2 cx? 2cx? 9 1 3 13
9aAppellFl|[=, =, =, =, | -x2 ( b++/b>-4ac ] AppellFl[ =, =, =, —,
4 2 2 4 b+x/b2—4ac -b+ -4ac 4 2 2 4
2cx? 2cx? 9 3 13 2cx? 2cx?
_ s ]+[b7wb274ac)AppellF1[* s Ty T - B ]]J*
b+vVbi-4ac -b+Vb2-4ac 4 2 2 4 pi+br-4ac -b+Vb2-4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
27ab’x? [b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?| AppellFl][ =, =, =, =, - s ] /
4 2 2 4 pi+p2-4ac -b+/b*-4ac
5 1 9 2 ¢ x? 2 ¢ x?
-9aAppellFl| =, =, =, =, - s |+
4 2 2 4 pi+Jp2-4ac -b++/b*-4ac
9 1 3 13 2cx? 2 cx?
x? b+x/b2—4ac)Appe11F1[— —, =, —, - , |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b—x/b2—4ac]AppellF1[— = =5 —> - ]]]J

4 2 2 4 b+\/m ~b+ -4ac

Problem 1096: Result more than twice size of optimal antiderivative.

)3/2

dx

J(a+bx2+cx4

(dX>3/2
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Optimal (type 6, 146 leaves, 2 steps) :
2amAppellF1[ , -2, 2 2¢x 2¢x

3 3

4 b—x/b2 4ac +/b%*-dac

2
dvdx |1+ 2cx? 1+ 2cx?
b-+/b%*-4ac bZ 4ac

Result (type 6, 1059 leaves):
1

539 (dx)”2 (a+bx2+cx4)3’/2

2x |7 (a+bx2+cx4>2 (—77a+13bx2+7cx4) n

31 1 7 2 cx? 2 cx?
784a2bx? |b-~/b%2-4ac +2cx?| |b++/b2-4ac +2cx? AppellFl[f, T , }]/
4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac
3 1 1 7 2 c x? 2 cx? 7 1 3 11 2 c x?
(C 7ahppellF1[=, =, =, —, - s - x? b+\/b2—4ac]Appe11F1[ -, -, = —
4 2 2 4 pi+p2-4ac -b+vb2-4ac 2’2" 2" 4’ 4, o 2ac

2cx2 7 3 1 11 2cx? 2cx?
oo e mpentea 1, 2, 2, B2, , )
b+Vb?-dac 4 2 b+Vb?-4ac -b+Vb2_dac

11 11 2cx? 2cx? ]/

7
924a%x* |[b-+/b>-4ac +2cx?| |[b++/b>-4ac +2cx? AppellFl[— , =, —, - B
4 2 2 4 b+rvVb2-4ac -b++vb*-4ac
7 1 1 11 2 ¢ X2 2 c x?
11aAppellFl|—, —, =, —, - , | -
4 2 2 4 b+rvb2-4ac -b+vb2-4ac

11 1 3 15 2 cx? 2cx?
X2 b+x/b2—4ac)AppellF1[—, — =y — - s ]+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
11 3 1 15 2cx? 2 c x?
(bfx/b274acJAppellF1[—, -, =, =, - s ]]J+

4 2 2 4 b+rvb2-4ac -b+vb2-4ac

7 1 1 11 2 cx? 2cx?
[33ab2x4 b-+/b*-4ac +2cx?| |[b++/b?-4ac +2cx?| AppellFl[—, =, =, —, - , }]/

4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac

N

1 1 11 2cx? 2cx?
11aAppe11F1[f, — =y — } - X
2

11 1 3 15 2cx?

1 B , b*W] AppellFl[—, =, =, —, - ———————,

2" 4" b.b? dac  _bib dac 422

2cx2 11 3 1 15 2cx? 2cx?
oo me | aenira 2, 2,2, 5 )

-b+Vb2-4ac 2 2 4 pi+/b2-4ac -b++b?-4ac

2

[c

IN

Problem 1097: Result more than twice size of optimal antiderivative.

d x)3/2
J—< X) dx
Va+bx?+cx?
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Optimal (type 6, 147 leaves, 2 steps):

5/2 2 2 2
dX / 2cx 1+ 2cx? AppellFl[i, i—' i—' 317 2cx , - 2cx
b—x/ b’-4ac b+ bZ 4ac bf\/b274ac b+\/b2—4ac
5d+/a+bx?+cx?

Result (type 6, 386 leaves):

5 1 1 9 2 ¢ x? 2 ¢ x?
18a2x(dx)3/2 [b—x/b2—4ac +2cx?| |b+a/b?-4ac +2cx?| AppellF1[~, =, =, =, - ]]/
4 2 2 4 b2-4ac -b+vVb2-4ac
(5[b—x/b2—4ac)[b+x/b2—4acJ(a+bx2+cx4)3/2
5 1 1 9 2cx? 2 cx? 9 1 3 13
(—93APP911F1[—, — T T . s X | +x2 b+x/b2—4ac)Appe11F1[— i —
22" 2" 4 “aac bebl dac 42" 2" 4
2 2 2 2 9 3 13 2 2 2 2
L N ETTIIT I cx
b+vb2-4ac -b++vb2-4ac 4 2 4 b+vb2-4ac -b++vb2-4ac
Problem 1098: Result more than twice size of optimal antiderivative.
\Vdx
J—dlx
Vva+bx?+cx?
Optimal (type 6, 147 leaves, 2 steps):
dX 3/2 2cx? 14+ 2cx? AppellFl[i, i’ i’ i’ _ 2cx? , - 2cx?
b—w/b2—4ac b+ b2 4ac b—\/b274ac b+\/b2—4ac
3dvVa+bx?+cxt
Result (type 6, 386 leaves):
) 2 5 2 5 31 1 7 2cx? 2cx?
14a’x+/dx |b-+/b*-4ac +2cx?| |[b+~/b?-4ac +2cx?| AppellFl[ =, =, =, —, - s ]/
4 2 2 4 +vVb2-4ac -b+y/b2-4ac
(3[b\/bz4ac)[b+«/b24ac](a+bx2+cx4)3/2
311 7 2cx? 2cx? 7 1 3 11
~7ahAppellFl[=, =, =, —, - i s X | +x? (b+xlb2—4ac)Appe11F1[— =, = =,
4 2 2 4 pi+Jp2-4ac -b++/b*-4ac 4 2 2 4
2cx? 2cx? 7 3 11 2cx? 2cx?
. s . ]+(b—«/b2—4ac)AppellF1[— =, =, = X X ]
+vVb2-4ac -b++b2-4ac 4 2 2 4 b2-4ac -b++vb>-4ac
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Problem 1099: Result more than twice size of optimal antiderivative.

J ! dx
Vdx Va+bx2+cxt
Optimal (type 6, 145leaves, 2 steps):

2 2 2 2
2V/dx 1+ —22— 14+ —2— pppellF1[?, 2, %, 2, 2o 2cX
b-~/b%-4ac b++/b%-4ac 4727 274 b-+/b%-4ac b++/b%-4ac
dvVa+bx?+cx?

Result (type 6, 384 leaves):

b-+/b>-4ac +2cx?| |[b++/b?>-4ac +2cx?
([b—x/b2—4ac) (b+ b2—4ac]\/dx (a+bx2+cx4)3/2

1

1
10 a% x AppellF1[~, —,
2

N |
.
» W
-

N

2 ¢ x2 2 ¢ x2 ]]/
b+vb2-4ac -b++vb2-4ac

1 1 1 5 2cx? 2cx? Y 5 1 3 9
(5 aAppellFl[fz I ) ] +X2 b+ b2 -4ac ) AppellFl[f —y Ty T
472727 4" b e dac -b.b dac 2’2" 2" 4

2 2
2cx 2cx ]+[b—x/b2—4ac)AppellF1[

5 3 1 9 2 c x? 2 cx? ]]]J]
- ) Ty Ty T Ty T )
b+vVb2-4ac -b++vb%2-4ac 4’2 2 4 b+vVb2-4ac -b+vb%2-4ac

Problem 1100: Result more than twice size of optimal antiderivative.

J ! dx
(dx)g/zva+bx2+cx4

Optimal (type 6, 145leaves, 2 steps):

2 2 2 2
14+ 2cx 2cx AppellFl[—i, i’ i, i) B 2cx , - 2cx
b-/b?-4ac b+ b2-4ac b—Jb2—4ac b+\/b2—4ac
dvdx Va+bx?+cx?

Result (type 6, 710leaves):
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1

-21 (a+bx2+cx4)2
21a (dx>3/2 <a+bx2+cx“)3/2

3 1 7 2 ¢ x2 2 ¢ x2
49abx? |b-+/b>-4ac +2cx?| [b++/b?-4ac +2cx?| AppellFl|~, =, =, —, - B ]]/
4 2 2 4 pi+b2-4ac -b++/b*-4ac
3 1 1 7 2 c x? 2 c x? 7 1 3 11 2 ¢ x?
4c|7ahppellFl[=, =, =, —, - s | -x? b+x/b2—4ac]AppellF1[—, -, s, =,
4 2 2 4 p,p2-4ac -b+b>-4ac 4 2 4 b+vVb2-4ac
2 ¢ x2 7 3 1 11 2 ¢ x2 2 ¢ x2
]+(b—xlb2—4ac]AppellFl[—, =, =, =, - s ] ]J+
“b++vb%2-4ac 4 2 2 4 b+vVb2-4ac -b+vb>-4ac
7 1 1 11 2 cx? 2 cx?
99 a x* 4ac +2cx? +a/b?-4ac +2cx?| AppellFl[—, =, =, —, - s ]]/
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
7 1 1 11 2 cx? 2cx?
44aAppellF1[* s T T s - ) }’
a’ 2727 a7 .,

Vb2-4ac -b++vb%2-4ac

1 1 3 15 2cx? 2cx?
+4/b 4ac) pellFl — =, —
( -/ b‘-4ac ] AppellFl

y > }*
2 2 4 b+vVb2-4ac -b+vb%2-4ac
15 2 ¢ x?

S i 5
2 4 brvb2-4ac -b+vVb2-4ac

)

3
2

Problem 1101: Result more than twice size of optimal antiderivative

(dx>3/2 y
J( )3/2d]

a+bx?+cxt

Optimal (type 6, 150 leaves, 2 steps):

2 2 2 2
dX 5/2 2cx 14+ 2cx AppellFl[i, i’ %, %, _ 2cx , - 2cx }
b-+/b%-4ac b+\/b%-4ac b—\/b2—4ac b+\/ b2-4ac

5adva+bx?+cx?
Result (type 6, 720leaves):
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1
d+vdx

-5 (b+2cx2) (a+bx2+cx4) +
5 (b2-4ac) (a+bx2+cx4)3/2

11 1 5 2 ¢ x2 2 ¢ x2
[25ab(b—xlb2—4ac +2cx? (b+x/b2—4ac +2cx2)AppellF1[— —, =, = - ) }J/
4 2 2 4 pi+p2-4ac -b+/b*-4ac
1 1 1 5 2 c x? 2 c x? 5 1 3 9 2 ¢ x?
4c|5aMppellFl[~, —, —, =, - s | -x? b+x/b2—4ac]Appe11F1[—, -, -
4 2 2 4 pi+p2-4ac -b+vb2-4ac 4 2 2 4 pip2-4ac
2cx? 5 3 1 9 2cx? 2cx?
]+(b_wb2—4ac]AppellFl[—, T T T T i }J]]‘F
_b++b?>-4ac 4 2 2 4 pi+b2-4ac -b+Vb?2-4ac
5 1 1 9 2 c x? 2 cx?
9ax?|b-~/b2-4ac +2cx? +1/b?2-4ac +2cx? AppellFl[— = Ty T - ) ]]/
4 2 2 4 pi+p2-4ac -b+b2-4ac
5 1 1 9 2 cx? 2 cx?
18 aAppellFl|~, =, =, =, - ; B
4 2 2 4 b+Vb2-4ac -b+vb2-4ac
9 3 13 2cx? 2 cx?
+4/b 4ac)AppellF1 Ty T T T - > ]*
4’2" 2" 4 b+Vb2-4ac -b+vb%2-4ac

9 3 1 13 2 ¢ x? 2 ¢ x?
( /b2 4ac]Appe11F1* z, =, =, - , ]
2 4 brvb2-4ac -b+vb2-4ac

Problem 1102: Result more than twice size of optimal antiderivative.

Vax
Ji

a+bx?+cx?

3/2 dx
)

Optimal (type 6, 150 leaves, 2 steps):

2 2 2
dX 3/2 2cx 14 2cx? AppellFl[i, %) %) i’ _ 2cx , - 2cx
b—x/ b>-4ac b+ b2 d4ac b—\/b2—4ac b+\/b2—4ac
3adva+bx?+cx?

Result (type 6, 1058 leaves):
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1
x vV dx —84(b2—2ac+bcx2) (a+bx2+cx4)+
84a (-b2+4ac) <a+bx2+cx4)3/2
3 1 1 7 2 ¢ x2 2 ¢ x2
196 a? [b—w/b2—4ac +2cx?| |b+y/b?-4ac +2cx?| AppellFl[~, =, =, —, - ) ]]/

4 2 2 4 p,/p2-4ac -b+Vb>-4ac

3 1 1 7 2 cx? 2cx? 7 1 3 11

14 aAppellF1[ =, =, =, —, - s | -2x?||b++/b?-4ac ] AppellFl|—, =, =, —,
4 2 2 4 pi+p2-4ac -b+b’-4ac 4 2 2 4

2cx? 2 cx? 7 3 11 2cx? 2 cx?
- s ]+(b—«/b2—4ac)AppellFl[—, —, =, —, - , ]]J+
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 b+rvVb2-4ac -b+vb:-4ac
31 1 7 2cx? 2cx?
49ab2(b—w/b2—4ac +2cx?| [b+r/b?2-4ac +2cx?| AppellF1[ =, =, =, —, - , }]/
4 2 2 4 pi+/b2-4ac -b+b2-4ac

1 1 7 2 ¢ x? 2 ¢ x? 7 1 3 11 2 ¢ x?
c 7aAppe11F1[f, D I ) ]*Xz b+\¢b2—4ac)AppellF1[f, —y T, T, ——— — —
4 2 2 4 p.\p’-4ac -b+\b2-4ac 4 2 2 4 piVb?-4ac
2 ¢ x? 7 3 1 11 2 ¢ x? 2 ¢ x?
]+(b—«/b274ac]AppellF1[—, =, =, =, - , ]J _
b+vb2-4ac 4 2 2 4 pi+br-4ac -b+Vb2-4ac
7 1 1 11 2cx? 2cx?
99abx® |[b-+/b?-4ac +2cx?| |b+/b2-4ac +2cx?| AppellFl]—, =, =, —, - s J/
4 2 2 4 b+vb2-4ac -b++b2-4ac
7 1 1 11 2cx? 2cx?
—11aAppe11F1[—, S e s ] +
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 1 3 15 2cx? 2cx?
x? (b+x/b2—4ac)Appe11F1[—, -, =, =, - , |+
4 2 2 4 pib2-4ac -b++/b’-4ac
11 3 1 15 2cx? 2 cx?
(b—x/b2—4ac]AppellF1[—, —, =, —, - , ]J]
4 2 2 4 b+vVb2-4ac -b++vb2-4ac

Problem 1103: Result more than twice size of optimal antiderivative.

1

J\/dx <a+bx2+cx“)3/2

dx

Optimal (type 6, 148 leaves, 2 steps):

2 2 2 2
2/dx 1+ —29— |14 29— pppellF1[2, 2, 2, >, 2o 2ex
b-+/b%*-4ac b+/b%-4ac 4727 27 4 b-+/b%*-4ac b+/b%*-4ac
adVa+bx?+cx?

Result (type 6, 1058 leaves):



1
X
20a (-b?+4ac)/dx (a+bx2+cx4)3/2

—20(b2—2ac+bcx2) (a+bx2+cx4)+

1.2.2 Quartic.nb

1 1 1 5 2 ¢ x? 2cx?
[300a2 [b—x/b2—4ac +2cx?| |[b+y/b?-4ac +2cx?| AppellFl[~, =, =, =, - s ]]/
4 2 2 4 b+vb?2-4ac -b+i/b%*-4ac
1 1 1 5 2cx? 2cx? 5 3 9
(leaAppellFl[, Ty T T - s | -2x? [ |b++/b?-4ac ] AppellFl[ =, =, =, =,
4 2 2 4 pib’-s4ac -b+Vb2-4ac 4"2° 2" 4
2cx? 2cx? 5 3 1 9 2cx? 2cx?
- s ]+(b—x/b2—4ac)AppellF1[f =, =, 5, - s ]]]—
b+vb2-4ac -b++yb2-4ac 4 2 2 4 pi+p2-4ac -b+\b*-4ac
11 1 5 2cx? 2cx?
[25ab2 (b—x/b2—4ac +2cxX?| |b+a/b?-4ac +2cx?| AppellF1[~, =, =, =, - , }]/
4 2 2 4 p.+or-4ac -b+Vb>-4ac

2 ¢ x2 2 ¢ x2
- - X

b+\/b2—4ac -b+ -4ac

5 s 5 3 1 9 2cx? 2cx?
] oot aac | mpentrn[ 2, 2, 0,0, 2O —]
42 2 4 +Vb2-4ac -b+Vb2-dac

2

3

5 1 3 9
b++/b2-4ac ] AppellFl[ =, =, =, =
4 2 2 4

-

1 1 1
5aAppellFl[~, =, =
4 2 2

5
y T
4

[c

b
1
2

5 1 9 2 ¢ x? 2 ¢ x?
9abx (bf b2-4ac +2cx? b+\/m+2cx2 AppellFl[— - - )
4 2 4 +vb%2-4ac 7b+\/m
5 1 1 9 2cx? 2cx?
—9aAppellF1[*, T T T ) ] *
4 2 2 4 pi+p2-4ac -b+Vb2-4d4ac
1 3 13 2cx? 2cx?
x? (b+m) AppellFl[* T T T - ) ]+
4> 2" 2" 4" b, o aac bevb dac
9 3 1 13 2 ¢ x2 2 ¢ x?
b o aac | appenra(2, 2, 1 1 , il
4 2 2 4 pi\b2-4ac -b+b2-d4ac

Problem 1104: Result more than twice size of optimal antiderivative.

1
J 3/2 ) 43/2d1x
(dx) (a+bx?+cxt)

Optimal (type 6, 148 leaves, 2 steps):

2cx? 2cx? i 3 3 3 2cx? 2cx?
1+ ———r I Appe”-Fl[*;: ;: ;J ;J -  ~
b-/b?-4ac bt/ b2-4ac b—Jb274ac b+\/b2—43c
adydx Va+bx?+cx*

Result (type 6, 1600 leaves):

+vVb%2-4ac

1)/

2 ¢ x2

3

| 151
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1
7 (dx)”2 (a+bx2+cx4)3/2

7x? (b*-3abc+b?cx?-2ac?x?) (a+bx2+cx?) 14 (a+bx2+cx4)2
2

49 b3 x?

X

)

AppellFl[

& w
N R
N |

| +x?

N

3 1 7 1 3 11
_7aApp911F1[4_.- ) ) (b*—\/m) AppellFl{Z — ;, :,

b-+/b?-4ac +2cx? (b+w/b2—4ac +2cx?
2 (-b?2+4ac) a
7 2 ¢ x? 2 ¢ x?
» T b) }J/{(bz—‘laC) (—b+wb2—4ac) (b+x/b2—4ac]
4 bpi+vb2 -4ac -b+Vb2-4ac
1 7 2 ¢ x2 2 ¢ x2
Ty T k)
2 2 4 ps+b2-4ac -b+b*-4ac
2 ¢ x2 2 ¢ x2 7 3 1 11 2 ¢ x2 2 ¢ x2
- , ]+(b—«/b2—4ac)Appe11F1[— =, =, =, - B ]]]]—
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 b+rvVb2-4ac -b++vb*-4ac

, . , . , 301 1 7 2cx? 2 x2
147abcx? |[b-+/b*-4ac +2cx?| [b+~/b*-4ac +2cx?| AppellFl[ =, —, =, —, - ] /
4 2 2 4 b+\/b2—4ac b+ -dac

3 7 2cx? 2 cx? ]
— +

1 1
((b24ac) (7b+x/b274ac] (b+ b274ac] (7aAppellF1[—, =5 -, - s
4 2 2 4 pi+b2-4ac -b+yVb2-4ac
2

7 1 3 11 2 c x?
x? b+x/b2—4ac)AppellF1[f —y =, — - s +
4 2 2 4 b+vb?2-4ac -b+i/b*-4ac
7 3 1 11 2 ¢ x? 2 ¢ x?
(b—«/b2—4ac]AppellF1[f =, =, - ]])+
4 2 2 4 b+\/b2—4ac -b+vVb2-4ac
7 1 1 11 2cx? 2cx?
9b2cx* [b-+/b?-4ac +2cx?| |b+y/b®-4ac +2cx?| AppellFl[~, —, =, —, - , }]/
4 2 2 4 pi+b2-4ac -b+Vb2-4ac

11 2 ¢ x2 2 ¢ x2

7 1 1
[(b2—4ac) (—b+x/b2—4ac] (b+x/b2—4ac] [ 11aAppellFl|—, =, =, —, - s ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac

11 1 3 15 2 c x? 2cx
x? (b+x/b2—4ac)Appe11F1[—, — =, — - s ]+
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
11 3 1 15 2 c x? 2 ¢ x2
(b—xlb2—4ac]AppellF1[—, s T Ty - > ]J]‘
4 2 2 4 b+rvVb2-4ac -b+vb:-4ac
- . X 5 5 7 1 1 11 2 c x? 2 cx?
330ac2x? [b-+/b>-4ac +2cx?| [b++/b2-4ac +2cx?| AppellFi][=, =, =, =, - , ]/
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
7 1 1 11 2 c x? 2 cx?
((b24ac) (7b+\/b2—4ac] (b+xlb2—4ac] ( 11aAppellFl|~, =, =, —, - ’ ] +
4 2 2 4 b+vVb2-4ac -b+vb2-4ac

X2

11 1 3 15 2 cx? 2 cx?
(b+x/b274ac)AppellF1[f, T T T, - ) ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac




11 3 1 15 2cx? 2 c x?
(bfx/b274ac]AppellF1[—, Ty T T - > ]
4 2 2 4 b+rvVb2-4ac -b+vb:-4ac

Problem 1108: Result is not expressed in closed-form.

(dx)"
Jidlx
a+bx?+cx*

Optimal (type 5, 173 leaves, 3 steps):

2¢ (dx) ™ Hypergeometric2F1[1, Lim 3m __ 2¢x T 5 (gdx) " Hypergeometric2F1[1, kM, m o 2cx
() [+ 27 27 b—x/b2—4ac} (] [2. 27 27 b+x/b2—4ac]
Vb2 -4ac (b—\/b2—4ac ) d(1+m) Vvb2-4ac (b++/b2-4ac ) d(1+m)
Result (type 7, 82leaves):
(d x)" Rootsum[a + b 1112 + c 1% &, ypergeonetricard | n, m1n, -] (] 8]
brl+2 cn1®

2m

Problem 1109: Result unnecessarily involves higher level functions.
J (d X>m .
(a+bx2+cx?)?

Optimal (type 5, 315leaves, 4 steps):
(dx)l”" (b2-2ac+bcx?)
2a(b*-4ac)d(a+bx?+cx?)

1+m 3+m 2cx?
b2 (1- b-/b%-4 1-m) -4 3- dx)"™H tric2F1[1 - /
(c[ (1-m) + ac (1-m) ac(3-m)| (dx) ypergeometric2Fi[1, S, e }J

(Za (b2-4ac)?? (bfx/b274ac ] d (1+m)

1+m 3+m 2 ¢ x?
c|b®>(1-m)-b+/b*-4ac (1-m)-4ac(3-m)| (d x)l”“ Hypergeometric2F1[1 - }J/
( [ 27 27 pipriaac

(Za (b>-4ac)®? (b+xlb274ac ] d (1+m)

Result (type 6, 376 leaves):

1.2.2 Quartic.nb | 153
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1 3 2 2 2 2
a(3+m)x(dx)m(b—xlb2—4ac +2cx? (b+xlb2—4ac +2cx? AppellFl[;m, 2,2, +m, - €Xx B €x ]]/
2 2 b+vbi-4ac -b+Vb2-4ac
1 3 2 2 2 2
4c(1+m) <a+bx2+cx4)3 a(3+m) AppellFl[;m, 2,2, +m,7 €x s cXx ] -
2 2 b+vb?2-4ac -b+i/b%*-4ac

2 x?

3+m 5+m 2 ¢ x? 2 ¢ x?
b+x/b2—4ac]AppellF1[ ; ,2,3, 0, ] +

2 b+vb2-4ac -b+i/b%*-4ac

3+m 5+m 2 ¢ x2 2 ¢ x2
b ot aac | appenira 227, 5,2, 20, 1))

2 b+vb2-4ac -b++/b%?-4ac

Problem 1110: Result more than twice size of optimal antiderivative.
J(dx)"‘ (a+bx2+cx4)3/2dlx

Optimal (type 6, 158 leaves, 2 steps):
a(dx)"™Vabx?vcxt Appellfi[m, -2, 2 2 _2od - 2od

2 b- \/b2 d4ac b+\/b2—4ac
d(1+m) 14 —22¢ 1+—2CXZ
b-+/b%*-4ac b+ b2 4ac

Result (type 6, 1080 leaves):




b-+/b>-4ac +2cx?

x (dx)"

' oo aze | [befoianc

8c2vVa+bx?+cx?

1+m 1 1 3+m 2 cx? 2cx?
(b+x/b2—4ac +2cx? (a (3+m)Appe11F1[ : e . s - s
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
1+m 1 1 3+m 2 ¢ x? 2 ¢ x?
(1+m) [2a (3+m) AppellFl[——, - =, - =, s - s |+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
3+m 1 1 5+m 2cx? 2cx?

X2 b+x/b274ac)AppellF1[L,——, -, . s - s ]+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
3+m 1 1 5+m 2 c x? 2 cx?

(b—xlb2—4ac]AppellF1[ s e - y - s ]J]]*
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
5 3+m 1 1 5+m 2cx? 2 ¢ x?
b(5+m)xAppellF1[7, s~ >~ > /
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
(3+m) 2a(5+m)Appe11F1[7,—*,—*, s - s +
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
5+m 1 1 7+m 2cx? 2cx?

X2 (b+x/b2—4ac)Appe11F1[;,—*, -, . y - s ]+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
5+m 1 1 7+m 2cx? 2cx?

(b—x/b2—4ac]Appe11F1[ : s —» ——, : y - s ]]]]+
2 2 2 2 b+vb2-4ac -b++yb2-4ac
a 5+m 1 1 7+m 2 cx? 2 ¢ x?
c(7+m)xAppellF1[ y T T T T, >~ > ]/
2 2 2 2 b+vb2-4ac -b+vVb2-4ac
5+m 1 1 7+m 2cx? 2cx?
(5+m) 2a(7+m)AppellF1[—,——,f—, >~ s }*
2 2 2 2 b+vVb2-4ac -b++vb*-4ac
R 9+m 2cx? 2cx?
N _

) ) > +

> 7+m 1
b++/b —4ac)Appe11F1[7, -
2 2

2 b+rvVb2-4ac -b+vb2-4ac

/ 1
2
7+m 1 1 9+m 2 c x? 2 cx?
(b—«/b2—4ac)AppellF1[ ; IR —, ]J]]]

- 3
2 b+vVb2-4ac -b+vb2-4ac

Problem 1111: Result more than twice size of optimal antiderivative.
J(dx)"‘x/a+bx2+cx4 dx

Optimal (type 6, 157 leaves, 2 steps):

1.2.2 Quartic.nb
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(dx)*"Va+bx?+cx* AppellF1[m, 1, 1 3 2c¢ ___ __2cd ]
2 2 2 2 b-+/b%-4ac b++/b%-4ac
d (1+m) 1+ 2cx? 14 —2¢

b-/b%-4ac b++/b%-4ac
Result (type 6, 423 leaves):

[(b—xlb2—4ac] (b+«/b2—4ac) (3+m) x(dx)"‘
2 2
(b+m+2cx2)AppellFl[l+m,71,71,3+m,* 2Cx s 2ex ])/
2 2
1+

+vb?-4ac -b++/b?>-4ac
m 1 1 3+m 2 ¢ x? 2 ¢ x?
(SC2 (1+m) x/a+bx2+cx4( (3+m) AppellF1]| s, e, R s |+
2 2 2 b+rvb2-4ac -b+vb?-4ac
3+m 1 1
(b+«/b2_4ac)AppellF1[ ’ s T Ty >~ B ]+
2 2 2 2 b+vVb2-4ac -b++yb2-4ac
1
2

3+m 1 5+m 2 ¢ x2 2 ¢ x2
(b—x/b2—4ac]AppellF1[ ; s~ = - , ]}]J

- B
2 b+vb2-4ac -b++b%2-4ac

5 5+m 2 ¢ x2 2 ¢ x2

X

Problem 1112: Result more than twice size of optimal antiderivative.

d
J—< X) dx
Vva+bx?+cx?
Optimal (type 6, 157 leaves, 2 steps):

2 2 2
dX 1+mJ o 2cxt \/1+ 2cx? AppellFl[lzm, i’ ;’ 3+m, _ 2cx , - 2cx
b-

N/ b%-4ac b+ b2 4ac 2 b-+/b%-4ac b+/b%*-4ac

d (1+m) Vva+bx?+cx?
Result (type 6, 425 leaves):
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1+m 1 1 3+m 2cx? 2 c x?
AppellFl [ R ) y ~ ) ] /
2 2 2

2 b+rvVb2-4ac -b+vb:-4ac

b-+/b>-4ac +2cx?| |[b++/b?>-4ac +2cx?
([b b2—4ac) (b+x/b2—4ac] (1+m) (a+bx2+cx4)3/2

2a% (3+m) x (dx)"

|

1 1 1 3 2 2 2 2 3 1 3 5
a (3+m) AppellF1| s, s <X s <X | +x? b+\/b2—4ac)Appe11F1[ o2 2En
2 2 2 2 b+vVb2-4ac -b++vb2-4ac 2 2 2 2
2 2 2 2 3 3 1 5 2 2 2 2
- <X s €x ]+[b—x/b2—4ac)AppellF1[Lm, =, 5, 22 - , - ]]]J]
b++Vb2-4ac -b++b%>-4ac 2 2 2 2 b+vVb2-4ac -b++vb’>-4ac
Problem 1113: Result more than twice size of optimal antiderivative.
(dx)
j dx
(a+bx?+cx?)??
Optimal (type 6, 160 leaves, 2 steps):
dX 1+m  2cx®: 1+ 2cx? AppellFl[lﬂ 3 3 3m 2cx? B 2cx? }
b—x/b24ac bi/b>dac 2202 2 b-/b2 4ac bi/b2 2ac
ad(1+m)Va+bx?+cx?
Result (type 6, 426 leaves):
1 3 3 3 2 2 2 2
2(3+m) x (dx)" |b-+/b?-4ac +2cx?| [b++/b®-4ac +2cx?| AppellF1| +m,7’ =, +m,— <X s €X ]/
2 2 2 2 b+vVbi-4ac -b+Vb2-4ac
1 3 3 3 2 2 2 2
([b b274ac) (b+\/b2—4ac] (1+m) (a+bx2+cx4)5/2 a(3+m)AppellF1[ +m, =, =, +m,7 €x s cx ] -
2 2 2 2 b+vb2-4ac -b+vVb2-4ac

3+m 3 5 54m 2cx? 2cx?
3x2 b+x/b2—4ac]AppellF1[;, z, 2, =, - > ]+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac

3+m 5 3 54+m 2cx 2cx
b i aac | appentra (227, 2, 2, 500 , ]
2 2 2 2 b+Vb2-4ac -b+vb2-4ac

Problem 1114: Result more than twice size of optimal antiderivative.
J(dx)"‘ (a+bx?+cx*)Pdx

Optimal (type 6, 155leaves, 2 steps):
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1 Lom 2cx? P 2cx? P , 4\ p 1+m 34m 2cx? 2¢x?
————(dx) 1+ ————— 1+ ——————| (a+bx?+cx*)?AppellF1[~——, -p, -p, - -
d(1+m) b-+vVb2-4ac b+vVb2-4ac 2 2 b-vVb2-4ac b+Vb2-4ac

Result (type 6, 499 leaves):
_Jp2-
272Pc (b+«/b274ac ] (3+m) x (dx)" (bberxz

-p

1+
b-vVbZ-4ac +2cx2) "

2¢ c
2 1+m 3+m 2 ¢ x? 2 ¢ x?
(—2a+[—b+xlb2—4ac x? (a+bx2+cx4)’1+pAppellF1[;,—p, -p, ’ , - , }/
2 2 b+vb?2-4ac -b++/b?>-4ac
1+m 3+m 2cx? 2cx?
([—b+x/b2—4ac) (1+m) [b++/b>-4ac +2cx? a(3+m)AppellF1[;,—p,—p, : , - s |+
2 2 b+Vb2-4ac -b++b’>-4ac

2

p X

3+m 5+m 2 ¢ x2 2 ¢ x2
(b—x/b2—4ac)AppellFl[L,l—p,—p, : , |+
2

2 b+vVb2-4ac -b+vb*-4ac

3+m 5+m 2cx? 2cx?
(b+w/b2—4ac]AppellFl[?,—p,l—p, ; y - 5 }J]]]

b+vb2-4ac -b++/b%2-4ac

Problem 1115: Result unnecessarily involves higher level functions.

Jx7 (a+bx2+cx4>pd1x

Optimal (type 5, 257 leaves, 4 steps):
x4 (a+bx2+cx4)1*ID (b2 (2+p) (3+p)-2ac (3+2p)-2bc (1+p) (3+p)x?) (a+bx2+cx“)1*p
+

4c(2+p) 8¢ (1+p) (2+p) (3+2p)
-vb? - 2\ 7P b2 - 2
{2‘2+Pb (6ac-b*(3+p)) {b b 4ac r2cx (a+bx*+cx*) " Hypergeometric2F1|-p, 1+p, 2+p, b+Vb7-4ac +2¢x ] /
Vb2 -4ac 2+/b2-4ac

(czm@w) (3+2P>]

Result (type 6, 440 leaves):
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-p

b-vVb2-4ac +2cx? e

[5 24P ¢ [b+\/b2—4ac

8{b—\/b2—4ac ,
x| — 4

X
2¢ c
2 2 ¢ x? 2 ¢ x?
(2a+(bfx/b2—4ac x| (a+x? <b+cx2)>’1+pAppellF1[4,—p, -p, 5, - s }/
b+Vb2-4ac -b+yb%-4ac
2cx? 2cx?
({—b+w/b2—4ac)(b+x/b2—4ac +2cx?| |-10aAppellF1[4, -p, -p, 5, - s ]+
b+vb?-4ac -b++/b2-4ac

2

p X

2 cx? 2cx?
—b+x/b2—4ac]AppellF1[5,1—p,—p, 6, - s | -
b+vb2-4ac -b++b%2-4ac

2 cx? 2cx?
(b+«/b2—4ac]AppellF1[5,—p,l—p,s,f <X — ]]]J

J
b++vb?-4ac -b++b2-4ac

Problem 1116: Result unnecessarily involves higher level functions.

jxs (a+bx2+cx4>pd1x

Optimal (type 5, 223 leaves, 4 steps):

b(2+p) (a+bx?+cx*)*P X2 (a+bx2+cxt)tP

4c? (1+p) (3+2p) 2c (3+2p)
BN 2\ 1P NI 2
{Zl*p(Zacbz(erp)) b b’-4ac r2cx <a+bx2+cx“)l*pHypergeometr‘icZFl[fp,1+p,2+p,b+ b’-4ac +2CX}/
Vb%2-4ac 2Vb%?-4ac

(czx/b2—4ac (1+p) (3+2p)]
Result (type 6, 395leaves):

[(b+xlb24ac b-+/b?-4ac +2cx?

2 2
(a+x? (b+cx2>)'1+pAppellF1[3,—p,—p, 4, - 2cx 2cx ]]/

B
b+vb2-4ac -b+vb%2-4ac

2 ¢ x? 2 ¢ x?
(3 (—b+x/b2—4ac] (b+w/b2—4ac +2cx2) (—SaAppellFl[B, -p, -p, 4, - X X |+

b+vb2-4ac -b++b%2-4ac

2 cx? 2cx?
7b+«/b274ac]AppellF1[4,17p,7p, 5, - s | -

b+Vb?-4ac -b++yb2-4ac

2 ¢ x? 2 ¢ x?
(b+x/b2—4ac]AppellF1[4,—p,1—p, 5, - ]]]J

3
b+Vb2-4ac -b+/b%-4ac

2

6 2

X X

2a+ (b— b2-4ac

2

p X
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Problem 1117: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

sz’ (a+bx*+cx*)Pdx

Optimal (type 5, 160 leaves, 3 steps):

“1-p
271 p |- oo aac 2 QCXZJ a+bx2+cx*) P Hypergeometric2F1[-p, 1 2 b0 dac 2cx
(a+bx2+cx4)1*p ( (wraac ( + + ) yperg [ p, L+p, 2+p, N ]
+ v
4c(1+p) cVb*-4ac (1+p)

Result (type 6, 440leaves):

[3 23P¢ [b+«/b274ac

b-Vb2-4ac +2cx? 1P

C

. [b-Vb2-4ac pr
x| i x
2c

2

2 cx? 2cx?
2a+(b—xlb2—4ac (a+x? (b+cx2))’1*pAppellF1[2,—p,—p, 3, - s }J/
( b+vb2-4ac -b++b%2-4ac

([—b+ﬂb2—4ac) (b+w/b2—4ac +2cx?

X2

2 cx? 2 ¢ x?
-6 aAppellFi[2, -p, -p, 3, - >
b+vb2-4ac -b++vVb?-4ac

2cx? 2cx?
-b++/b*-4ac J AppellfF1[3, 1-p, -p, 4, -

) —

b+vb2-4ac -b+y/b%2-4ac
2¢cx? 2cx?
(b+x/b2—4ac]AppellF1[3,—p,l—p,4,— X . ]]]]

b+vb2-4ac -b+vb%2-4ac

+

p x*

Problem 1119: Result more than twice size of optimal antiderivative.

J<a+bx2+cx4)p

X

dx

Optimal (type 6, 152 leaves, 3 steps):
1 b-+b?>-4ac +2cx?

b+Vb2_d4ac +2cx?| " b-+vb2-4ac b++vb2-4ac
=471 ; - ; : (a+bx?+cx*)?AppellF1[-2p, -p, -p, 1-2p, - s -
p cx cx

2 cx? . 2 cx? ]

Result (type 6, 497 leaves):
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p

2732Pc (-1+2p)

2cx? 2c C

1 b-+vb2-4ac ]p 5
1 x

b-+vVb2-4ac ZJP [b—\/b2—4ac c2cex2) P [b—\/b2—4ac +2cx?
—_— T X

c x2

b++Vb2-4ac -b+vVb?>-4ac
(b+x/b2—4ac +2cx2) (a+bx2+cx4)’1*pAppe11F1[—2p, -p, -p,1-2p, - : s . ]]/

2cx? 2 c x?

b++vVb2-4ac -b++b?>-4ac
—[b+x/b2—4ac)pAppellFl[l—Zp,l—p, -p, 2-2p, - : R : ]+(—b+«/b2—4acJpAppellFl[l—Zp,—p,

t

2cx? 2 ¢ x2
b+vVb2-4ac -b+vb%2-4ac b+vVb?-4ac -b+yb%2-4ac
1-p,2-2p, - : , i | +2c (-1+2p) x*>AppellF1[-2p, -p, -p, 1-2p, - i s : ]
2cx? 2 c x? 2 c x? 2 cx?

Problem 1120: Result more than twice size of optimal antiderivative.

dx

J<a+bx2+cx4)p

x3

Optimal (type 6, 166 leaves, 3 steps):

-p

1 5 12p b-vVb2-d4ac +2cx?) " (b+Vb?_dac +2cx?
(1-2p) x? c x? c x?

2 cx? 2cx?

_ 2 _ 7
(3 bt cx)? AppelIFL[1-2p, ~p, p, 2 (1-p), - T e aac  beVbT-dac
Result (type 6, 516 leaves):
b\/me[b\/m 2

+

X
2c

p p

b-vVb2-4ac +2cx?

2712 (~1+p)
¢ x?

1+

-p
b-+vb%2-4ac +2cx?
[—b+xlb2—4ac -2cx? { ’

C

2 ¢ x?

(b+x/b2—4ac +2cx2) (a+bx2+cx“)'“pAppellFl[l—Zp, -p, -p,2-2p, -

2 cx? 2cx?

b+vb2-4ac -b++b%2-4ac ]]/

b+bI_4 _b+DE_4
(-1+2p) |-4c (-1+p) x2AppellF1[1-2p, -p, -p, 2-2p, - — ac 2 25
2cx? 2cx?
b++vb2-4ac -b++b?>-4ac
(b+x/b2_4ac)pAppellFl{Z—Zp,l—p,—p,3—2p,— : ; s ! ; |+
2cx 2cx

b++vb%2-4 -b+Vb%*-4
(bﬂ/b2,4ac)pAppellFl[zfzp,7p,17p,3—2p,— . ac =2 ac]]]

2 c x? 2 cx?
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Problem 1121: Result more than twice size of optimal antiderivative.

dx

(a+bx?+cxt)P
J x>
Optimal (type 6, 164 leaves, 3 steps):

1 41 b-vb?-4ac +2cx?
(1-p) %

-p

c x?

p[b+\/b24ac +2cx?

c x?

_ 2 _ 7
(a+bx2+CX4)pAppe11F1[2 (1*[3), “p, -p,3-2p, 7b Vb2 -4dac b+b2-4d4ac

2cx? ’ 2cx?
Result (type 6, 504 leaves):

1+p

2732Pc (-3+2p) |1+ 2

X

b-Vb2-4ac +2cx?

P

b-+vb2-4ac ]p [b\/b24ac
N

2 cx? 2c

’ {b\/b24ac +2cx?

c 2

cX

b++vVb2-4ac -b++b’>-4ac
(b+x/b2—4ac +2cx2) <a+bx2+cx“)’l*pAppellFl[Z—Zp, -p, -p, 3-2p, - ’ s :

2 cx? 2cx?

b+vVb2-4ac -b+Vb2-4ac
2c (-3+2p) x*AppellF1[2-2p, -p, -p, 3-2p, - Vb dac :

3
2 cx? 2 cx?

“1+p)x2

] _

p

b++Vb2-4ac -b++b%>-4ac
(b+x/b2—4ac)AppellF1[3—2p,1—p,—p,4—2p,— ! :

El
2cx? 2 cx?

|+

b+vb2-4a -b++Vb%2-4a
(bfw/b2,4ac)AppellFl[szp,fp,17p,4—2p,— - S C}J]J

2 cx? 2 cx?

Problem 1122: Result more than twice size of optimal antiderivative.

Jx“ (a+bx2+cx4>pd1x

Optimal (type 6, 138 leaves, 2 steps):

)/

]

2 cx? » 2 cx? » 5 a\p 5 7 2cx? 2 cx?
Xl — 1+ ——| (a+bx*+cx?) AppellFl[ =, -p, -p, —, - ,
5 b-vVb2-4ac b+vVb2-4ac 2 2 p-+/b2-4ac b+vVb2-4ac

Result (type 6, 457 leaves):



1+p
b-+b?>-4ac -vVb%2-4ac +2cx?
7 2727PC[ +4/b“-4ac —_— X2 *
2¢ c
2 5 7 2 ¢ x? 2 ¢ x?
(723+[7b+\/ 4ac)x2 a+bx2+cx4)’1+pAppellF1[f,—p,—p, -, - }/
2 2 b+\/b2—4ac -b+ -4ac
5 7 2cx? 2cx?
(5 (—b+x/b2—4ac]( 4ac +2cx?| |-7aAppellFi[=, -p, -p, —, - s |+
2

b+vb2-4ac -b++/b%2-4ac

9 2 ¢ x? 2 ¢ x?
+yb%>-4ac ] AppellFl ,1-p, -p, = - | -
2

3 3

b+vb2-4ac -b+vb2-4ac

9 2cx? 2cx?
( +1/b?-4ac ] AppellFl , -p,1-p, —, - }
2 2

)
+vb%?-4ac -b++/b?>-4ac

Problem 1123: Result more than twice size of optimal antiderivative.

sz (a+bx2+cx4>pd1x

Optimal (type 6, 138 leaves, 2 steps):

-p

3 2cx? 2cx? P , arp 3 5 2cx? 2cx?
=1y ————— 1+ ————| (a+bx*+cx*)PAppellFi[=, -p, -p, —, - - ]
3 b-+vb2-4ac b+vb2-4ac 2

2 b—\/b2—4acJ b+vVb2-4ac
Result (type 6, 457 leaves):

b-+vb2-4ac Plo-br-dac +2cx2|'7?
[5 2’2’pc[b+\/b2—4ac x3 +x2] :
2c¢c C
2 3 5 2 ¢ x? 2 ¢ x?
(72a+[—b+ 4ac)x2 a+bx2+cx4)’1+pAppellF1[f,—p,—p, =, - }/
2 b+\/b274ac -b+ -4ac
3 5 2 ¢ x? 2 ¢ x?
(3 (—b+x/b2—4ac] ( +1/b?-4ac +2cx?| [-5aAppellFl[ =, -p, -p, —, - s |+
2

2 pbi+/b2-4ac -b+vVb2-4dac
5 7 2cx? 2cx?
7b+x/b274ac)AppellF1[;,17p,7p, -, - , | -

2 pi/b2-4ac -b+Vb2-4dac

5 7 2cx? 2 ¢ x?
(b+x/b2—4ac]AppellF1[;,—p,l—p, ;,f }J]]

)
+vb?-4ac -b++/b?>-4ac

p x*

1.2.2 Quartic.nb
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Problem 1124: Result more than twice size of optimal antiderivative.
J(a+bx2+cx4)pd1x

Optimal (type 6, 133 leaves, 2 steps):

2cx? P 2cx? P 5 arp 1 3 2cx? 2cx?
X1y ——mMmMM— 1+ ——| (a+bx*+cx?) AppellFl[ =, -p, -p, —, - , -
b-+vb2-4ac b+vb2-4ac 2 2 b-+vb2-4ac b+vb2-4ac

Result (type 6, 487 leaves):

3.41°p (b+«/b274ac

2 c x? 2cx?
(72a+[7b+xlb274ac - } /
m _b+Vb2-4ac
1 3 2 ¢ x? 2 ¢ x?
([_mm) [—3aAppellF1[—,—P;—p: =, - ; ]+
2 2

+vb2-4ac -b+yb%?-4ac

b
3 5 2cx? 2cx?
—b+x/b2—4ac)Appe11F1[—,1—p,—p, =, - , | -
2 2 pb+vb2-4ac -b++vb2-4ac

3 5 2 cx? 2cx?
(b+x/b2—4ac)AppellF1[;,—p,1—p, ;,— })])
-b+ -4ac

b+\/b2—4ac

-1+p

X

2c¢C 2c¢C C

[b+\/b24ac +2cx?

2

X2

b-+vb2-4ac Z]F’{b Vb2 -4ac ] ( -vb%2-4ac +2cx?
- X

3

2’

(a+bx®+cx?) 1+pAppellFl[1 -p, -p,
2

2

p X

Problem 1125: Result more than twice size of optimal antiderivative.

(a+bx?+cxt)P
J dx
X2
Optimal (type 6, 136 leaves, 2 steps):
1 2cx? P 2cx? P 5 arp 1 1 2cx? 2cx?
e e — 1+ ——————| (a+bx?+cx*)PAppellF1[-—, -p, -p, —, - , - ]
X b-vVb2-4ac b+rvVb2-4ac 2 2 p-/b2-4ac b+vVb2-4ac

Result (type 6, 472 leaves):
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b-vVb2-4ac P b-vVb2-4ac +2cx?|’
2’27p(b+ b2—4ac] - X (—b+ b>-4ac -2cx? -
2c ¢

2 1 1 2 ¢ x? 2cx?
(—Za+[—b+\/m) xz) (a+bx2+cx4)’1+pAppellF1[—*,—p,—p, —, - s ]]/
2

2 pivb2-4ac -b+b2-4ac

1 1 2 c x? 2 cx?
(—b+m)x(b+m+2cxz) aAppellFl[f*, -p, =P —s - P ]*
2 2 pi+/b2-4ac -b+vb2-4dac

p x?

1 3 2 ¢ x? 2 ¢ x?
b—m)AppellFl{g,l—p, -p, =, - ]+

2 b+vb?2-4ac -b+ib%*-4ac

1 3 2 ¢ x2 2cx?
(mm]wpel“l[—ﬁp:l*m 5 o = }m]
2 2 pb+Vb’-4ac -b+Vb?-4ac

Problem 1126: Result more than twice size of optimal antiderivative.

(a+bx?+cxt)P
J dx
X4
Optimal (type 6, 138 leaves, 2 steps):
1 2cx? P 2cx? P 5 arp 3 1 2cx? 2cx?
1y — 1+ ———————| (a+bx?+cx*)PAppellFil[-=, -p, -p, - —, - , - ]
3x3 b-+b2-4ac b++b2-4ac 2 2 pb-+b2-4ac b++vb2-4ac

Result (type 6, 456 leaves):

b-+vb2-4ac P(b-+vbI-4ac +2cx? e
2’2’pc(b+x/b2—4ac] — i X? i
2c¢C C
2 3 1 2 ¢ x2 2 ¢ x2
(—2a+[—b+«/b2—4ac)x2 (a+bx?+cx?) P AppellF1[- =, -p, -p, - =, - , ]]/
2 2 p+Vb2-4ac -b+\b*-4ac

3 1 2 ¢ x? 2 ¢ x?
aAppellFl[f;, -P> -P» -7

(3[b+xlb24ac b+/b>-4ac +2cx? - B
2 pbi/b2-4ac -b+vVb:-4ac
1 1 2cx? 2 ¢ x?
—b+«/b2—4ac)AppellF1[—*,lfp, -p, —, - s ]’
2 2 pi+b2-4ac -b+Vb?2-4d4ac

1 1 2cx? 2 c x?
(b+\/b2—4ac]AppellF1[7£,7p,17p, > ]]J]

Bl
b+vVb2-4ac -b++/b2-4ac

X3

] +

p x?

| 165
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Test results for the 413 problems in "1.2.2.3 (d+e x*2)"m (a+b x"2+c x"4)"p.m"

Problem 14: Result unnecessarily involves imaginary or complex numbers.
1+bx?
J 2% ax
NEEr
Optimal (type 4, 16 leaves, 2 steps):
EllipticE[ArcSin[+/b x|, -1]
Vb
Result (type 4, 27 leaves):

i EllipticE[i ArcSinh[+/-b x|, -1]
Vb

Problem 15: Result unnecessarily involves imaginary or complex numbers.
1-bx?
J 2 ax
Optimal (type 4, 35leaves, 5steps):
EllipticE[ArcSin[vb x|, -1] 2EllipticF[ArcSin[vb x|, -1]
- +

Vb Vb
Result (type 4, 46 leaves):

i (ElipticE[i ArcSinh[+/~b x], -1] - 2 E1lipticF [ ArcSinh[v-b x], -1]
Vb

Problem 16: Result unnecessarily involves imaginary or complex numbers.
1+bx?
Ji dx
V-1+b2x*
Optimal (type 4, 43 leaves, 3 steps):

V1-b2x* EllipticE[ArcSin[+/b x|, -1]
Vb N/ -14b2x*




Result (type 4, 54 leaves):
i+V1-b?x* EllipticE[iArcSinh[v/-b x|, -1]
V-b vV -1+Db2x4

Problem 17: Result unnecessarily involves imaginary or complex numbers.

J 1-bx? dx
V-1402x%
Optimal (type 4, 89leaves, 6 steps):
V1-b2x* EllipticE[Arcsin[+/b x|, -1] 2+/1-b2x* EllipticF[ArcSin[vb x|, -1]
) Jb 1B ) Vb b
Result (type 4, 73 leaves):
iv/1-b2x4 (EllipticE [iArcSinh[v/-b x|, -1] - 2E1lipticF[i ArcSinh[+/-b x], —1])

Problem 18: Result unnecessarily involves imaginary or complex numbers.

1-bx?
J — 2% ax
Optimal (type 4, 89leaves, 1step):

(1+bx?) |22 EllipticE[2ArcTan[v/b x], 2]

xV1+b? x4 (1+bx?)
- +
1+bx? Vb /1+b%x*

Result (type 4, 52leaves):
EllipticE[i ArcSinh[~+/ib x|, -1] - (1-1) EllipticF|i ArcSinh[v/ib x|, -1]
Vib

Problem 19: Result unnecessarily involves imaginary or complex numbers.

J 1+bx? dx
V1+b?x*
Optimal (type 4, 152 leaves, 3 steps):
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A TEr (1+bx2) /ﬁ EllipticE[2ArcTan[Vb x], 1] (1+bx?) /(137:") EllipticF[2ArcTan[vb x], 1]

- +

1+bx? Vb V162Xt Vb V1+b2x*
Result (type 4, 51leaves):

EllipticE[iArcSinh[+/ib x|, -1] - (1+ 1) E1lipticF|i ArcSinh[+/ib x], -1]
Vib

Problem 20: Result unnecessarily involves imaginary or complex numbers.
1-bx?
Ji dx
V-1-b%x*
Optimal (type 4, 90leaves, 1 step):

(1+bx?) LS o EllipticE[2ArcTan[Vb x|, %]
x_1_b2x? (1+bx2)? 2
+
1+bx? Vb vV -1-b%x*

Result (type 4, 79leaves):
\/1+ b2 x* (EllipticE [iArcSinh[+ib x|, -1] - (1-1i) E1lipticF[iArcSinh[+/ib x|, -1] )
Vib vV -1-b%x*

Problem 21: Result unnecessarily involves imaginary or complex numbers.
1+bx?
Ji dx
V-1-b%x4
Optimal (type 4, 156 leaves, 3 steps):

i (1+bx?) /(1::42:) EllipticE[2ArcTan[b x], 1] (1+bx?) /ﬁ EllipticF[2ArcTan[vb x], 1]

- - +

1+bx® Vb \/-1-b2x* Vb \/-1-b2x*
Result (type 4, 78 leaves):
V1+b2x* (EllipticE[iArcSinh[vVib x], -1] - (1+ i) ELlipticF[i Arcsinh[vib x], -1]
Vib \/-1-b2x*
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Problem 23: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+c?2x?
J S ax
V1-ctxt
Optimal (type 4, 10leaves, 2 steps):
EllipticE [ArcSin[cx], -1]

C

Result (type 4, 31leaves):
i EllipticE[i ArcSinh[+/-c? x|, -1]

_c?

Problem 25: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1-c?2x?
J =X ax
V1-ctxt
Optimal (type 4, 23 leaves, 5steps):
EllipticE[ArcSin[cx], -1] 2EllipticF[ArcSin[cx], -1]

C C

Result (type 4, 52 leaves):
i (E1lipticE[i Arcsinh[+/=c? x], -1] - 2E1LipticF [i ArcSinh[+/-c? x], -1])

_c?

Problem 26: Result more than twice size of optimal antiderivative.

d+ex?
J A
d? +bx?+e?x*
Optimal (type 3, 82leaves, 5steps):

Ar‘cTan[ b+2de ZEX] Ar‘cTan[ b+2de Zex]
\/b+2de A\/b+2de

Vvb+2de Vvb+2de
Result (type 3, 181 leaves):
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Ar‘cTan[é} [b—Zd e+\/m ArcTan{ V2 ex }

4/ b-\/b2-4d2 e? b+\/ b2-4 d? e?
+

b-+/b%-4 d? e? b++/b%-4 d? e?

V2 Vb?-4d?e?

(—b+2 de+/ b2-4d? e?

Problem 27: Result more than twice size of optimal antiderivative.

d+ex?
————dx
Jd2+-Fx2+e2x4
Optimal (type 3, 82leaves, 5steps):

Ar‘cTan[ 2de-f Zex} Ar‘cTan[ 2de-f Zex}
V2de+f J2de+f

- +

V2de+f V2de+f
Result (type 3, 181 leaves):
(2de—f+\/m Ar‘cTan[iﬁex } [—2de+f+\/m) ArcTan{iﬁex }

\ £ —ad?er 2 £/ —4d? @22
\| f-1/ -4 d? e2+F2 \| ) -4 d? e2+F2

N
V2 W/ -ad?e? s f2

Problem 28: Result more than twice size of optimal antiderivative.

d+ex?
J——————————dx
d2-bx2+e2x?
Optimal (type 3, 78 leaves, 5 steps):

/b:2de -2ex y/bi2de +2ex
Ar‘cTanh[ b:2de Zex} Ar‘cTanh[ b:2de 2”]
Vb-2de Vb ode

Vb-2de Vb-2de
Result (type 3, 189leaves):
(b+2 de+\/b2-4d2e? | ArcTan { ﬂ} [—b—z de+/b2-4d? e? ] Ar‘cTan[é]

4| b=/ b2-4 42 e2 | -b+\/ b2-4d? €2
+

\| -b-+/b2-4 d? e? —birfb2-4d?e?

V2 b -ad’e




Problem 29: Result more than twice size of optimal antiderivative.

d+ex?
J —CTEX ax
d? - fx2+e2x*
Optimal (type 3, 86 leaves, 5steps):
Achan[m} ArcTan[@}

_ \2de-f . \2de-f
Vv2de-f Vv2de-f
Result (type 3, 189 leaves):
(2 de+fir/ -4d?e?+f2 Ar‘cTan[—\/?ex ] [—2 de-fi\/-4d2e?+f2 Ar‘cTan[—\/?ex ]

| F ad2eris? o ad? e

+

A ==~/ -4 d? e2+f2 A —F4r/ -4 d? e?+F2

V2 W/ -ad?e? s f2

Problem 30: Result more than twice size of optimal antiderivative.

d-ex?
J—d]x
d? +bx?+e?x*
Optimal (type 3, 78leaves, 3 steps):
Log[d-+/-b+2de x+ex?| Log[d+V-b+2de x+ex?|
- +

2/ -b+2de 2\ -b+2de
Result (type 3, 182leaves):
(b+2 de-+/b2-4d2e? | ArcTan { ﬂ] (b+2 de+\/b2-4d2e? | ArcTan { ﬂ]

4/ b-\/ b2-4d? e? 4/ b+ b2-4d? e?

3 b/ b*-4d* e \[ b+ b2-4 d? e

V2 Vb2 -4ad?e?

Problem 31: Result more than twice size of optimal antiderivative.

d-ex?
J—dlx
d?+fx2+e2x?

Optimal (type 3, 78 leaves, 3 steps):
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Log[d-~/2de-f x+ex?| Log[d++/2de-f x+ex?
- +

2+/2de-f 2+/2de-f
Result (type 3, 182leaves):
(2 de+f-/ -4d? e?+f2 Ar‘cTan[iﬁ — } [2 derfin/ -4d?e?+f? ] ArcTan { _ frex }

A F- -4 d? e £l -4 d? 242

A F-/ -4 d? e?+f? | f -4 d? e?+f?

V2 \/-ad?e? s f2

Problem 32: Result more than twice size of optimal antiderivative.
d-ex?
J— dx
d2-bx2+e2x?
Optimal (type 3, 70leaves, 3 steps):
Log[d-+/b+2de x+ex?| Log[d++b+2de x+ex?]
- +

2v/b+2de 2+v/b+2de
Result (type 3, 190 leaves):
(b—z de+/b2-4d2e? ArcTan[&} {b—z de-+/b2-4d2e? ] Ar‘cTan[ﬂ]

\/ -b-1/ b2-4d? 2 A/ -b+ b2-ad? e?

- +

1| ~b-n/b2-4 d2 e? 1| b~/ b2-4d2 e?

V2 Vb2 -4ad?e?

Problem 33: Result more than twice size of optimal antiderivative.
J d-ex?
——— dX
d? - fx2+e2x*
Optimal (type 3, 70leaves, 3 steps):

Log[d-~/2de+f x+ex?| Log[d+/2de+f x+ex?|
- +
2v2de+f 2+/2de+f

Result (type 3, 190 leaves):




(—2 de+fi/ -4 d2 e?+f2 ) ArcTan { #} [—2 de+f-+/-4d2e?+f2 ) ArcTan {#]
r adzer g2 ff adzer 2
- +

-] —4d? 24 f2 ~fnf -4 d? @242
V2 A -4d?2e? + f?

Problem 38: Result more than twice size of optimal antiderivative.

a+bx?
J dx
a2+ (—1+2ab) x2 + b2 x4

Optimal (type 3, 60 leaves, 5 steps):
e

ArcTanh|[ 122X |  ApcTanh [ 2222 ]
1-4a b B V1-4ab
Vv1-4ab Vv1-4ab
Result (type 3, 138leaves):
(1+w/ 1-4ab ) ArcTan[bix} (—1+\/ 1-4ab ) ArcTan[ﬂ}
f:’+a bf\/ 1-4ab —1+2ab*m
N
\ -1+2ab-+/1-4ab \ -1+2ab+y/1-4ab
V2-8ab

Problem 39: Result more than twice size of optimal antiderivative.

1+2x2
J =X ax
1+bx?+4x*
Optimal (type 3, 62leaves, 5steps):

ArcTan | ‘\‘%‘X | ArcTan| L‘%X ]

- +

4+b 4+b

Result (type 3, 126 leaves):

(4 b/ ~16+b2 ArcTan[L} [-4+b+\/ _16+b? ]Ar‘cTan[L}
] b=y -164b2 + ) b+ ~164b2

b-+/ -16+b? b++/ -16+b2
V2 \/-16 + b2
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Problem 40: Result more than twice size of optimal antiderivative.

1+2x2
J =R gk
1-bx?+4x*
Optimal (type 3, 66 leaves, 5steps):

ArcTan M] ArcTan| M]
ab Vb

N
4-b \V4-b
Result (type 3, 134 leaves):

Ar‘cTan[L} [—4—b+m) Ar‘cTan[—Z\/?x }

\| -b-1/ -16+b? | -b+/ -16+b?

V2 /-16 + b2

(4+b+ -16+b?

Problem 44: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1+2x2

J — =X ax

1+3x2+4x4
Optimal (type 3, 38leaves, 5steps):

ArcTan|[+2X]  ArcTan|%%X]

V7 V7
V7 V7

Result (type 3, 97 leaves):

(—J'l+\/7) Ar‘CTan[Z4X] (]i+\/7) Ar‘cTan[Zi"]
> (3-1v7) L (34T

42 1417 42 +141 7

Problem 45: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+2x?
J; dx
1+2x2+4x4

Optimal (type 3, 48leaves, 5steps):
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Ar‘cTan[éLl’z\E2 %] Ar‘cTan[4Lhz 2x]

- +

Ve Ve
Result (type 3, 99 leaves):

<7]1+\/?) ArcTan | 1“\/? ] + (jH\/?) APcTan[ﬁ]

2 /3(1-1\/?) 2 /3(1“1\/?)
Problem 46: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+2x?
Ji dx
1+x2+4x*
Optimal (type 3, 46 leaves, 5steps):
Ar‘cTan[lL —4x ] Ar‘cTan[L Ax ]
s /s

Vs V5
Result (type 3, 97 leaves):
(—311+x/15)Ar‘cTan[27X] (3i+\/15)ArcTan[27X]

;(17]1@) %(IH'H/F)
+
30-301+15 30+301+15

Problem 48: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+2x?
J =2 ax
1-x2+4x4
Optimal (type 3, 46 leaves, 5steps):
ArcTan | V5 ax 2] ArcTan] S X
NERE Vel

V3 V3
Result (type 3, 101 leaves):
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(—511+\/E) ArcTan| ——2*——] (5i+\/ﬁ)Ar‘cTan[27X]

HESNE s [ivis
\/30(-1-1@) \/30(-1“1\/?)

Problem 49: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+2x2
J =R Gk
1-2x>+4x*
Optimal (type 3, 44 leaves, 5steps):

_Ar‘cTan[\/?—zx/?x] Ar‘cTan[\/?+2\/7x}
V2 V2

Result (type 3, 99 leaves):

(—3 i +\/?) ArcTan| _1_2-Xﬁ ] (3 i+ \/?) ArcTan| 12.Xﬁ ]
+

2 3(-1-]1\/?) 2 3(_1+]1\/?)

Problem 65: Result more than twice size of optimal antiderivative.

J& dx

1-4x2+4x
Optimal (type 3, 14 leaves, 3 steps):
ArcTanh [\/7 x]

N2
Result (type 3, 32leaves):
—Log[\/?—ZX} + Log[\/?+2x]
22

Problem 73: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1+ x?
Jidlx
1+x2+x4



Optimal (type 3, 38leaves, 5steps):

Ar‘cTan[1 2"] Ar‘cTan[l*zx]
N3
V3 V3
Result (type 3, 99 leaves):
] (Ji+\/?) ArcTan | ——2>*——]

(5437 A"CTa"[ﬁ + m

Problem 80: Result more than twice size of optimal antiderivative.

1-x?
j; dx
1+bx?+x*

Optimal (type 3, 62leaves, 3 steps):
Log[1-+v2-b x+x?] Log[l++/2-b x+x2]
2+/2-b 2+/2-b

Result (type 3, 125leaves):

(2+b—m] ArcTan[f?tm} ) (2+b+\/ﬂ] ArcTan{fF]
[ brf—arb? A berf-asb?
N

Problem 88: Result more than twice size of optimal antiderivative.

1-x?
J =% ax
1-2x%+x*
Optimal (type 3, 2leaves, 3 steps):

ArcTanh[x]

Result (type 3, 19leaves):

1 1
~~Log[l-x]+ ~Log[l+Xx]
2 2
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Problem 92: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+3x?
J T
1+2x2+9x*
Optimal (type 3, 43 leaves, 5steps):
ArcTan [ 1-3x ] ArcTan [ m}
Jz Jz
22 22

Result (type 3, 99 leaves):
(—J’L+\/7) ArcTan| —2*—| (]'].-%—\/7) ArcTan| —2*—|

~ N1-2iv2 ~ V1212
2 2(1-231\/7) 2 2(1+2j\/7)

Problem 93: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1+3x2
J— dx
-1-2x2-9x*
Optimal (type 3, 43 leaves, 5steps):

Ar‘cTan[%] Ar‘cTan[%}

2+/2 22
Result (type 3, 99 leaves):
—i++/2 ) ArcTan| —2*— i +4/2 | ArcTan| —32*—
_(“ ) [m]_(“ | N
2 2(17211\/?) 2 2(1+2j\/7)

Problem 98: Result unnecessarily involves imaginary or complex numbers.
a+bx?
Ji dx
1+x%2+x4

Optimal (type 3, 83 leaves, 9steps):
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) (a+b) Ar‘cTan[%] ) (a+b) Ar‘cTan[%} )

2/3 24/3
Result (type 3, 97 leaves):
(21’1a+ (—Ji+\/?) b) Ar‘cTan[i (—i+ﬁ) x| (—21‘1a+ (Ji+\/?) b) Ar‘cTan[% (]'l-%—\/?) x|

+

(a-b) Log[1-x+x?] +l (a-b) Log[1+x+x?]
4

ENIES

6+61+3 6-61+/3

Problem 99: Result unnecessarily involves imaginary or complex numbers.

a+bx?

Ji dx
<1+X2+X4>2
Optimal (type 3, 119leaves, 10 steps):
b_(a_2b) x2) (4a+b)ArcTan[*2X]  (4a+b) ArcTan[ 2]

x(asb- (2 )X>— EN, V3 —E(Za—b> Log[l—x+x2]+l(2a—b) Log[1+x+x?]

6(1+X2+X4> 12/3 12+/3 8 8
Result (type 3, 147 leaves):
x (a+b-axt+2bx?) ((—111’1+\/?)a—2(—2j1+\/?)b)Ar‘cTan[%(—i+\/?)x] ((111‘1+\/?)a—2(21’1+\/?)b)Ar‘cTan[%(jH\/?)x]

2 4
6 (1+x*+x?) 6/6+6i3 66-61i-/3

Problem 100: Result unnecessarily involves imaginary or complex numbers.
a+bx?
Jidlx
24+ x%2+ x4
Optimal (type 3, 234 leaves, 9 steps):
—l\/i (—1+2\/7) (a+\/7b) ArcTan | -1+2v2 _2X} +l\/i (—1+2\/7) (a+\/7b) ArcTan| -1+2v2 +2X]
21\ 14 2\ 14
1+2+/2 1+2/2
(a—\/?b) Log[V2 -/ -1+2/2 x+x?] (a—\/?b) Log[V2 +1/-1+2+/2 x+x?]

+

4 2(-1+2\/7) 4 2(-1+2ﬁ)

Result (type 3, 111 leaves):
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(—2J‘La+ (Ji+\/7) b) ArcTan| ——>*——| (21‘1a+ (—Ji+\/7) b) ArcTan|[ —>*——]
[ [

14-141 7 14 +14 17

Problem 101: Result unnecessarily involves imaginary or complex numbers.
g
a+bx?
—dx
J(2+X2+X4>2
Optimal (type 3, 316 leaves, 10 steps):
(3325 a-ab] ) 3 mem (127 2= (287 | o] cran[ 2222

2, x4 T 561 14
28(2+x +x) 56 1i243

i\/i(uzﬁ) ((11-v2)a-(2-4+2)b] ArcTan| —1+2\/?+2x]7

56 \| 14 W

(11a+V2 (a-4b)-2b) Log[vV2 -/-1+2V2 x+x?] ([11+V2)a-2(b+2V2 b]| Log[V2 +\/-1+2V2 x+x?]
12 [2(-1+2V2) 12 [2(-1+2V2

Result (type 3, 165leaves):

((231+V7 ) a-4 (28477 | b] ArcTan[—=——] ((-23i+V7 |a-4(-21+/7 | b] ArcTan[—2——

fax<—3+x2)+2b(x+2x3) (2T

(7]

2 4
28 (2+x*+x?) 28~/14-141i+/7 28~/14+14i /7

Problem 102: Result unnecessarily involves imaginary or complex numbers.

dx

J V2 - x?
1-/2 x2+x4
Optimal (type 3, 160leaves, 9 steps):

Ar‘cTan[ﬁiz* 2 -2x] Ar‘cTan{@z* 2 2]
- 22 + 272 73 1+ ! Log[l—\12+\5 X+X2]+1 1+ ! L0g[1+\/2+\5 X+X2}

4 4
2~/2+4/2 2~/2+/2 V2 V2
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Result (type 3, 53 leaves):
- 1/4X - 1/4X
V-1-1i ArcTan[-22-] ++/-1+1 ArcTan| 22|

-1-1 -1+1

23/4

Problem 103: Result unnecessarily involves imaginary or complex numbers.

dx

J V2 o+ x?
1+\/7X2+X4

Optimal (type 3, 172leaves, 9 steps):
Ar‘cTan[@L 2 ’ZX] Ar‘cTan[@z’ Z *ZX}
e

Result (type 3, 53 leaves):
- 1/4X - 1/4X
\1-1 ArcTan[i} +V/1+1 ArcTan| 2]

1+1

23/4

Problem 106: Result unnecessarily involves imaginary or complex numbers.
2a-x?
Ji dx
aZ-ax?+xt
Optimal (type 3, 114 leaves, 9steps):
ArcTan[V3 - X ] ArcTan[V3 + ZX ] 3 1ogla /3 a x+x2] V3 Logla+ /3 a x+ k]
- +

- +

2+/a 2+/a 4-/a 4~/a

Result (type 3, 115leaves):

1)l [-x/m\/? 3i++/3 ) ArcTan| —3Hx 7 ./ 5 4++/3 (-31i++/3 ] ArcTanh| —3i1x

) ( ) [mﬁ} ( ) [mﬁ]
2/6 Va
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Problem 107: Result unnecessarily involves imaginary or complex numbers.

dx

2+/a -x2
Ja—\/?x2+x4
Optimal (type 3, 122 leaves, 9 steps):
ArcTan[+/3 - azl/ﬂ +Ar‘cTan[\/?+ ;:] V3 Log[Va -/3 al/4x+ x?] . V3 Log[Va +/3 al/4x+ x?]

2 a1/4 2 a1/4 4 a1/4 4 a1/4

Result (type 3, 115leaves):

-1 1/4[ i+4/3 (3i++3 ) ArcTan|—22X 1 /i ++/3 [-31i++/3 ] ArcTanh | —1six
1) | | s o [3173) s e

2+/6 al/4

Problem 108: Result unnecessarily involves imaginary or complex numbers.
2b%/3 1 x2
J dx
b4/3+b2/3 X2+X4

Optimal (type 3, 124 leaves, 9steps):

\/?ArcTan[%] ﬁArcTan[%] Log b ~b13 x+ x2]  Log[b2/3+ b1/ x + x2]

- + +

2b1/3 2b1/3 4b1/3 4b1/3

Result (type 3, 115leaves):

1 1/4[ —i+4/3 [-31++/3 ) ArcTan|—2X 1 /i ++/3 (31i++/3 ) ArcTanh|—2siix
( ) 1+ ( 1+ ) [\/ﬁkﬂﬁ] 1+ ( 1+ ) [mblﬁ]

26 b3

Problem 109: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
ji dx
a?-ax?+x*
Optimal (type 3, 136 leaves, 9steps):

(A+aB) APCTan[ﬁ‘%] (A+aB) Ar‘cTan{\/?+2F:} (A-aB) Log[a-+3 +/a x+x2|] (A-aB)Logla+/3 Va x+x?]
- +

- +

2 33/2 2 33/2 43 a3’? 43 a3/2
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Result (type 3, 130leaves):

(—21‘1A+(—J’1+\/?) aB) Ar‘cTan{ﬁ} (21’1A+<1‘L+\/37) aB) Ar‘cTanh[&

(_1>1/4 Yoinfs s Jinz e
fI‘L+\/37 j+ﬁ
\/gawz

Problem 110: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
J— dx
a-+/a x2+x
Optimal (type 3, 160leaves, 9 steps):
(A+\/a_B) Ar‘cTan[\/?—;—Z] (A+\/?B) ArcTan[+/3 + 2% ] (A—\EB) Log[Va - /3 al’®x+x?] (A—\EB) Log[+/a + /3 a4 x s x?]

a
- + - +

2 33/4 2 g3/4 4+/3 a3/t 43 a¥/4

Result (type 3, 138leaves):

(-2 A+ (-i+v3 ) Va B) ArcTan[ 22 (25 A+ (i+y/3 ] Va B] ArcTanh [ 221 ]
(_1)1/4 Yoinfs ae [if3 wn
—ie/3 i+/3
e a34

Problem 111: Result unnecessarily involves imaginary or complex numbers.

A+Bx2
J dx
a-vac x*+cx*
Optimal (type 3, 414 leaves, 9steps):

Va B4 AVC | AncTan| (203 (eaae 20Ex] (/7 g, ay/C | ArcTan| [2a e slae e
[ ] [

. V2y/a Ve -vac . V2y/a Ve ac )
2v/a Ve \J2va Ve Vac 2+/a Ve \J2va Ve Vac
(A%) Log[a -\/2+a Ve +vac x+vc X (A%) Log[Va +\2va Ve +vac x+c x]
ava \J2va Ve +Vac ava \2va Ve +Vac

Result (type 3, 247 leaves):
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(ﬁﬁsﬁ-j (2Ac+Bm))Ar‘cTan[L] (\E\/?B\EH'L (2Ac+3m))ArcTan[M}
B m Jivs Va e ac
Vi3 Va Ve Aac Jiv3 Va e vac
Ve Va c

Problem 112: Result unnecessarily involves imaginary or complex numbers.

A+ Bx?
[ ax
a-+va Ve x®+cxt
Optimal (type 3, 234 leaves, 9steps):
(\/?B+A\/?) Ar‘cTan[\/?_%] (\/—B+AV_) Ar‘cTan[\/—+—2cl/4 ]

/.
al/4 al/4

233/4 C3/4 2a3/4 c3/4
(A— %) Log[va - /3 a4 cV4x 4 /c x2] (A_ %) Log[/a ++/3 a4 cVax++/c x2]
c C
4-/3 a3/4 cl/4 ' 4+/3 a3/4cl/4

Result (type 3, 163 leaves):

((—J’u-\/?) ﬁs-szd?) ArcTan[JM] ((J'H\/?) Va Be2iAvc) ArcTanh{M}
(71)1/4 A 7:‘“\/? al/4 B A i+\/? al/4

—i+/3 i3
\/€a3/4 c3/4

Problem 113: Result unnecessarily involves imaginary or complex numbers.

3 - x?
J 2% ax
V3+x2-x4
Optimal (type 4, 96 leaves, 4 steps):

1 1
= (-1+4/1 EllipticE [ArcSin| = (-7-+/13 )} +1/7+2+/13 EllipticF [ArcSin|
6

Result (type 4, 103 leaves):

2

1++/13

X

[N

(-7

Vi3]
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o
2 (1413
i |(1++13 ) EllipticE[i Arcsinh| 2y, (-7+v13 )] - (-5+ /13| ElLlipticF [i ArcSinh| 2y, (-7+V13 )]
~1++/13 6 -1+4/13 6
Problem 114: Result unnecessarily involves imaginary or complex numbers.
3 - x?

J— dx

V32 5t
Optimal (type 4, 25leaves, 5steps):
—EllipticE[Ar‘cSin[L}, -3] +4EllipticF[ArcSin[L], -3]

V3 V3
Result (type 4, 19leaves):
~i+/3 EllipticE[i ArcSinh([x], - l]
3
Problem 115: Result unnecessarily involves imaginary or complex numbers.
3 - x?

J— dx

V333 ot
Optimal (type 4, 96 leaves, 4 steps):
|t (-3++/21 ) EllipticE[Arcsin] x], = (-5-v21 )] +~/9+2+/21 EllipticF[Arcsin| 2], (-5-v21]]

2 3+4/21 2 3+4/21 2

Result (type 4, 103 leaves):

1
2 (3+v21
i [(3+\/H) EllipticE[i Arcsinh| | ———— x], = (-5+v21 )] - (-3+/21 ) EllipticF i ArcSinh| T (5+\/H)}]
34421 2 S344/21 2
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Problem 116: Result unnecessarily involves imaginary or complex numbers.
3-x?
J % ax
Optimal (type 4, 92 leaves, 4 steps):

1 |2 1
= EllipticE [ArcSin| = 13 ) | +\/5+2+/13 EllipticF[ArcSin|
2 1+ 6

Result (type 4, 107 leaves):

i 1
2 (-14/13)
i|[-1++/13 ) EllipticE[i ArcSinh| 2y, -l M -7 ++/13 ) EllipticF[i ArcSinh|
+V13 6 6

Problem 117: Result unnecessarily involves imaginary or complex numbers.
3-x2
J— dx
V3-2x2-x4
Optimal (type 4, 27 leaves, 4 steps):

1 1
VEY EllipticE [Ar‘cSin [X], - f} +2+/3 EllipticF [Ar‘cSin[x] 5 - f]
3 3

Result (type 4, 35leaves):

C . . X . L. . X
-1 ElllpthE[j Ar‘cSmh[—], —3] +2E111pt1cF[j1 Ar‘cSmh[—], —3]

V3 V3

Problem 118: Result unnecessarily involves imaginary or complex numbers.

Ji dx
V3-3x2-x4
Optimal (type 4, 92 leaves, 4 steps):

s [7))
7_ V13
6_ 6 }
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_\/§(3+—V2_1) EllipticE [ArcSin| ﬁ x|, % (—5+m)} +mEllipticF[Ar‘cSin[ _3+2\/H x] i <_5+\/HM

Result (type 4, 107 leaves):

1
2 (-3+/21)
i |[-3+v/21 ) EllipticE[i Arcsinh| R LN [-9++/21 ) EllipticF [ ArcSinh| 2y, > YAy
3+4/21 2 2 3+4/21 2 2

Problem 119: Result unnecessarily involves imaginary or complex numbers.
Jb—\/b2—4ac +2cx?

dx
Vva+bx?+cx?
Optimal (type 4, 296 leaves, 3 steps):
2al%4 ¢4 (\Ja ++/c x? Lﬁxdz EllipticE[ZAr‘cTan[&}, E R ]
2+/c xVa+bx2+cx ( ) (Va +/e %) at/* 4( \Eﬁ) 1
- +
Va ++/c x? Va+bx?+cxt 2at4cl/4+/a+bx%+cx?t
a+bx?+cx? Vax., 1 b
b+2\/?\/?—x/b2—4acJ (\/;+\/?x2) +—+2 EllipticF[2ArcTan| T 1, =2~ J]
Ve +ve x| A NS
Result (type 4, 187 leaves):
1
Va+bx?+cx?t
C b+vb2-4ac +2cx? 2 ¢ x2 c b+vb2-4ac
2i+/2 a * reex 1, <X EllipticE[i Ar‘cSinh[\/? x|, * ]
b+vbZ-4ac b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb?-4ac

Problem 150: Result unnecessarily involves imaginary or complex numbers.

(d+ex? 4
[



188 | 1.2.2 Quartic.nb

Optimal (type 4, 388 leaves, 6 steps):
e2(42cd2—5ae2)X\/a+cx4 ade3x3Varcx?t e*x5+/a+cxt 4de(5cd2—3ae2>xx/a+cx4
+ + +

21¢c? 5c 7c 5 c3/2 (\/;ngz)
4al%de (5cd?-3ae?) (\/?+\/?x2) —awext EllipticE[ZArcTan[ﬂ}, 2]
(Va /e %) ave 17 2 1
N
5c7/4Va+cxt 21824 ¢4 varcxt
a+cxt cx, o1
(105c?d*+ 420/ c¥2dPe-210acd?e?-252a%2/c de®+25a%¢e?) (Va +v/c x| |~ EllipticF[2ArcTan| ], =]
> 2 a1/4 2
(\/?+\Ex)

Result (type 4, 298 leaves):

1

105 M\/_E c2va+cx?t
a

84\5\/?de<—5cd2+3ae2) 14 ¢

a

Problem 151: Result unnecessarily involves imaginary or complex numbers.

(d+ex2)3
Jidlx
Vva+cx?

Optimal (type 4, 326 leaves, 5steps):
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de?xVa+cx* e3x3Va+cx* 3e(5cd’-ae?)xVa+cxt
+ +

c 5c 5 c3/2 (x/?Jr\Exz)
3al/%e (Scd?-ae?) (\EJr\/?xz) ——arext EllipticE[ZAr‘cTan[‘1/‘"‘], ]
(VT e ) ave 172
N
5c”4+a+cxt
14 41 24 3%)( 2) __aex*  E1lipticF[2 ArcTan|€4x] 1
a (5cde 3ae’+ N Va +Vc x (Vo e )’ ipticF[2Arc a”[al/z,]xz}
18c74\Va+cxt

Result (type 4, 235leaves):

1 i 4 ,
ive Wezx(5d+ex2) (a+cx4)—3\/?e(—5cd2+ae2) 14 & EllipticE[i ArcSinh| ive x|, -1] +
a
5 [ive 3/2./5, cx? a JVa
a
4 ,
[-5ic*2d?-15Va cd’e+5ia/c de?+3a2e?) 1+ EllipticF[i ArcSinh| iVe x|, -1]
a \/?

Problem 152: Result unnecessarily involves imaginary or complex numbers.

<d+ex2)2
Ji dx

Vva+cx?
Optimal (type 4, 264 leaves, 4 steps):

2al/dde (\E+\/?X2) JiWAZEllipticE[ZAr‘cTan[clj:(], 7]
e2xVa+cxt 2dexVa+cxt (Va /e %) *
+

- +

3¢ Ve (Va +ve % civarext

(3cd2+6\/?\/?de—ae2) (\/?+\Ex2) LAZ EllipticF[ZArcTan[%], l}
(\/a_ﬂ/c_xz) av 2

6al’4c*/4+a+cxt

Result (type 4, 195leaves):
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1 ' | 4 -
iVe e’x (a+cx*) +6+a Vc de 1+ % EllipticE[i ArcSinh| ive x|, -1] +
a
s 1 evare |1 VR Ve
a

4 ,
i (—3cd2+611\/?\/?de+ae2) 1. EllipticF|i ArcSinh| lﬁ x|, -1]
a a

Problem 153: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J SEEE ax
Va+cx?
Optimal (type 4, 226 leaves, 3 steps):

1/4 2 _arex* " Axy o1
e al’%e (\5+\Ex> e ) EllipticE[2ArcTan| - ] 2}

Ve [Va s Ve x| S aren
al/4 (Lj?d +e) (\E + \Exz) / 7(ﬁa:csz)z EllipticF[Z Ar‘cTan[c:l/%] , ﬂ
234 at oxt
Result (type 4, 131 leaves):
1 4 i
1. <X [\/?eEllipticE[i ArcSinh| ive x|, -1] + (—Ji \/?d—\/?e) EllipticF[i ArcSinh|
a \/?

j‘j_@ Ve Varext
a

Problem 154: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex2) va+cx?

Optimal (type 4, 334 leaves, 3 steps):
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Ve arcran] e et a e ) [t entpuier 2areran] S22
+

2+/d Vcd?+ae? 2a1/4(\/?d—\/?e)\/a+cx4

2
3/4 [Jcd 2 2 a+cx* . . S Ve d-va e /4y 1
a ( - +e) (\/a +q/c x) 7( S EllipticPi| s Teae 2Ar‘cTan[—al/,4 1 2]
4c1/4d<cd2—ae2) a+cxt

Result (type 4, 95leaves):

i1+ EllipticPi[- 222, i Arcsinh| [ 2L ], -1]
a e d Va
[ avarex
Ja

Problem 155: Result unnecessarily involves imaginary or complex numbers.

1
dx

J (dvex?)?/arcxt

Optimal (type 4, 581 leaves, 6 steps):

Ve (3 cd?+ae?) ArcTan [ _olediact x ]

Ve exva+cxt e2xVa+cx?t Vd Ve ~farcxt

- + + +

2d (cd?+ae?) (\/?+\/?X2) 2d (cd*+ae?) (d+ex?) 4d¥2 (cd?+ae?)??

al/4 cl/4 e (\/?+\/?x2) (\E%W:sz)z EllipticE[ZAr‘cTan[%}, %] cl/4 (V?Jr\/?xz) (\E%foz)z EllipticF[ZAr‘cTan[c;i%], ﬂ

N _
2d (cd?+ae?) Va+cx? 2a1/4d(\ﬁd—\/?e)\/a+cx4
4 \/?d—\/?e 2 1/4
(\/?d+\/?e) (3cd’+ae?) (\/;+\/?x2) _arex EllipticPi[- ( ) s 2Ar‘cTan[C X], l} /
(\/?+V?x2)2 4~/a /c de al/4 2

(Sal“‘cl/“d2 (\/?d—\/?e) (cd®*+ae?) yJa+cxt

Result (type 4, 522 leaves):
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1

2 /% d? (cd?+ae?) (d+ex?) Va+cxt

I I 4 ~/
a | 2YS gerx. [ 2YS cde*x’-+a vc de (d+ex?) 1. % EllipticE[i ArcSinh| Lye
Va Va a Va

4 . 4
\/?d(i\/?d+\/?e) (d+ex?) 1. X EllipticF i ArcSinh]| l\/\/_? x], -1] -3icd® |1+ <X
a a

e i/ c cx* ivVa e L4/ €
EllipticPi|- , i ArcSinh | ive x|, -1] -iade? |1+~ EllipticPi[- ivae i ArcSinh| ive x|, ~1] -3i cd?ex?
Ve d Va a Ve d Va
4 : : 4 : :
14 % EllipticPi[—l\Ee,jArcSinh[ ive x|, -1] -iae*x? 1. % EllipticPi[—l\/?e,JiAr'cSinh[ ive x|, -1]
a Ve d Va a Ve d Va

Problem 156: Result unnecessarily involves imaginary or complex numbers.

dx

1
J(d+ex2)3\/a+cx4

Optimal (type 4, 729 leaves, 7 steps):
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3\/?e(3cd2+ae2)xx/a+cx4 e2x+Va+cxt
- +

8 d2 (cd2+ae2>2(\/?+\ﬁx2> 4d (cd®+ae?) (d+ex2)2

+

3e (5c2d*+2acd?e?+a’et) Ar‘cTan[@

3e2(3cd2+ae2)xx/a+cx4 x/d_\/?x/amx"}
N

.
8 d2 (cd2+ae2>2<d+ex2) 16 d5/2 (cd2+ae2)5/2

341/4 c1/4 g (3cd2+ae2) ( 3 +/c Xz) %ﬂz)z EllipticE[ZAr‘cTan[—cl’f‘,X}, %]
Va +/c x al/t
n

8 d? (cd2+ae2)2\/a+cx4

¢4 (4cd-+a Ve der3ae?] (Va +Vc x) /—(ra*;f 7 E1lipticF[2 ArcTan[ <X ], 1]
a +/c x a’/

8 al/4 g2 (\/?d—\/?e) (cd2+ae2) va+cxt

a+cx?

(\/?d—\ge)z cAhx, o1
EllipticPi[- , 2ArcTan] 1> =] /
2

3<\/?d+\/?e) (5c2d4+2acd2e2+a2e4) (\/?+V?x2) — .
(Va + e %) 4+/a Vc de al/4

(32a1/4c1/4d3 (\/?dfﬁe) (cd2+ae2>2xla+cx4

Result (type 4, 332leaves):
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de?x (a+cx4> (ae2 <5d+3ex2) +cd? (11d+9ex2))

(d+ex2)2

+

1 cx*

1+ —3\/;\/?de(3cd2+ae2) EllipticE[i ArcSinh]| ], -1] +
ivc @ \/;
Va
i|Vcd (7c3/2d3—9Lx/a_cd2e+a\/?de2—31a3/2e3) EllipticF[i ArcSinh| x|, -1] -
Va

3(5c*d*+2acd?e?+a’e?) EllipticPi[—j 2, i ArcSinh| ive x|, -1] /(8d3 (cd®+ae?)?yJa+cx?
Ve d Va

Problem 157: Result unnecessarily involves imaginary or complex numbers.

J(d+ex2)3 i

a-cx*

Optimal (type 4, 213 leaves, 8steps):

3a%%e (5cd?+ae?) [1- ext EllipticE[Ar‘cSin[cl/#], -1]
de2xvVa-cx* ex3Va-cx? i o
_ +

+

c 5c 5c7*+a-cx*
2 2 /
ad/e [scdlediael) 54 (5cd?+ae?) 1< EllipticF[Ar‘cSin[cl/ax], -1]
Va a al/4
5c’/%+/a-cx?

Result (type 4, 232 leaves):
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—\ 3/2 4 ~/
! \a [_c] e’x (5d+ex?) (a-cx*)-3i+a e (5cd*+ae?) 1- 2% EllipticE[i ArcSinh[ |- < x|, -1] +
+/ a +/
5 7% 32+ a-cx? 2 a
a

4
i (75c3/2d3+15\5cd2e75a\/?de2+3a3/2e3) 1. &% EllipticF[i ArcSinh]| 7£ x|, -1]
a \/?

Problem 158: Result unnecessarily involves imaginary or complex numbers.
d+ex?)?
J< ex ) dx
va-cx?
Optimal (type 4, 162 leaves, 7 steps):

N e 2a%%de ll—ca—x4 EllipticE[Ar‘cSin[%], -1] a4 (3cd2—6\/?\/?de+ae2) ll—ca—x4 EllipticF[Ar‘cSin[%], -1]

- + +
3c c34+a-cx* 3c%4+/a-cx?

Result (type 4, 192 leaves):

a
! /f\/? e?x (~a+cx*) -6ia Ve de |[1- " EllipticE[iArcSinh| Je x|, -1] -
a
3 [-Y cascx va Va
\/?
4
i (3cd2—6ﬁﬁde+ae2) 1- 9% EllipticF[i ArcSinh| —% x|, -1]

a a

Problem 159: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J SIEE ax
a-cxt
Optimal (type 4, 124 leaves, 6 steps):

a¥%e |1- < EllipticE [ArcSin| <t x |, -1] a¥4 Jed o) [1-9 EllipticF [ArcSin| &] , -1]
a al/a \/? a a1/4

+
C3/4 a —CX4 C3/4 a—cx4
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Result (type 4, 127 leaves):
1 , c x* Ve

i [1- a eEllipticE|i ArcSinh -— X|, 1| + c d-+a e EllipticF |1 ArcSinh
JVa Ve d-/a

L "

a

Problem 160: Result unnecessarily involves imaginary or complex numbers.

dx

J* 1
(d+ex2) a-cx*

Optimal (type 4, 72leaves, 2 steps):

al’t [1- < E1lipticpi [- Yae, Ar‘cSin[cl/#] , -1]
a Ve d al/4
cl/4d+a-cx*
Result (type 4, 91 leaves):

i 1o EllipticPi[—@, i ArcSinh| _e x|, -1]
a AJc d Va
| [ dvVa-cx4
Vv a

Problem 161: Result unnecessarily involves imaginary or complex numbers.

dx

J 1
(d+ex2)2 a-cx4

Optimal (type 4, 299 leaves, 10 steps):

3/4 /4 0 |9 Xt s ot so[eYix]
2 xVa a*%c"e |1 . ElllptlcE[Ar‘CSln[al/M], 1}

72d<cd2—ae2) (d+ex?) 2d (cd?-ae?) Va-cx
al/4ct/4 [1- % EllipticF[ArcSin| 34"], -1] a¥4(3cd?’-ae?) [1- ch4 EllipticPi[—%, Ar‘cSin[c:l/%], -1]
+
\/—d+\/— )m 2c1/4d2(cd2—ae2)m

Result (type 4, 508 leaves):
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1

2 /—Edz(cdz—aez) (d+ex2) a-cxt
Va
4
~a 7£de2x+ 7£cde2x5+i\/?\/c_de(d+ex2) 171EllipticE[jAr‘cSinh[ 7£x],71]7
Ve Ve | Ve

c x4 Ve

EllipticF[i ArcSinh| |- — x|, -1] -

: Va

4 4
3icd |1- % EllipticPi[—@, i ArcSinh| Ye x|, -1] +iade? [1- EllipticPi[—@, i Arcsinh| Ye x|, -1] -3
a Ve d Va a Ve d Va

4 4
cdext [1- % Ellipticpi}@, i ArcSinh| Je x|, 1] viae’x® [1- EllipticPi[fﬁ, i Arcsinh| Je x|, -1]
a Ve d Va a Ve d Va

i\/?d(—\/?d+\/?e) (d+ex?) [1-

Problem 162: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(d+ex2)3 a-cx*

Optimal (type 4, 425leaves, 11 steps):

4 . . . 1/4
2 xacx® 3e? (3cd-ae] xva—cx 3a%%cte (3cd®~ae?) [1- ¢ Elllptl(:E[Ar(:Sln[ﬁ], -1]
4d<cd2—ae2) (d+ex2)2 8 d? (cdz—ae2)2<d+ex2) 8 d2 (cdzfaez)2 a-cxt

al/a cl/4 (7cd2—2\/a e de—3ae2) ll—ca—x4 EllipticF[Ar‘cSin[cli#}, 1]
al/4
8 d2 (\/c d++/a e) (cd*-ae?) Va-cx*

3a% (5c?d*-2acd?e?+ae?) [1- et EllipticPi[—@, Ar‘cSin[&}, -1]
a Ve d a1/4
8 cl/4d3 (cdz—aez)zva—cx4

Result (type 4, 321 leaves):
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de?x (afcx“) (ae2 <5d+3ex2) - cd? (11d+9ex2))

(d+ex2)2
4
;i 1o 8¢ 3+/a V/c de (-3 cd*+ae?) E1lipticE[i ArcSinh| —£ x|, -1] +
e i Va
Va
(—7c2d4+9\/?c3/2d3e+acd2e2—3a3/2\/?de3) EllipticF[i ArcSinh[ [-— x], -1] +
Va

3(5c?d*-2acd?e’+a’e?) EllipticPi[—@, i ArcSinh| —£ x|, -1] /(8d3 (cdz—aez)zwa—cx“)
Ve d Va

Problem 163: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(d+ex2)4 a-cx?

Optimal (type 4, 563 leaves, 12 steps):
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e2x/a-cxt 5e2(3cd2—ae2)xx/a—cx4 e2(29c2d“—14acd2e2+5a2e“)X\/a—cx4
6d <cd2—ae2) (d+ex2)3 24 d? (cdz—aez)2 (d+ex2)2 16 d3 (cdz—aez)3 (d+ex?)

a¥4cl/%e (29c2d*-14acd?e?+5a2et) [1- < EllipticE[Arcsin[< X], -1]
A\ Y

16 d? (cdz—aez)3 a-cx4

CX4 c1/4X
al/4 e (57c2d4—30\/a >?d*e-32acd*e?+10a%2+/c de*+15a e“) 1- —— EllipticF[ArcSin| " ], -1] /
\ a a

(48d3 (\/?d—\/?e)z(\/?d+\/?e)3w/a—cx4

+

at/4 (35c3d°-7ac?d*e?+17a2cd?e*-5a%e®) [1- et EllipticPi[—@, Ar‘cSin[&}, -1]
a Ve d g1/

16 cl/4 d4 (cdz—ae2)3\/a—cx4

Result (type 4, 458 leaves):

1 1

48 d*va-cx* (cdz—ae2)3(d+ex2)3

dezx(a—cx4) (8(cd3—ade2)2+10d (cdz—an) (3cd2—ae2) (d+ex2) +3(29c2d4—14acd2e2+5a2e4) (d+ex2)2) -

1 cx* c
i [1--— |3+/a Vcde(29c?d*-14acd?e?+5a%e*) E1lipticE[i ArcSinh| Je x|, -1] +
a a
_ae (—cd2+ae2)3 Va
Va
c
Ve d (57c5/2d5—87\/?czd4e72ac3/2d3e2+42a3/2cd2e3+5a2\Ede4—15a5/2e5) EllipticF[i ArcSinh| 7£ x|, -1] +
Va

3(-35c*d*+7ac?d*e’-17a*cd*e*+5a%e%) EllipticPi[—@, iArcSinh| |- — x|, 1]]

Ve d Va
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Problem 164: Result unnecessarily involves imaginary or complex numbers.

d+ex?
Jidlx
V-a+cx?

Optimal (type 4, 126 leaves, 6 steps):

a¥*e [1- % EllipticE[ArcSin|

/4 x

al/4

], -1] a3 (%4) [1- < EllipticF [Arcsin[€7X], -1]

34 \—arcxt
Result (type 4, 128 leaves):

1

cx?*

ﬁ(—£)3/2\/—a+cx4 a

Va

i [1-——

+

\/a eEllipticE [i ArcSinh]|

34/ —a+cxt

Ve

Va

x], -1] + (Ve d-+/a e] EllipticF[: Arcsinh[ |-

Problem 165: Result unnecessarily involves imaginary or complex numbers.

1
J(d+ex2) V-a+coxt

dx

Optimal (type 4, 73 leaves, 2 steps):

/
31/4\/1_7&“l EllipticPi[—@, AF‘CSin[&]: -1]
N x/z?'d al/4

cV/4d+/-a+cx?

Result (type 4, 92 leaves):

i [1-< EllipticPi[- Y22, j Arcsinh| |- L& x], -1]
a e d Va

J\/;+\/?X2cﬂ
————dx
Vv-a+cx*

/—% dv-a+cx*

Problem 166: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 54 leaves, 3 steps):
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a¥* [1- <% EllipticE[ArcSin]® m"], -1]
a+/

e aioxt
Result (type 4, 78 leaves):

ivc [1-<% EllipticE [iArcSinh| |- 3\% x|, -1]

3/2
( ) Vv-a+cx?
Va

Problem 167: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1+ € x?
J Al a

Vv-a+cx?

dx

Optimal (type 4, 52 leaves, 3 steps):

[1- <% Elliptice [Arcsin[ ()7 x], -1]

1/4
(9) V-a+cx?
a

Result (type 4, 142leaves):
1

Nrs (_£)3/2m

\/:
Va | S EllipticE[iArcSinh| Ye x|, -1] + [\/?-ﬁ < ] EllipticF[i ArcSinh| Je x|, -1]
a \ Va a Va

_ cx?
i |1-——
a

Problem 168: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J X ax
V-a-cx*
Optimal (type 4, 236 leaves, 3 steps):
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al/4 a (\/?+V?x2) lﬁ EllipticE[ZAr‘CTan[cli—Zx], i]
exvV-a-cx* a e x 2

- - +

Ve (\/?+\/?x2) c34—a-cxt

1/4 cd 2 a+cx* . . /4 x 1

al/ (Lﬁ +e) (\E+\/?x) ,7(ﬁ+ﬁx2)z EllipticF[2ArcTan| o ]» 2}
2c¢34—a-cx?

Result (type 4, 134 leaves):

. .
1+ <% |\/a eEllipticE[i ArcSinh| 1\7_? x], -1] + (-i+c d-+a e) EllipticF[i ArcSinh|
a a

1
| S Vo

Problem 169: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex2) v-a-cx*

Optimal (type 4, 347 leaves, 3 steps):

g 1/4 2 a+rcx* . : M x 1
\EAPcTan[ﬁj; a_z_cxx4 ]V (\/?+\Ex ) e EllipticF[2ArcTan| " | 2}
+ -

2+/d V/-cd?®-ae? 2a1/4(\/?d—\/a_e)\/—a—cx4

2
3/4 [/c d 2 2 arcxt s o[ Ve d-va e Mix1 o1
a (ﬁ +e) (\/?Jr\/?x) / e EllipticPi| s I ae 2Ar‘cTan[—a1/4 ] 2]
4ct/%d (cd?-ae?) V-a-cx

Result (type 4, 98 leaves):

i1+ < Ellipticpi[- 222, § Arcsinh[ [ 2L x], -1]
a Je d oS
/L"Lr‘ dvV-a-cx*
a
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Problem 171: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Va4 +5x4
Optimal (type 4, 310leaves, 3 steps):
\/FAr\cTan[ {5a2+4b2 M ] 5l/4 (\/?a+2b) (2+\/?X2) 445 x* n ElliptlcF[ZAr‘CTan[%], l}

V3 e (/5 %) ’
. -
2+/a V522 +4b2 2+/2 (5a2-4b%) \/4+5x4

N [

2 . .. (Va2 y
(V5 220)" 2 V5 o) [0 enntprcns - L0, a2, 4

4-/2 5143 (5a%-4b2) V/a+5x*

Result (type 4, 50 leaves):

(i ¥ f) E1lipticPi|- jsiba, JiAr'cSinh[(i ¥ i) 5/4%], -1]

51/4 a

Problem 172: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Va-dx*

Optimal (type 4, 40leaves, 1 step):

EllipticPi[- 22, Arcsin[ 5%, —1]
ad V2
A2 adt4

Result (type 4, 59 leaves):

i EllipticPi|- 2&
a

, i ArcSinh| _\Ed ], -1]

V2 an-+/d
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Problem 173: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Va+dx?
Optimal (type 4, 300 leaves, 3 steps):
WA“Tan[D‘*“%” ) dve(244d k) [ EllipticF[ZAr‘cTan[%], L]

Va b fadx (2e/d %)
- +
2+a Vab2+ald Z\E(Zb—a\/?)\/4+dx4

. . 2b-a~vd )’ /
(2b+a\/?) (2+\/?x2) lﬁ";)z EllipticPi[- srova 2ArcTan[%], %]

4-+/2 a (Zb—aﬁ) d/4 /4 +dx*

Result (type 4, 65 leaves):

i ELlipticPi[- 2, 1Arc51nh[@ﬁd *], -1]
a
V2 ayivd

Problem 174: Unable to integrate problem.
J\/aerXZ 4

1-x4

X

Optimal (type 4, 112leaves, ? steps):

avi-x2 |2 EllipticPi[ﬁ, ArcSin[-fabx ] ab]

a+b x? a+b

va+b V1+x? la—(lt;—xj)-
a+b x

Result (type 8, 25leaves):
j\/ a+bx?

1-x4

a+b x?

dx



Problem 180: Unable to integrate problem.

J

Optimal (type 6, 123 leaves, 6 steps):

(a+bx*)P
——dx
c+ex?

X (a+bx*)P (1+ :—X4>_pApp611F1[i, -p, 1, i; *bafxa: e%“] ex? (a+bx?)P (1+ bTXA)_pAppellFl[i’ P 1L i’ 7%’ ezc;d']
C B 3C2
Result (type 8, 21 leaves):
4\ P
J(a+bx ) ix
c+ex?
Problem 181: Unable to integrate problem.
b 4\ Pp
J(a+ x*) ix
(c+ex2)2
Optimal (type 6, 189leaves, 8 steps):
X (aerx“)ID (1+ bai)prppellFl[i, -p, 2, f’:, —ba—"4, E%A]
c? )
b x*

2ex? (a+bx*)P (1+%)7PAppellF1[ y =Py 2, i, _bxt e

3
a

| ex (avbxt)P (14 2%) PappellF1[2, -p, 2, 2, -

3¢3
Result (type 8, 21 leaves):

J(a+bx4)p

Problem 186: Unable to integrate problem.

J

Optimal (type 6, 50 leaves, 4 steps):

dx
(c+ex2)2

<1+bx4)p

1-x2

dx

1 5, a1, 3
x AppellF1l| =, 1, -p, —, x*, -bx*] + = x> AppellF1| =, 1, -p,
4 4 3 4

.
5 ¢4

7
=, x*, -bx*]
4
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Result (type 8, 21 leaves):

J(1+bx4)p ix

1-x?

Problem 187: Unable to integrate problem.
(1+bx4)P
Ji ax

(1-x)°
Optimal (type 6, 77 leaves, 5 steps):
, x4, —bxﬂ

1 5 2 3 1 5
xAppellFl[Z, 2, -p, . x*, -bx*] + ;x3 AppellFl[Z, 2, -p, — x*, -bx*| + Exs AppellFl[Z, 2, -p,

5N
5o

Result (type 8, 21 leaves):

J(1+bx4)pdlx

1-x)°

Problem 188: Unable to integrate problem.
(1+bx4)P
Ji ax

1-x7)?
Optimal (type 6, 101 leaves, 6 steps):

1 5 3
xAppellFl[Z, 3, -p, 2’ x4, -bx*] + %3 AppellF1[4—, 3, -p, = x4, —bx* ¢

5N

3 5 1 7 11
= x® AppellF1[ =, 3, -p, —, x*, -bx*]| + = x” AppellF1|—, 3, -p, —, x*, b x*]
5 4 7 4 4

PR

Result (type 8, 21 leaves):

J(1+bx4)p ix

1-x)°

Problem 199: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)5/2
VaZ - b2 x4t

Optimal (type 3, 153 leaves, 5 steps):



9ax(a—bx2) Va+bx? x(a—bxz) <a+bx2)3/2

a-b x?

19a2+a-bx? Va+bx? Ar‘cTan[L}

- +

8+/a? b7 x* av/a? bt 8/b \a? b2 x*
Result (type 3, 98 leaves):

191 a2 Log| -2 i /b x . 220X
(11ax+2bx3> Va?-b2x4 " g[ ' "  asb x2 ]
- +

8Va+bx? 8vb

Problem 200: Result unnecessarily involves imaginary or complex numbers.

(a+bx?)*?
Optimal (type 3, 110leaves, 4 steps):
3ava-bx2 Va+bx® ArcTan| 12X |

a-bx?

dx

X (afbxz) Va+bx?

- +

2+/a%-b2x* 2+/b Va2 - b2 x4
Result (type 3, 86 leaves):

3iaLog[-2i\/Fx+@]

xVa2-b2x* Jarbxz
- +
2vVa+bx2 2+b

Problem 201: Result unnecessarily involves imaginary or complex numbers.
Varbx?

Optimal (type 3, 65leaves, 3 steps):
Va-bx? Va+bx? ArcTan| —/bx]

a-bx?

dx

Vb Va? bixt
Result (type 3, 50 leaves):
ilog[-2i+b x+ 2o bt ]

a+b x?

Vb
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Problem 225: Result unnecessarily involves imaginary or complex numbers.
J}1+XQ3VG7§7?;7dx
Optimal (type 4, 183 leaves, 6 steps):
26X VLext Xt 2o ) T o S (1 x) 7 Lo (1)

45 (1+x2) 45 3 9

26 (1+x?) 1(;‘%;‘ EllipticE[2ArcTan(x], i] 7 (1+x2) 1(;‘%;‘ EllipticF[2ArcTan([x], i]

+

45+/1 + x2 + x4 151+ x% + x4
Result (type 4, 169 leaves):
;(x (29+61x% + 81 x* + 57 x5+ 25x3 + 5x1) + 26 (-1)%3[1+ (-1)*3x? \[1- (-1)¥x® EllipticE[iArcSinh[(-1)¥¢x], (-1)%] «
45+/1 + x2 + x*

2 (-1)%/ (9j+4ﬁ) J1+(-1)Y252 (J1- (-1)2% % EllipticF[i ArcSinh[(-1)%®x], (71)2/3])

Problem 226: Result unnecessarily involves imaginary or complex numbers.
J(l +x2)? J1ex2 e xt dx
Optimal (type 4, 164 leaves, 5steps):
DAL 2 s 1o ext s S (1 )2

3 (1+x2) 21 7

2 (1+x?) ﬁ EllipticE[2ArcTan(x], ;| 4 (1+x?) ﬁ EllipticF[2ArcTan(x], ]

+

3T X TVT R X

Result (type 4, 162 leaves):

S — (x (11+20x +23x* +12x° +3x3) + 14 (-1)Y3 1+ (-1)2%x \[1- (-1)??x? EllipticE[i ArcSinh[(-1)%%x], (-1)¥3] +
211 +x%+x4

2 (-1)2 (-7+5 (-1)"?) {1+ (-1)"?x? J1- (-1)*®x? EllipticF[i ArcSinh[ (-1)**x], (-1)2/3])
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Problem 227: Result unnecessarily involves imaginary or complex numbers.
J(1+x2) 1+ x%+x* dx

Optimal (type 4, 145leaves, 4 steps):

— 3 (1+x2) 11"% EllipticE[2ArcTan([x], zﬂ 3 (1+x%) 11"27;’(2 EllipticF[2ArcTan([x], ﬂ
3xV1+x2+x +1x(2+x2)m7 A/ (1ex2) A/ (1ex?)

+

5(1+%) S erara ey
Result (type 4, 168 leaves):
1

51+ x%+x4

2x+3x 4335 +x7 +3 (-1)73 /14 (-1)Y2x® [1- (-1)¥*x® EllipticE[iArcSinh[(-1)¥¢x], (-1)%?]«

i\/2+ (1-iv3 )% \/2+ (1413 )% E1lipticF [Arcsin[ > (x+iv3 x)], £ (jm/?)])

2 2 2

Problem 228: Result unnecessarily involves imaginary or complex numbers.
J\/1+X2+X4

1+ X2

dx

Optimal (type 4, 137 leaves, 8 steps):

2 1+x2+x* . . 1 2 1+x2+x4 . . 1
IEoE 1 § (1+x2) \/7 mElllptlcE[ZAr‘cTan[X], 4} 3 (1+x2) \/7 WElllptlcF[ZArcTan[x}, 4}

+ = ArcTan| - +

1+x2 2 V14 x2 x4 V1+x2+xt 4~1+x%+x4
Result (type 4, 118leaves):
1

e (c1)M2 14 (c1)MP 1o (-1)¥P R (—EllipticE[jArcSinh[(—1)5/6x], (-1)¥3] «

V1+x2+ x4

EllipticF[i ArcSinh[ (-1)%°x], (-1)%?]+ (-1)*?EllipticPi[(-1)*?, -iArcSinh[(-1)*®x], (—1)2/3])

Problem 229: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(1+X2)2

dx
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Optimal (type 4, 49leaves, 1step):

(1+x2) | 22500 EllipticE[2ArcTan(x], ]

<1+X2)2

2V1+x2+ x4

Result (type 4, 164 leaves):
1

2V1+x2+ x4

(-1)*2 41+ (-1)"2x \[1- (-1)*?x® (-EllipticE[i Arcsinh[(-1)%®x], (~1)*?] + ELlipticF[i ArcSinh[(-1)*°x], (1)2/3]))

3 5
)22 1 (1) (1 (<1)275¢ Elliptick[i Arcsinh [ (-1)%/6x], (-1)*?]
1+x

Problem 230: Result unnecessarily involves imaginary or complex numbers.

J\/1+X2+X4 «
(1+X2)3
Optimal (type 4, 93 leaves, 23 steps):
(1+x2) % EllipticE[2ArcTan([x], ]
XV1+x2+xt lAr‘cTan[ X (10x2) 4
4<1+X2>2 4 V1+x2+x? 4+/1+x%+x*
Result (type 4, 176 leaves):
1 x(2+x2) (1+x2+x4)

"

41+ %%+ x4 <1+X2>2

(-1)*2 41+ (-1)"2x J1- (-1)*?x® (-EllipticE[iArcSinh[(-1)"®x], (~1)*] +ELlipticF[i ArcSinh[(-1)*°x], (-1)*?]) -

2 (-1)%2 1+ (-1)Y22 \J1- (-1)%% % EllipticPi[ (-1)Y3, —iArcsinh[(-1)%¢x], (-1)%?]

Problem 231: Result unnecessarily involves imaginary or complex numbers.
de

(1+X2)4

X

Optimal (type 4, 166 leaves, 26 steps):
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xV1+x2ext xV1ix2exd 1 X
+ +—Ar‘cTan[7 +
6 (1+x%)° 6 (1+x%)? 4 e

(1+x?) 1(1"7;2 EllipticE[2ArcTan(x], X  (1+x) 1(1XT)X EllipticF[2ArcTan(x], ]

34/1+x2+x4 8V1+x?+x*
Result (type 4, 240 leaves):

1 X (L4x2+x%) (4+5x%+2x)
6T xE Xt (1+x2) _
1 1/3\/1+ )% \[1-(-1)*2x® (EllipticE[i ArcSinh[(-1)*°x], (-1)*] - EllipticF[i Arcsinh[(-1)*®x], (-1)*"]) -
2/3\/1+ 1)1 \/1-( 1)%2x2 EllipticF[iArcSinh[(-1)%®x], (-1)¥?] -

1)2/3\/1+ (-1)3x? J1- (-1)%?x? EllipticPi[ (-1)*3, —i Arcsinh[(-1)%%x], (-1)??]

Problem 232: Result unnecessarily involves imaginary or complex numbers.

1+x2)3
J( +X) dx
V1+x2+x4

Optimal (type 4, 159 leaves, 5 steps):

14X\/1+X2+X4
7X\/1+X + x4 +7x A1+ X2+ x* -

1+X)

14 (1+x?) Lo EllipticE[2ArcTan(x], i] 3 (1+x?) Lot EllipticF[2ArcTan(x], i]

(10x2)? (0x2)?
15T X ) S VT
Result (type 4, 157 leaves):
;(x (11+14x2 +14x% +3x8) +14 (-1)22[1+ (-1)¥3 % \[1- (-1)¥x® EllipticE[iArcSinh[(-1)¥®x], (-1)%%]
15V1+x2+ x*

2 (-1)Y? (_7+2 (-1)1/3) J1+(-1)Y35 (J1- (-1)%% % EllipticF[i ArcSinh[(-1)%®x], (-1)2/3])
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Problem 233: Result unnecessarily involves imaginary or complex numbers.

1+x2)?
J&dx
1+ x%+ x4

Optimal (type 4, 137 leaves, 4 steps):

- +

3(1+X2> 31+ x%+x4 V14 x% x4

Result (type 4, 143 leaves):
1

31 +x2+x4

2 (-1)Y? (-2+ (-1)1/3) J1+(-1)Y252 (f1- (-1)%% %2 EllipticF[i ArcSinh[(-1)%6x], (-1)2/3])

4 (1+x2) [ E1lipticE[2ArcTan[x], * 1+x2) [ 12X E17ipticF[2 ArcTan[x
1 Ax\1+x2+xt < + ) (14x2)? p [ [x], 4} ( + ) (10x2)? p [ [X], 4
“xAJ1+x2+xb o+
3

[x+x3+x5+4 (-1)%3 /14 (-1)3 %% J1- (-1)%?x? EllipticE[i ArcSinh[(-1)%®x], (-1)¥?] «

Problem 234: Result unnecessarily involves imaginary or complex numbers.
1+ x?
J " ax
Vi1+x2+xt
Optimal (type 4, 115leaves, 3 steps):

1 2 Lexex? EllipticE[2 ArcT 1 1 2 1ex2ex? EllipticF 2 ArcT 1
Vi (L) (o BLLPHICE[2AncTan(x], L] (1x7) [ ELLIpELCF[2ArcTan(x], | ]

- +

2
1+x V1+x?+x? V1+x?+x?

Result (type 4, 94 leaves):

: 12 : (—1)1/3\/1+(—1)1/3x2 \/1_(_1)2/3)(2
V1+x2+x

(ELlipticE[: Arcsinh[(-1)*°x], (-1)*?] « (-1+ (-1)*?) EllipticF[i Arcsinh[(-1)*°x], (-1)*?]]

Problem 235: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+X2> V1+x2+xt

Optimal (type 4, 69 leaves, 4 steps):
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|+

V1+x2+x? 41+ x%+x4

1 ) (1+x2) \/%EllipticF[ZAr‘cTan[x}, "
= ArcTan]
2

Result (type 4, 73 leaves):

(-1)22 1+ (-1)¥3x2 \/1- (-1)?°x? EllipticPi[(-1)%, —i ArcSinh[(-1)%®x], (-1)%?]
V1+x?ext

Problem 236: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+x)2VTox2 5t

Optimal (type 4, 118leaves, 8 steps):

2 1+x2+x4 . . 1 2 1+x2+x4 . . 1
. § (1+x%) | (oy? EllipticE [2ArcTan[x], 4} (1+x%) | (o)? EllipticF[2ArcTan([x], 4]
— Ar‘cTan[

4 _
2 V1+x2+x4 21+ x%+x4 4+/1+x%+x4
Result (type 4, 226 leaves):

1 X+ X3 +x°

- (-1)724 1 (-1)25 \J1- (-1)?7 2 EllipticF[i Arcsinh[(-1)*°x], (-1)*7] +
1+x

21+ x2+x4

(-1)"2 1+ (-1)"2x \[1- (-1)*?x® (-EllipticE[i Arcsinh[(-1)*®x], (~1)*] + ELlipticF[i ArcSinh[(-1)*°x], (-1)*?]) -

2 (-1)22 1+ (-1)3 % \J1- (-1)%? % EllipticPi[ (-1)Y3, —iArcsinh|(-1)%¢x], (-1)*?]

Problem 237: Result unnecessarily involves imaginary or complex numbers.

J L dx
(1+X2>3\/1+X2+X4

Optimal (type 4, 142leaves, 9 steps):

2 1ex?ex? s : 1 2 1+x2+x4 . . 1
VI 1 y 3 (1+x?) (oct)? EllipticE[2ArcTan([x], 4] (1+x2) (oy? EllipticF[2ArcTan(x], 4}
— fAr'cTan[ + B
4 (1) 4 VI oKXt a1k K T

Result (type 4, 235leaves):
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1 x(4+3x2) <1+x2+x4)
41+ x%+x4 <1+X2)2

)72 /15 (1) \[1- (-1)*7»® (EllipticE[i Arcsinh[(-1)*®x], (-1)*] - ELlipticF[i ArcSinh[(-1)*°x], (-1)*?]) -

1)22[1+ (-1)*2%2 \J1- (-1)??® EllipticF[iArcSinh[(-1)%®x], (-1)%?] -

2 (-1)¥2J1+ (-1)23 \J1- (-1)?3 % EllipticPi[ (-1)Y3, i ArcSinh[(-1)%®x], (-1)%?]

Problem 238: Result unnecessarily involves imaginary or complex numbers.
1+x2)°
J—< +X> dx
(1+X2+X4>3/2
Optimal (type 4, 144 leaves, 4 steps):

2 (1+x?) ?;(Tﬂ)( EllipticE[2ArcTan(x], ll—l} (1+x2) ?;:Tﬂ)( EllipticF[2ArcTan(x], ﬂ

x(l—xz) 2xV1+x2+x4
+

- +

73\/1+X2+X4 3(1+X2> 3vV1+x2+x4 V1+x?+xt
Result (type 4, 136 leaves):
;(—x+x3+2 (—1)1/3\/ )12 x? \/1 1) x? EllipticE[iArcSinh[(-1)%®x], (-1)*?]+
341+ x2+x4

~1)56/3+3 (-1)Y%5® \J1- (-1)?°x EllipticF[i ArcSinh[(-1)%®x], (71)2/3])

Problem 239: Result unnecessarily involves imaginary or complex numbers.
j“*xz) ix
<1+X2+X4>3/2

Optimal (type 4, 98 leaves, 2 steps):

2 (1+x?) Loxox® EllipticE[2ArcTan[x],

X (1+2x?) 2xV1+x2+ x4 (14572
- +
341+ x2+x4 3(1+X2) 341+ x2+x4
Result (type 4, 158 leaves):

E
—




1
31 +x2+x?

]1\/2+(1+jm/?) X2 \/6+(3_3j\/?) x? ELlipticF [Arcsin| >

2

e 1T %] ], s (1043 ]

Problem 240: Result unnecessarily involves imaginary or complex numbers.
1+ x2
— dX
J(1 + %2 +X4>3/2
Optimal (type 4, 96 leaves, 2 steps):

, (1+x2) [ 222 EllipticE[2ArcTan(x], 1]
x (2+x2) x 1+ x2+x? (14x2) 4
+

VI d 3 (1% 3V
Result (type 4, 160leaves):
1
——————2x+x3 - (1) /14 (-1)Y3 % J1- (-1)%?x® EllipticE[i ArcSinh|(-1)%¢x], (-1)¥?] -
341 +x%+x4

ij\/u(lmﬁ) X2 \/6+(33jﬁ) x2 EllipticF[Ar‘cSin[l(x+1’1\5x)], 1 (]'H\/?)]

2 2

Problem 241: Result unnecessarily involves imaginary or complex numbers.

J ! dx
<1+X2> <1+X2+X4>3/2

Optimal (type 4, 166 leaves, 9 steps):
X(1+2X2> 2xV1+x2+x4

X
- + + =~ ArcTan| ———| -
3+4/1+x2+ x4 3(1+x2> 2 NERR I
2 1+x2+xt . . 1 2 1+x2+x* . . 1
2 (1+x?) /—(1+x2)2 EllipticE[2ArcTan(x], ;| 3 (1+x?) /—(Mz)z EllipticF[2ArcTan(x], ;]
+
3V1+x2+x4 4-/1+x%+ x4

Result (type 4, 204 leaves):

12532 <_1>1/3 \/1+ (_1>1/3 2 \/1_ (_1>2/3 2 EllipticE[JiAr'cSinh[(—1)5/6X].~ (-1)2/3] -
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1

e (—x—2x3+2 (-1)Y2 1+ (-1)¥3 % \[1- (-1)¥2x® EllipticE[iArcsinh[(-1)¥°x], (-1)2%] «
341+ x%+x4
(-1)1/3 (-2+ (-1) 1/3) J1+(-1)23 52 \/1 1)%2x? EllipticF[iArcSinh[(-1)%°x], (-1)*?] -
S1)22 14 (-1)*3 % \J1- (-1)¥2 % EllipticPi[(-1)*3, —i ArcSinh[(-1)%®x], (-1)2/3])

Problem 242: Result unnecessarily involves imaginary or complex numbers.

J = dx
(1+X2)2 (1+X2+X4)3/2

Optimal (type 4, 111 leaves, 16 steps):

(1+x2) Lol EllipticE[2ArcTan([x], %]
X (2+x?) XV 1+ x%+ x4 X (10)? 4
- + +Ar‘cTan[ } +
341+ x%+x4 3<1+X2) V1+x2ext 6V1+x%+x4
Result (type 4, 168 leaves):
1

6 (1+X2) V1+x2+x?t

(—Zx (1+x%) (2+%) +3x (1+x2+x*) - (-1)72 (14 x2) \/1+ -1)*2x? \/1 1) x? (EllipticE[iAr‘cSinh[(—1)5/6x}, (-1)%2] +

(-1+5 (-1)*?) ElLipticF[i Arcsinh[(-1)*/®x], (-1)*] +12 (1) EllipticPi[ (-1)*%, - i Arcsinh[ (-1)*°x], (71)2/3]))

Problem 243: Result unnecessarily involves imaginary or complex numbers.

! dx
J<1+—X2>3 <1+X2+X4)3/2

Optimal (type 4, 190 leaves, 23 steps):

x (1-x?) xV1+x2+xt  x/1+x2+x4 3 X
_ + - +—Ar‘cTan[— +
311 x2+ x4 4(1+X2)2 3 (1+x2) 4 V1+x2+x4

+X°+ +x2+x? 3 3
19 (1+x?) 1(11‘7;‘ EllipticE[2ArcTan(x], i] 5 (1+x2) 1(1)+(T;(2 EllipticF[2ArcTan([x], i]

12V1+x%+x4 41+ %%+ x4

Result (type 4, 192 leaves):
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1 (4x (—1+x2) (1+x2>2+3x <1+x2+x4> +15x <1+x2) <1+x2+x4> -
12 (1+x2)2\/1+x2+x4
(-1)%2 )21+ (-1)22 \[1- (-1)?x® (19 ELLipticE [i ArcSinh[(-1)%/°x], (-1)*7]+

(—9+101‘1\/?) E111pt1cF[1’1Ar‘cSinh{(—1)5/6x], (—1)2/3] +18 (- 1)*? EllipticPi] (- 1)1/3, —iAr‘cSinh[(—l)S/sx}, (—1)2/3]))

Problem 286: Result unnecessarily involves imaginary or complex numbers.
j(7+5x2)3«/2+3x2+x4 dx
Optimal (type 4, 193 leaves, 6 steps):
577 2 2
erix (2698+757x2) AJ2+3x%+x4 +27—5X (2+3X2+X4>3/2+12—5X3 <2+3X2+x4)3/2—

3v2+3x2+x4 21 7 9
57772 (1+x2) [ 2% EllipticE[ArcTan(x], 2] 2945+/2 (1+x2) |22 EllipticF[ArcTan[x], %]
1+x 2 1+x2 2
+
3v2+3x2+x4 212 +3x2+x4

Result (type 4, 119leaves):
1

63V2+3x2+xt

12117 i /1 +x?* /2 +x* EllipticE[i ArcSinh [ \/_ - 5553 +/1+x? /2+x* EllipticF[i ArcSinh [ s |, 2]

25548 x + 61214 x3 + 57312 x° + 28496 x’ + 7725 x° + 875 x* -

Problem 287: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2x/2+3x2+x4 dx

Optimal (type 4, 168 leaves, 5steps):

31x (2+x2
&+ix <4O7+114X2) A 2+3x%+ x4 +2—5x (2+3X2+X4)3/2—

V2 +3x2+ x4 21 7
3142 (1+x2) [ 2% EllipticE[ArcTan(x], 2] 472+/2 (1+x2) |22 EllipticF[ArcTan(x], %]
1+x 2 1+x2 2
+
V2+3x2+x4 21V2+3x2+ x4

Result (type 4, 114 leaves):
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1
21V2+3x2+ x4

651d /1 +x* /2 +x? EllipticE[jArcSinh[%], 2] -293i+/1+x% \[2+%2 EllipticF[jArcSinh[%}, 2]
2 2

1114 x + 2349 x> + 1724 x° + 564 x” + 75 X° -

Problem 288: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2) A 2+3x%+x* dx

Optimal (type 4, 149leaves, 4 steps):

5x(2+x2) 1

542 (1+x2) [ 2% EllipticE[ArcTan(x], 2] 112 (1+x2) [Z% EllipticF[ArcTan[x],
1+x 2 1+x 2
+=x (10+3x%) 4/2+3x2+x* -

Result (type 4, 109 leaves):

_r

342432+ x*

20x+36 %% +19%x° +3x" -151/1+x? /2 + X2 EllipticE[jArcSinh[\/i], 2] -7i/1+x \J2+%2 ElliptithAr‘cSinh{\xﬁ}, 2]
2 2

Problem 289: Result unnecessarily involves imaginary or complex numbers.
Jx/2+3x2+x4 dx

Optimal (type 4, 141 leaves, 4 steps):

x (2432 1 V2 (1+x?) /% EllipticE[ArcTan[x], 7] 242 (1+x2) l% E1LipticF [ArcTan(x], *]
e T O .

V2+3xtext 3 V2 +3x2 x4 3V2+3x2+x4
Result (type 4, 102 leaves):

1(2x+3x3+x5—3ix/1+x2 A2+ %2 EllipticE[iArcSinh[L], 2] —iqJ1+x® A[2+%2 EllipticF[iArcSinh[L}, 2]
3vV2+3x2+x4 \/? \/?
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Problem 290: Result unnecessarily involves imaginary or complex numbers.

7 +5x?

dx

Optimal (type 4, 178 leaves, 8 steps):

2+x2 . .
X (2+x2) V2 (1+x2) gElllptlcE[Ar‘cTan[x], i]

- +

5v2+3x%+x4 5vV2+3x%+x4

(1+x2) l% EllipticF [ArcTan[x], ﬂ 3 (1+x%) /% EllipticPi[%, ArcTan[x], ﬂ

+

5v2+3x%+x4 3542 V2 +3x%+x*

Result (type 4, 90 leaves):
1

175V 2+ 3 x2+ x4

i1ex \[24x2 (35 E11ipticE[i ArcSinh|[ ——], 2] + 21 EllipticF[i Ar‘cSinh[%], 2] -6 EllipticPi -2, iArcSinh[%} , 2]
2 2 7 2

Problem 291: Result unnecessarily involves imaginary or complex numbers.
JV2+3X2+X4

(7+5x2)2

dx

Optimal (type 4, 209 leaves, 8 steps):

2 2+x% ot 1
x (245 I (1+x?) | 22C EllipticE[ArcTan(x], 7]

+ +

- +
702 +3x2+ x4 14 (7 +5x2) 3542 V2+3x2+ x4

3 <1+X2> | % EllipticF [Ar‘CTan[X}, i] <2+X2> ElllpthPi[%, ArcTan[x], i]

140+/2 /2 +3x%2+ x4

980 /2 /% V2+3x2+x8

Result (type 4, 208 leaves):
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350X +525 X7 +175 x> + 351 41+ x> 1/2+Xx> (7+5x?) E1lipticE[i Ar‘cSinh[%], 2] -
2

841i+/1+x* y/2+x* (7+5x?) EllipticF|i Ar‘cSinh[%], 2] -7i+J1+x* 2+ %2 EllipticPi[E, jArcSinh[L}, 2] -
2 7

V2
53 x2/1+x% /24X EllipticPi[E, iArcSinh[%}, 2] / (245@ (7+5x%) \[2+3x%+x*
7 2

Problem 292: Result unnecessarily involves imaginary or complex numbers.

(7+5x2)3

dx

Optimal (type 4, 237 leaves, 25 steps):

11 (1+x?) | 2% EllipticE[ArcTan(x], 5]

1+x2

11x (2+x?) xV2+3x2+x4  11xV/2+3x2+ x4
- + + +
117602 +3x2+x* 28 (7+5x2)? 2352 (7 +5x?) 5880 /2 V213 %21 x4

+x2 . .
81 (1+x?) [ 220 EllipticF[ArcTan(x], 5| 1591 (2+x2) EllipticPi[ 2, ArcTan(x], 1]

78402 V2 +3x%+x*

1646402 | 220 V24352 X
+X

Result (type 4, 174 leaves):
14700 x (2 +3x2+x*)  1925x (2+3x%+x*
x (2+ X+X>+ x(2+ X+X)+3851’1w/1+x2 \J2+x? EllipticE[i Arcsinh[——], 2] -

(7+5x2)? 7+5x2 NEY

> 2]

1

411600 V2 + 3 x? + x*
4345 )1+ %2 /2 +x? EllipticF[jArcSinh[L], 2] 12013 /1 +x% /2 +x? EllipticPi[E, i ArcSinh|
vz 7

V2
Problem 293: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)3 (2+3x2+x4>3/2d1x

Optimal (type 4, 219leaves, 7 steps):
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20884 x (2+x2)  x (1032541+297911x%) V2+3x2+x*  x (208212 +65345x2) (2+3x2+x*)>'? 3825

+ + + X(2+3X2+X4)5/2+
652 +3x2 1 x4 5005 3003 143
20884+/2 (1+x2) | 2% EllipticE[ArcTan(x], ] 11713492 (1+x?) |22 EllipticF[ArcTan(x], 1]

125 5/2 1+x 2 1+X 2

—x3(2+3x2+x4) - n

13 652+ 3x2+ x4 5005/2 + 3 x2 + x4
Result (type 4, 129 leaves):

1
13572486 x + 40493 455 x> + 54938052 x° + 46218643 x’ + 25350660 x° + 8 705725 x'! + 1701000 x*3 + 144375 x*° -

15015V 2 + 3 x2 + x*

48242043 /1+x% /2 +x? EllipticE[jArcSinh[L], 2] -2203890i+/1+Xx% \[2+X? EllipticF[jArcSinh[L], 2]
V2 V2

Problem 294: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2 (2+3x2+x4>3/2d1x

Optimal (type 4, 198 leaves, 6 steps):
742 x (2 +x?) X (36783 + 10643 x%) V/2+3x%+x*

5/2
+ + -

x (7281 + 2240 x?) (2+3x2+x4)3/2+§x (2+3x%+x%)

152 + 3 x2 + x4 1155 693 11
742~/2 (1+x2) | 22X EllipticE[ArcTan(x], ] 138792 (1+x?) |2 EllipticF[ArcTan[x], %]
1+x 2 1+x2 2
+
1542+ 3x? +x* 3852 +3x%+x*

Result (type 4, 124 leaves):

1
429318 x + 1160065 x> + 1333551 x° + 892084 x’ + 363480 x° + 82075 x** + 7875 x*3 -

34652+ 3 x2 + x4

171402 +/1+x* /2 +x? EllipticE[i ArcSinh[L], 2] -784201+/1+x* \/2+x* EllipticF[i ArcSinh[L}, 2]
V2 V2

Problem 295: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2) (2+3x2+x4)3/2d1x

Optimal (type 4, 179leaves, 5 steps):
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116 x (2 + x?
x (2+x2) +Lx(519+149x2)\/m+i><(198+35x2) (2432 xt) 7%

15V/2+3x2+x* 105 63
1162 (1+x2) | 2% EllipticE[ArcTan(x], | 1972 (1+x?) | 2% EllipticF[ArcTan(x], %]
+X +X
.
1542 +3x%+x* 354/2+3x2+x4
Result (type 4, 119leaves):
1 3 5 7 9 11
5274 x + 12745 x> + 12018 x° + 5962 X’ + 1590 x° + 175 x** -
3152 +3x%+ x4
X X
2436 i +/1+x? /2 +x? EllipticE[i ArcSinh[——], 2] -1110i /1 +x? /2 +x?* EllipticF[iArcSinh|[—], 2]
V2 V2

Problem 296: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2+x4)3/2d1x

Optimal (type 4, 172leaves, 5 steps):

6 X (2+x? 1 1
#+—X (29+9X2> J2+3x2+xt + = x (2+3X2+X4)3/2—
2+3x2+x4 35 7
62 (1+x%) |22 EllipticE[ArcTan(x], 1] 312 (1+x?) |2 EllipticF[ArcTan(x], %]
1+x 2 1+x 2
+
5v2+3x%+x4 3542 +3x%2+x*
Result (type 4, 114 leaves):
1
35vV2+3x%+x4

78 x +165 x> + 121 %% +39x” + 5x% - 421 /1 + X% [ 2+ X EllipticE[jArcSinh[%], 2] -20i/1+x% \[2+x? EllipticF[jArcSinh[%], 2]
2 2

Problem 297: Result unnecessarily involves imaginary or complex numbers.

dx

J(2+3X2+X4>3/2

7 +5x?

Optimal (type 4, 207 leaves, 13 steps):
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2 2+x? . . 1
24x (2+x2) 1 i — 24+/2 (1+x%) | e EllipticE [ArcTan[x], 2]
+—x (114 3x%) /243 X% +X

12542 +3x2+x4 75 1252 + 3x2 + x4

+x2 . .
562 (1+x2) /% EllipticF[ArcTan[x], %] 9v2 (2+x) EllipticPi[%, ArcTan[x], ﬂ

3752 +3x%+ x4
875 [ 20 /213X 4 x¢
+X

Result (type 4, 148 leaves):

! 3850 X + 6825 x> + 3500 X° + 525 X7 - 2520 i /1 + x? /2 +x? EllipticE|[i ArcSinh[L], 2] -
131252+ 3 x%2 + x* 2
10
1022 i \/1+x2 /2 +x* E1lipticF[i ArcSinh|——], 2] -1081i/1+x? /2 +x* EllipticPi|—, i ArcSinh[——], 2]
V2 7 V2
Problem 298: Result unnecessarily involves imaginary or complex numbers.

<2+EZX2+X4>3/2

J dx
(7+5x2)?

Optimal (type 4, 222 leaves, 21 steps):

92 (1+x?) |22 EllipticE[ArcTan[x], *
9x (2+x*) 1 oo 3xV2e3 et V2 (14) [ 107 ELLpticE] x], 5]
+ =X/ 2+3X°+ X"~

175 /2 + 3 x2 + x4 75 175 <7+5X2) 175V 2 + 3x2 + x4
2 24x2 ot 1 2 24X inticpil 2 1
59 (1+x?) | S EllipticF[ArcTan[x], 2} 9 (1+x?) | S ElllptlcP1[7, ArcTan[x], 2]
+
1050 /2 + 3 x2 + x* 2450 /2 + 3 x2 + x*

Result (type 4, 213 leaves):
1

18375 (7 +5x%) V2 +3x%+ x*
9451 +/1+x% 1[2+x* (7+5x?) EllipticE[i ArcSinh[L}, 2] -182i+/1+x* \/2+x* (7+5x%) EllipticF[i ArcSinh[L}, 2] +
V2 V2

1891 +/1+x? /2 +x? EllipticPi[E, jArcSinh[L], 2] 41358 X214+ %% 42+ % EllipticPi[E, i ArcSinh|
7 7

V2

2800 X + 6650 x> + 5075 x> + 1225 x” -

E]:z}

| 223
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Problem 299: Result unnecessarily involves imaginary or complex numbers.

dx

J<2+3X2+X4>3/2

(7+5x2)3

Optimal (type 4, 231 leaves, 27 steps):

3 (1+x2) | 2% EllipticE[ArcTan[x], *
3x (2+x?) 3xV2+3x2 x4 17xV2+3x2+x* ( NExY: pticE| > 5]
. . _
392+/2+3x2 + x* 350 (7 +5x?%)° 9800 (7 +5x?) 196 V2 132 + %

5(1+x?) [ -2 EllipticF[ArcTan(x], 3| 149 (2+x2) EllipticPi[2, ArcTan([x], 1]

+

7842 +3x%+ x4

274402 /% V2+i3x2+ x4

Result (type 4, 174 leaves):

588x (2+3x2+x*)  119x (2+3x2+x*
! - x (2 X+X>+ x (22 X+X>-5251\/1+x2 A2+ %2 EllipticE[iArcSinh[L],2]-
68600 /2 + 3 x? + x* (7+5x%)° 7 +5x NPy
406 i /1 +x% )2+ x? EllipticF[jAr‘cSinh[L], 2] +1414 )1+ x% A[2+ % EllipticPi[E, jArcSinh[L}, 2]
V2 7 NPy

Problem 300: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)°
j—dlx
V2+3x2+xt

Optimal (type 4, 157 leaves, 5steps):

2
135X (2 +x?) P 3 2.4
—————— + 75X/ 2+3X°+X" +25x 2+3X°+ X" -

V2+3x%2x
2+x? s 1 2+x2 s oas 1
135+/2 (1+x?) | 2% EllipticE[ArcTan(x], 3] 193 (1+x?) [ 2% EllipticF[ArcTan(x], ]

+

V2+3x2+xt \/7\/2+3X2+X4
Result (type 4, 106 leaves):
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1

V2+3x2 x4
25x (6+11x%+6x*+x°) ~13511/1+x? /2 +x? EllipticE[i Ar‘cSinh[%], 2] -581i+/1+x* 4/2+x* EllipticF[i Ar‘cSinh[%], 2]
2 2

Problem 301: Result unnecessarily involves imaginary or complex numbers.
(7+5x%)2

J— dx

Optimal (type 4, 142leaves, 4 steps):

20x (23] 25 2072 (1+x2) /i—z EllipticE[ArcTan(x], 1] 97 (1+X?) /i—z EllipticF [ArcTan(x], }]
— "+ —x:/2+3x%+x* -

+

V2i3x2ext 3 V2 43x2 x4 312 V2+3x2+ x4
Result (type 4, 104 leaves):

;(Ex (2+3x2+x*) -601+/1+x* 1[2+X2 EllipticE[jArcSinh[%}, 2] -37i/1+x% 4/2+x? EllipticF[jArcSinh[%}, 2]
3 2 2

2+3x%+x4

Problem 302: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
j— dx
V2+3x%+x*
Optimal (type 4, 121 leaves, 3 steps):

5 x (2+x2) 52 (1+x2) \/gEllipticE[Ar‘cTan[x], i] 7 (1+x2) BEllipticF[Ar‘cTan[x}, ﬂ

+

V2+3x2+xt V2+3x2exh V2 V2+3x2ext
Result (type 4, 69 leaves):

iV1+x® AV/2+x2 (5 EllipticE[i Ar‘cSinh[%}, 2| +2EllipticF[i Ar‘cSinh[%], 2”

V2+3x2+x4
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Problem 303: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J\/ 2+3x2+x4
Optimal (type 4, 48leaves, 1step):

(1+x2) /% EllipticF[ArcTan[x], i]
\/?\/2+3X2+X4

Result (type 4, 50 leaves):
iV1+x2 \/2+x2 EllipticF[i ArcSinh] ﬁ] , 2]

V2+3x2+x?t

Problem 304: Result unnecessarily involves imaginary or complex numbers.

1

dx
J<7+5x2) V2 4+3x2 x4
Optimal (type 4, 106 leaves, 4 steps):

(1+x2) N % EllipticF [ArcTan[x], i] 5 (2+x2) EllipticPi[%, ArcTan[x], i]

22 V2+3x2+x4

1427 [ 25 24345
+X

Result (type 4, 55 leaves):
iV1+x2 \/2+x2 EllipticPi[*?, i ArcSinh[*-], 2]

7V2+3x%+x4

Problem 305: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5x2)2\/2+3x2+x4

Optimal (type 4, 209 leaves, 9 steps):
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1

2 2+x% . . 1
5x (2+x2) 25 x3 3 5(1+x?) \/:ElllptlcE[Ar‘cTan[x], 2]

- +

84~/2+3x% + x4 84 (7+5x%) 422 N2+ 3525t

9 (1+x2) 20X EllipticF[ArcTan[x], %] e T2 1
1ox2 ’ 65 (2 +x?) ElllpthPl[;, ArcTan[x], ;}

562 \V2+3x%+x4

1176V/2 [ 22 V24353
+X

Result (type 4, 208 leaves):

[—350x—525 x> -175x° - 3510 +/1+x? \/2+x* (7+5x?) EllipticE[i ArcSinh[%}, 2] -
2

141 +/1+x* yJ2+x* (7+5x?) E1lipticF|i Ar‘cSinh[%], 2] -91i/1+x% \[2+x? EllipticPi[E, jArcSinh[L], 2] -
2 7

V2
651 x2/1+x% 1/2+x? EllipticPi[E, J‘lAr‘cSinh[%], 2] /(588 (7+5x%) \2+3x%+x*
7 2

Problem 306: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(7+5x%)°V2+3x2+x*

Optimal (type 4, 237 leaves, 10 steps):

65 (1+x2) ¢ EllipticE[ArcTan[x], *]
65X (2 +x?) 25xV2+3x2+x*  325xV2+3x%+x Lex 2

- +

4704/2 +3x% + x* 168 (7 + 5x2)? 4704 (7 +5x?) 23522 V2+3x2 %

+x2? . .
631 (1+x°) [ 220 EllipticF[ArcTan(x], ;| 5555 (2+x?) EllipticPi[ 2, ArcTan[x], !]

9408 /2 /2 +3x%+x*

65856 /2 /% V213x2+ x4

Result (type 4, 186 leaves):
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-175x (238 + 487 x* + 314 x* + 65 x°) -
45513 /1 +x* [ 2+ x? (7+5x2)2EllipticE[jAr‘cSinh[L], 2] +14i+/1+x? \[2+x* (7+5x%)%EllipticF|i ArcSinh[L}, 2] -
e

2 V2
5051 1/1+x2 /2 +x? <7+5X2)2EllipticPi[E, i Arcsinh[ ——], 2] /[32928 (7+5x%)%~/2+3x+x*
7

V2

Problem 307: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x2)° N

2+3X2+X4>3/2

Optimal (type 4, 189leaves, 6 steps):
7679 x (2 + x2 x (115 +179x2) 5000

( ) - ( )+ XA/2+3x%+%x* +625x3+/2+3x%2+x* -
2V/2+3x2 x4 2/2+3x2+ x4 3

7679 (1+x2) | 225 EllipticE[ArcTan[x], 1] 15383 (1+x?) |22 EllipticF[ArcTan(x], }]

+

V2 V2+3x2+x4 342 V2+3x2+x*

Result (type 4, 109 leaves):
1

6V2+3x2+x*

23037 i+/1+x* 4/2+x* EllipticE[i ArcSinh[L}, 2] -7729 i1+ x* 2+ % EllipticF[jArcSinh[L], 2]
V2 V2

(19 655 X + 36963 x> + 21 250 x° + 3750 X’ -

Problem 308: Result unnecessarily involves imaginary or complex numbers.
j (7+5%x?) ix
<2+3X2+X4>3/2

Optimal (type 4, 170leaves, 5steps):
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637X(2+X2) +X(ll'l-5+113X2) +625Xm_

2/2+3x2+ x4 24/2+3x2+ x4 3

637 (1+x2) /% EllipticE[ArcTan(x], ] 10672 (1+x?) /% EllipticF [ArcTan(x], ]

+

V2 V2+3x2ext 34/2+3x2 4%
Result (type 4, 104 leaves):
-
6/2+3x%+x*
2935 x + 4089 x> + 1250 x° - 19111 /1 + x> /2 +x* EllipticE[i ArcSinh[%} » 2] -23571+/1+x% y/2+x* EllipticF[i Ar‘cSinh[%] » 2]
2 2

Problem 309: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)° N

2+3X2+X4>3/2

Optimal (type 4, 149leaves, 4 steps):

X (5-11%) 261x (24 ) 261 (1+x2) [ 2% EllipticE[ArcTan(x], ] 169 (1+x?) [ 2% EllipticF[ArcTan(x], 1]
— + + +
+ - +

2V2+3x2e x4 2v/2+3x7+ XA V2 V2+3xTexA V2 V2+3xTe XA
Result (type 4, 99 leaves):

ot sxi11xe2610J1% /205 Elliptice[i Arcsinh[——], 2] + 77 +/1+x® \[2+x? EllipticF[i Arcsinh[——], 2]
2/2+3x2+ x4 V2 V2

Problem 310: Result unnecessarily involves imaginary or complex numbers.
7+5x%)°
[ 752)" o
(2+3X2+X4>3/2
Optimal (type 4, 149leaves, 4 steps):

2+x% . . 1 2+x2 . . 1
17x (2+7) « (254175 17 (1+x2) | 2% EllipticE[ArcTan(x], 3] 62 (1+x?) |22 EllipticF[ArcTan(x], 1]

+ +

- +
2V2+3x2+x4 2V2+3x%2+x4 V2 V2+3x%+x4 V2+3x2+x4
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Result (type 4, 99 leaves):

;[25x+17x3+17ix/1+x2 \J2+x? E1lipticE[i ArcSinh[——], 2] ~41i+/1+x? /2 +x® EllipticF[i ArcSinh|[——], 2]
2V/2+3x2+ x4 V2 V2

Problem 311: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
dx
J(2+3X2+X4>3/2

Optimal (type 4, 145leaves, 4 steps):

2+x2 . . 1 2+x2 . . 1
X (24x2) X (54 x2) (1+x2) /ﬁ EllipticE [ArcTan[x], ;] (1+x2) /ﬁ EllipticF[ArcTan(x], ;]

+ +

- +
2vV2+3x2 x4 2/2:3x2+ x4 V2 V213X x4 V2 V213X %A
Result (type 4, 97 leaves):

! (5x+x3+jx/1+x2 2+ x? EllipticE[iAr‘cSinh[L], 2] -3i4/1+x? \f2+x? EllipticF[jArcSinh[L}, 2]
V2 V2

2V2+3x%2+x4

Problem 312: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(2 +3x%+ X4>3/2

Optimal (type 4, 149leaves, 4 steps):

3x (245 X (5+3%2) 3 (14x2) |2 EllipticE[ArcTan(x], 2] /2 (1+x?) [ 2% EllipticF[ArcTan(x], 1]

+

- +
2vV2+3x2ex* 242432+ XA V2 V243X xA V2+3x2+x4
Result (type 4, 99 leaves):

! (5x+3x3+3jm/1+x2 A2+ %2 EllipticE[iAr‘cSinh[%], 2] +in1+x2 A[2+ X% EllipticF{iArcSinh[%], 2]
2 2

2vV2+3x2+x4

Problem 313: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5X2) <2+3X2+X4)3/2



1.2.2 Quartic.nb | 231

Optimal (type 4, 173 leaves, 9steps):

V2 (14x?) | 22 EllipticE[ArcTan(x], 1]
X 1+x 2

+ —

6/2+3x2+ x4 31/2+3x2+ x4
9 (1+x?) l% EllipticF [ArcTan[x], i] 125 (1+x?) \/EEllipticPi[j, ArcTan[x], ﬂ
AT IR ) 8442 V213 1
Result (type 4, 138 leaves):
! 35x+14%% +141+/1+x% 1/2+x* EllipticE[i ArcSinh[L}, 2] -
42/2+3x2+ x4 V2

7i4/1+%% A/2+X%? EllipticF[ler‘cSinh[L], 2] +251+/1+%x% 2+ %2 EllipticPi[E, i ArcSinh|
7

V2

Problem 314: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5X2)2 (2+3X2+X4)3/2
Optimal (type 4, 235 leaves, 19 steps):

31 (1+x2) [ 22 EllipticE[ArcTan[x], *
31X(2+X2> X(20+11X2> 625 x /2 +3x2 + x4 ( ) 14x2 p [ [X], 2}
+ + + -
2:3x2+x*  36V2+3x2+ x4 504 (7 +5x?) 282 V2+3x2+ x4

463 <1+X2> / % ElliptiCF[Ar‘CTan[X]: i] 375 (2+X2> Ellip‘ticPi[%, ArcTan[x], i]

+

336 V2 V2+3x2+ x4
7842 [ 2% 24352+ X
+X

Result (type 4, 208 leaves):
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1

1176 (7+5x2) V2 +3x2+x4

651i+/1+x% 1/2+x* (7+5x?) EllipticE[jArcSinh[%}, 2] +182i+/1+x% \/2+x* (7+5x?) EllipticF[iArcSinh[%}, 2]+
2 2

15751 +/1+ x> /2 + X2 EllipticPi[E, JiAr‘cSinh[L], 2] 11258 x3/1+x2 A/2+ X3 EllipticPi[B, jArcSinh[L], 2]
7 7

V2 2

7490 x + 10157 x> + 3255 x° +

Problem 315: Result unnecessarily involves imaginary or complex numbers.

1
7 + 5 %2 2 +3x2%+x4
J( )3( )3/2

dx

Optimal (type 4, 263 leaves, 29 steps):

, , 5797 (1+x?) [ 2% EllipticE[ArcTan(x], 1]
5797 x (2 +x?) x (50 +23x?) 625x/2+3x2+x*  41875xV2+3x2+x* Lix 2
- + + + + -
282242 +3x2+x*  216V2+3x2+ x4 1008 (7 +5x?)? 84672 (7 +5x%) 14112+/2 /2 +3x% + x*

+x2 . .
49907 (1+x?) [ 22 EllipticF[ArcTan(x], | 195625 (2+x2) EllipticPi[ 2, ArcTan[x], ]

.
56448 /2 2 +3x2+x4

395136 /2 /% V2+3x2+x8

Result (type 4, 159 leaves):

7 x (550550 + 1889 803 x? + 698 290 x* + 144 925 x°
! * - i i x) +405791+/1+%x% /2+ %2 EllipticE[iArcSinh[L}, 2] -
1975682+ 3 x2 + x* (7+5x%)2 NEY
742 \[1+x® \[2+x? ELlipticF[i Arcsinh[——], 2] + 38525 i 4/1+x2 \[2+x® Ellipticpi| 2, i Arcsinh| ——], 2]
VT 7 Vz

Problem 316: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4w/2+x2—x4 dx

Optimal (type 4, 116 leaves, 8 steps):
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1 116 100 14500
——x (177953 + 717372 x%) /2 + x2 - x* - X <2+x2—x4>3/2— X3 (2+x2—x4)3/2—
231 77 33

625 2 _ay3/2 3764813 . . X 539419 . . X

—x® (2+x% -x*)¥%+ == EllipticE[ArcSin| —], -2] - EllipticF [ArcSin[ —], -2]

11 231 72 77 A/ 2
Result (type 4, 112leaves):

1

2312 +x%-x*
1 1
3764813 +/4+2x*-2x* EllipticE[iArcSinh[x], - —| -4838091i /4 +2x?-2x* EllipticF[i ArcSinh([x], - —|

2 2

(7 1037294 x - 186503 x> + 1125819 x> + 231228 x” - 105925 x° - 75250 x** - 13125 x*3 +

Problem 317: Result unnecessarily involves imaginary or complex numbers.
j(7+5x2)3«/2+x2—x4 dx

Optimal (type 4, 95leaves, 7 steps):

L« (5956 + 14691 x2) 1[2+ 30 x - o2 (2% x4

63 21

125 79411 X 8735 X

—=x* (2+x%-x*) /% . = EllipticE[ArcSin[ —], -2] - = EllipticF [ArcSin[ —], -2]

9 63 NEY 21 NEY
Result (type 4, 107 leaves):

1
————— [ -9988 x + 9938 x> + 21660 x> - 1116 x” - 3725 x° - 875 x*! +
632+ x%-x*
. 2 2 R . . 1 . 2 2 —_— . . 1
79411 i+/4+2x*-2x* EllipticE|[i ArcSinh[x], - | -106014 i /4 + 2x* - 2x* EllipticF[i ArcSinh[x], - =]

2 2

Problem 318: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2x/2+x2—x4 dx

Optimal (type 4, 74 leaves, 6 steps):

1 25 2045 79

=x (275 +354x2) /24 x2 - x* - T x (243 - x4) 3%« T2 EllipticE [Arcsin[ ——], -2] - = EllipticF [ArcSin[ ——], -2]
21 7 21 NFY 7 V2

Result (type 4, 102 leaves):
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250 X + 683 x> + 304 x> - 204 X’ - 75 x° +

21V 2+ x%2-x*

1 1
20451 /4 +2x*-2x* EllipticE[i ArcSinh(x], - =] -2949i+/4+2x?-2x* EllipticF[i ArcSinh[x], - =]
2 2

Problem 319: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(7+5x2) A2+ x2-x* dx
Optimal (type 4, 46 leaves, 5steps):

X (2+%%) /24 x%-x* +7EllipticE[Ar‘cSin[L}, -2] +3 EllipticF{Ar‘cSin[L], -2]

V2 V2
Result (type 4, 94 leaves):
1 35 _ 7 . 2 4 P . ; 1 . 2 4 P . ; 1
— |4X+4 X -xX-X"+7 1 4+2X-2X E111pt1cE[1Ar‘c51nh[x}, —f] -121+/4+2Xx°-2X E111pt1cF[1Ar‘c51nh[x}, —f]
T 2 2

Problem 320: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jx/2+x2—x4 dx
Optimal (type 4, 44 leaves, 5steps):

a2t oxt ot EllipticE[ArcSin[L] , 2]+ EllipticF[ArcSin[L] , -2
3

3 V2 V2
Result (type 4, 90 leaves):

1 3.5 - 2 4 P . 1 - 2 4 A . 1
———————|2x+xX* - x*+i~/4+2x* - 2x* EllipticE[i ArcSinh[x], - =] -3i/4+2x*-2x* EllipticF[iArcSinh[x], - —|
321 %2 - x 2 5

Problem 321: Result unnecessarily involves imaginary or complex numbers.

7 +5x?

dx

Optimal (type 4, 46 leaves, 7 steps):

1 L. . X 17 L. . X 34 . 10 . X
- —EllipticE [Ar‘cSm[i] R —2} +— EllipticF [Ar‘cSm [ 7] R —2] - — EllipticPi [— 7, Ar‘CSln[i] R —2]

5 NEY 25 V2 175 NPy
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Result (type 4, 51leaves):

1 1 1 5 1
-—1i+2 [35 EllipticE[i ArcSinh([x], - =] + 7 EllipticF[i ArcSinh([x], - =| - 17 E1lipticPi[ =, i ArcSinh(x], - —|
175 2 2 7 2

Problem 322: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

V2 +x2-x4
J MEIX X ax
(7+5x2)2
Optimal (type 4, 74 leaves, 7 steps):
s 99 EllipticPi[- %2, ArcSin[ *-], -2]
XN2 X7 o XD + = EllipticE [Ar‘cSin[L] , -2] - o EllipticF [Ar‘cSin[L] , -2]+ ! e
14 (7+5x%) 70 V2 175 V2 2450

Result (type 4, 196 leaves):

1
700 x + 350 x> - 350 X° + 701 /2 (7 +5x?) y/2+x* - x* EllipticE[iArcSinh(x], - =] -
2
. 2 2 4 . . . . 1 . 2 4 . . . 5 . . 1
21i+/2 (7+5x%) /2+x*-x* EllipticF[i ArcSinh[x], - =] -6931/2 1/2+x? - x* EllipticPi| =, iArcSinh[x], - =] -
2 7 2
5
4951 /2 x?~/2+x? - x* EllipticPi[=, i ArcSinh[x], - ]]/ [4900 (7+5x%) \f2+x?-x*
7

Problem 323: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J\/2+x2—x4

(7+5x2)3

dx

Optimal (type 4, 102 leaves, 21 steps):

X213 7 31xV2 10 8 ) 31 EllipticE[ArcSin[&}, -2]
28 (7+5x2>2 13328 (7 +5x?) 66 640

269 E1lipticF [Ar‘cSin[%} , -2] 16601 EllipticPi[- 22, ArcSin[%] , 2]

+

166 600 2332400

Result (type 4, 244 leaves):
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1 1
181300 x - 17850 x3 - 144900 x> + 54250 x’ - 2170 i \/2 (7+ 5x2)2 \/2+x*-x* EllipticE[iArcSinh([x], - =] +
4664800 (7 +5x2)2\/2+x2 - x* 2
1 5 1
70211 /2 (7+5x%)%1/2+x* - x* EllipticF[iArcSinh[x], - =] - 81344913 /2 /2 +x? - x* EllipticPi[ =, i ArcSinh[x], - =] -
2 7 2
- T . 1 . - T . 1
1162070 V2 x*~/2+x? - x* EllipticPi[ =, i ArcSinh[x], - =| 4150251 /2 x*~/2+x? - x* EllipticPi[ =, i ArcSinh([x], - —|
7 2 7 2
Problem 324: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4 (2+x2—x4)3/2dlx
Optimal (type 4, 142leaves, 9steps):
3x (2193559 +7837383x%) V2+x2-x*  x (69817 -1581440x%) (2+x%-x*)*? 132300 (2052 - x3)5"
- - X (2+ X5 =X -
5005 1001 143
124141422 EllipticE [ArcSin| *-], -2] 50794416 EllipticF [ArcSin| -], -2]
11750 125
X2 (2% - xH)32 LS5 (2432 - x*) T2y 2 -
39 3 5005 5005

Result (type 4, 122leaves):
1

15015V 2 + x2 - x4
1
625625 x'7 + 372424266 i \/ 4 +2x? - 2x* EllipticE[i ArcSinh[x], - —| - 4824447751 /4 +2x? - 2x* EllipticF[i ArcSinh[x], -

1
2 2}

-75836958 x + 48624305 x> + 172881581 x> + 32834763 x’ - 36649 955 x° - 24642275 x*! - 1556625 x*3 + 2646 875 x*° +

Problem 325: Result unnecessarily involves imaginary or complex numbers.

7+5x2)3 (24 x2-x*)3?ax
( )

Optimal (type 4, 121 leaves, 8 steps):

x (2512273 +5712051 x2) /2 + x2 - x*  x (33792 +374045x%) (2+x2-x*)>? 7825

+ x(2+x2—x4)5/2—
15015 3003 143

31072528 EllipticE[ArcSin[%], -2] 3199778 EllipticF[Ar‘cSin[%], -2]

125
—x <2+x2—x4>5/2+
13 15015 5005

Result (type 4, 117 leaves):




1
150152 + x? - x*
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-872614 x + 11078615 x> + 13371048 x°> - 1756521 x’ - 4448240 x° - 1027 775 x** + 388500 x*3 + 144375 x*° +

1 1
310725281 +/4 +2x?* - 2x* EllipticE[i ArcSinh(x], - =] -418091251i /4 +2x? - 2x* EllipticF|i ArcSinh([x], - —|

2

Problem 326: Result unnecessarily involves imaginary or complex numbers.

7+5x2)2 (2+x%-x%)%¥?dax
( )

Optimal (type 4, 100leaves, 7 steps):
L (11497 + 14889 x?) /2 + x* - x* + 1y (363 +920x%) (2+x2-x*)?2 -
495

99
25 85942 3392
—x (2+x*-x*) /2 L === EllipticE [ArcSin| L} , —2] - = EllipticF[ArcSin| L} , - 2]
11 495 NeY 165 Jz
Result (type 4, 112leaves):
1

(21 254 x + 53435 x> + 23097 x° - 19944 x” - 10760 x° + 1225 x** + 1125 x*3 +
495/2 + x2 - x4

2

1 1
85942 i +/4+2x*-2x* EllipticE[iArcSinh[x], - —| -123825i+/4+2x*-2x* EllipticF[i ArcSinh[x], - —|

2

Problem 327: Result unnecessarily involves imaginary or complex numbers.

7+5x%) (2+x%-x*)¥?dx
( ) ( )

Optimal (type 4, 81 leaves, 6 steps):

1 1 4432 X
—— x (1087 + 669 X*) 1/ 2+ x* - x* + —— x (48 +35x?) (2+x* - x*) /%y —— EllipticE[ArcSin[ —
315 63 315 NeY

Result (type 4, 107 leaves):
1

3152 + x% - x*

(3134 X + 4085 x> - 438 x° - 1674 x” - 110 x° + 175 x** +

2

], -2]+ 48 EllipticF[Ar‘cSin[L} > -2]

105 NEY

1 1
4432 /4 +2x* - 2x* EllipticE[iArcSinh[x], - =] -7275i/4+2x*-2x* EllipticF[i ArcSinh[x], - =]

2

2
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Problem 328: Result unnecessarily involves imaginary or complex numbers.
J(2+x2 —x4)3/2 dx
Optimal (type 4, 74 leaves, 6 steps):

ix (19+3x%) \J2+ X% -x* + lx (2+x2—x4)3/2+ %EllipticE[Ar‘cSin[ X |, -2]+ ﬁEllipticF[Ar‘cSin[ X ], -2]

35 7 35 V2 35 NEY
Result (type 4, 102 leaves):
1
3542+ x2 - x4
3 5 7 9 . 2 4 P . s 1 . 2 4 P . s 1
58X +45x> -31x°-13x7 +5x% +341+/4+2x*-2x* EllipticE[i ArcSinh[x], - =] -751i+/4+2x*-2x* EllipticF[i ArcSinh[x], - ]
2 2

Problem 329: Result unnecessarily involves imaginary or complex numbers.

dx

j(2+x2—x4>3/2

7 +5x?
Optimal (type 4, 72leaves, 13 steps):

1156 E1lipticPi[- 2%, ArcSin[ 2], - 2]
E X (13-3%%) 42+ -x* + 92 EllipticE [Ar‘cSin[L] , -2] - 178 EllipticF [Ar‘cSin[L] , -2] + ! 2

75 375 NEY 625 Jz 4375

Result (type 4, 130leaves):

1 1
4550 x + 1225 x° - 2800 X° + 525 x” + 3220 1 /4 + 2x* - 2 x* EllipticE[i ArcSinh[x], - ~] -
131252+ x2 - x4 2

1 5 1
29611 +/4+2x*-2x* EllipticF[i ArcSinh(x], - =] -1734i+/4+2x*-2x* EllipticPi[ =, i ArcSinh[x], - —]
2 7 2

Problem 330: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J<2+x2—x4)3/2

(7+5x2)2

dx

Optimal (type 4, 93 leaves, 21 steps):
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1 S 4 17xv2+x2-x* 97 L . X
S xf2eoxt - - —— EllipticE [ArcSin[ —], -2] +

75 175 (7 + 5 x?) 525 V2

1241 EllipticPi[- %, ArcSin[ %], -2]
4>8 EllipticF[ArcSin| L] , -2] - ! V2
875 V2 6125

Result (type 4, 201 leaves):
1

36750 (7 +5%x2) V2+x*-x*
1 1
67901 \/2 (7+5x%) /2 +x? - x* E1lipticE[i ArcSinh[x], - =] +567i/2 (7+5x?) y/2+x*-x* EllipticF[i ArcSinh[x], - =] +

2 2

5 1 5 1
260611 V2 /2 +x*-x* EllipticPi[ =, i ArcSinh[x], - =] +186151i+/2 x?1/2+x? - x* EllipticPi[ =, i ArcSinh[x], - —]
7 2 7

2

-14000 x - 11900 x> + 4550 x> + 2450 X’ -

Problem 331: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(2+x2—x4>3/2
(7+5x%)°
Optimal (type 4, 102 leaves, 27 steps):
17x V3% % 563xV2:i@ @ 191EllipticE [ArcSin]| é] , -2

350 (7+5x%)° " 9gee (7+5x?) ’ 9800

1251 E1lipticF [Ar‘cSin[%] , -2] ) 9879 EllipticPi[- 22, Ar‘cSin[%} , -2]

24 500 343 000

Result (type 4, 244 leaves):
1

686000 (7 +5x2)2 V2 +x? - x*
1
254112 (7+5x%)%1/2+x* - x* EllipticF[iArcSinh[x], - =] -484071i /2 /2 +x? - x* EllipticPi|
2
5
6915301 /2 x?+/2+x* - x* EllipticPi[ =, i ArcSinh(x], - =] - 2469751 /2 x*+/2+x? - x* EllipticPi
7

1
485100 X + 636650 x> - 45500 x> - 197050 x” + 133701 /2 (7+5x2)2x/2+x2—x4 EllipticE[i ArcSinh[x], - =] -
2

1
, 1 ArcSinh[x], - —| -
2

]

— N |wun

N |

5 . 1
—, 1 ArcSinh([x], - —
7 2
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Problem 332: Result unnecessarily involves imaginary or complex numbers.
(7+5x2)°
Ji ax
V2 +x2-x4
Optimal (type 4, 65leaves, 6 steps):

B P T I N PRIV I EllipticE[Ar‘cSin[L], -2] -542 EllipticF[ArcSin[L}, -2]
3

3 VT Vz

Result (type 4, 97 leaves):

1 3 5 7
——— | -2500 x - 1550 x> + 1100 x° + 150 X’ +
6V2+x2-x*
. > 2 s . . 1 . 2 2 . . . 1
78101 +/4+2x* - 2x* EllipticE[i ArcSinh[x], - =] - 10089 i /4 +2x* - 2x* EllipticF[i ArcSinh[x], - —|
2 2

Problem 333: Result unnecessarily involves imaginary or complex numbers.
(7+5x2)2
Ji dx
V2 +x2-x4
Optimal (type 4, 46 leaves, 5steps):

25 260 .. . X s . X
S xAf2+x2-x* + EllipticE [ArcSin[——], -2] - 21 EllipticF[ArcSin[ —], -2]
3 3 V2 V2

Result (type 4, 92 leaves):

1 1
——————|-100x - 50 x> + 50 x° + 5201 \/4 + 2x? - 2x* EllipticE[i ArcSinh[x], - =] -717 i~/4+2x*-2x* EllipticF[i ArcSinh(x], -
6V2+x2-x* 2

Problem 334: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
J R T
V2 +x?-x4
Optimal (type 4, 25leaves, 4 steps):

X X
5EllipticE[ArcSin[——], -2] + 2 EllipticF[ArcSin[ —], - 2]
2 V2

Result (type 4, 34 leaves):
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i (10 EllipticE[i ArcSinh[x], - %] - 17 E1lipticF[i ArcSinh[x], - %] )

V2

Problem 335: Result unnecessarily involves imaginary or complex numbers.

1
—— dx
J\/ 2+x2-x4
Optimal (type 4, 10leaves, 2 steps):

EllipticF[ArcSin[L], -2]

V2

Result (type 4, 19leaves):
i E11ipticF[i ArcSinh(x], - 7]

_ NE3

Problem 336: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(7+5x2) V2+x2-x4
Optimal (type 4, 17 leaves, 2 steps):

1 R 1 . X
— EllipticPi [— —, ArcSin [ 7] B —2}
7 7 NEY

Result (type 4, 24 leaves):
i EllipticPi| 3 i ArcSinh[x], - i]

72

Problem 337: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
dx
J(7+5x2)2\/2+x2—x4
Optimal (type 4, 74 leaves, 8 steps):
25x/2 X2 x4 5 X N 167 EllipticPi[—17—°, Ar‘cSin[%}, —2]

- —— EllipticE[ArcSin[ —], -2] - o EllipticF |[ArcSin[——], -2] +
476 (7 +5x2) 476 V2 238 V2 3332
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Result (type 4, 196 leaves):
~-700x - 350 x> + 350 x° - 70 i /2 (7+5%%) \J2+x% - x* EllipticE[i ArcSinh[x], - %] +
11912 (7+5x%) 4/2+x*-x* EllipticF[i ArcSinh[x], - i} ~1169i V2 /2 +x® - x* EllipticPi| 3, i ArcSinh[x], - i} -
|

5 1
83512 x*+/2+x?-x* EllipticPi[~, i ArcSinh[x], - | / [6664 (7+5x%) A/2+x>-x*
7 2

Problem 338: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(7+5x2)3\/2+x2—x4
Optimal (type 4, 102 leaves, 9 steps):
a5xV2ixi Xt 12525x3/20 k0o xt 2505 ELLiPticE[Arcsin| ], 2]

952 (7+5x2)2 453152 (7 +5x?) 453152

263 E1lipticF [Ar‘cSin[%} » -2] 58915 EllipticPi[- 2, Ar‘cSin[%] , -2
+

226576 3172064

Result (type 4, 108 leaves):

1 350 X (-7966 - 8993 x? + 1478 x* + 2505 x° ) 1
-350701i /2 EllipticE[i ArcSinh[x], - =] +
6344128 (7+5X2)2“/2+X2—X4 2

1 5 1
56287 i /2 EllipticF[i ArcSinh[x], - =] -58915i /2 EllipticPi[=, i ArcSinh[x], - =]
2 7 2

Problem 339: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)° i

2+ x2-x4)%2

Optimal (type 4, 93 leaves, 7 steps):

x (1419985 +1419793 x?) 27500
+ xAf2+x2-xt +625x34/2+x% - x* -
3

18V 2+ x% - x*

3482293 o ) X 627857 o ) X
— EllipticE [Arc51n [ 7} , —2] + EllipticF [Ar‘c51n [ 7} R —2]
18 /2 6 NG
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Result (type 4, 97 leaves):

1
————— 11749985 x + 1607293 x> - 153750 x> - 11250 x’ -
18 V2 + x2 - x*
1 1
3482293 1+/4+2x?-2x* EllipticE[i ArcSinh([x], - =] +42816541i+/4+2x*-2x* EllipticF[i ArcSinh([x], - ]

2 2

Problem 340: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)* i

2+ x2-x4)%2

Optimal (type 4, 74 leaves, 6 steps):

X (83585 +83489x%) 625 165239 L X 31921 . . . X
. w22 b EllipticE [ArcSin[—], -2] + EllipticF [ArcSin[—], -2]

182+ x2 - x* 3 18 V2 6 NEY
Result (type 4, 92 leaves):
1
182+ x2 - x*
1 1
[91085 X + 87239 X - 3750 x° - 165239 i /4 + 2x* - 2x* EllipticE[iArcSinh[x], - =| +199977 i /4 +2x?-2x* EllipticF[i ArcSinh[x], - —|
2 2

Problem 341: Result unnecessarily involves imaginary or complex numbers.

j< (7+5x%)° i

2+x2—x4>3/2

Optimal (type 4, 55leaves, 5steps):

x (4945 + 4897 x%) 7147 X 1763 X
- EllipticE [ArcSin[ ——], -2] + EllipticF [ArcSin[——], -2]
182+ x2 - x4 18 V2 6 NEY
Result (type 4, 79leaves):
1 4945 x 4897 x3 1 1
- + - 7147 i \/2 EllipticE[i ArcSinh[x], - =] + 8076 i /2 EllipticF[i ArcSinh[x], - —]

1B 1 V2ix2- x4 2+ x2-x* 2 2
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Problem 342: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)° N

2+ x2-x4)%2

Optimal (type 4, 55leaves, 5steps):

x (305+281x%) 281 X 139 X

———————— - —— EllipticE[ArcSin[ ——], -2] + = EllipticF [ArcSin[—], - 2]

182+ x2 - x4 18 V2 6 N2

Result (type 4, 79 leaves):

1 305 x 281 x3 1 1
- + -281i+/2 EllipticE[i ArcSinh(x], - =] +213 i /2 EllipticF[i ArcSinh(x], - ~]
B lV/2:x2-x* 2:ix2-x* 2 2

Problem 343: Result unnecessarily involves imaginary or complex numbers.
7 + 5 x?
J— ax
(2+x2-x4)%2
Optimal (type 4, 55leaves, 5 steps):

x (25+13x%) 13 o . X 17 _ . X
- =~ EllipticE[ArcSin[——], -2]| + = EllipticF[ArcSin[ —], -2]

18/2+x2-x* 18 V2 6 V2

Result (type 4, 79 leaves):

1 25 x 13 x3 1 1
— + ~13i /2 EllipticE[i ArcSinh(x], - =] -6i+/2 EllipticF[i ArcSinh(x], - ~]
18 (V2:x2-x* 2+x2-x4 2 2

Problem 344: Result unnecessarily involves imaginary or complex numbers.

J;dx
(2+x2-x4)%2

Optimal (type 4, 55leaves, 5 steps):

x (5-x?) 1 _ . roX 1 X
+ —— EllipticE[ArcSin[——], -2]| + = EllipticF [ArcSin[—], - 2]

18/2+x2-x* 18 V2 6 V2
Result (type 4, 79 leaves):



1

18

5Xx x3

1 1
- +1+/2 EllipticE[i ArcSinh([x], - =] -31i+/2 EllipticF[i ArcSinh[x], - —]
V2ix2oxtd V2 x2 x4 2 2

Problem 345: Result unnecessarily involves imaginary or complex numbers.
1

J(7+5x2) (2+x2—x4)3’/2

dx

Optimal (type 4, 72leaves, 8steps):

X (35-16x?) . X - X 25 ... 10 .
+ EllipticE [ArcSin[—], -2] + EllipticF [ArcSin|——], -2] - —— EllipticPi[- —, ArcSin]
3@6“/2+X2—X4 153 A/ 2 102 A/ 2 238 7
Result (type 4, 101 leaves):
1 490 x 224 x3 1
- +224i+/2 EllipticE[i ArcSinh(x], - =] -
4284 \\/2 . x2 _x*  2+ix2-_x* 2

. . 1 e a0 . 1
357 1 +/2 EllipticF [J’l ArcSinh[x], - f] +2251+2 EllipticPi [ —, 1 ArcSinh[x], - f]
2 7 2

Problem 346: Result unnecessarily involves imaginary or complex numbers.

1
J(7+5x2)2 (2+x2-x4)%2

dx

Optimal (type 4, 100 leaves, 17 steps):

X <5807287 XZ) X 625 X /2+X2—X4 5143 ElllpthE [Ar‘cSin[%], ,2}

+ +
104042+ x2 - x* 16184 (7+5x?) 145656
. . . X B . . s 710 . X _
89 EllipticF [Ar‘cSln[ﬁ ], -2] ) 10825 EllipticPi[- 22, Ar‘cSln[ﬁ ], -2]
24276 113288

Result (type 4, 196 leaves):
1

2039184 (7+5x2) V2 +x2-x4

953260 x + 253386 x> - 360010 x° +

1 1
720021 /2 (7+5x2) \/2+x? - x* EllipticE[i ArcSinh(x], - =] -111741i~/2 (7+5x%) /2 +x? - x* EllipticF[iArcSinh[x], - =] +
2
. 2 4 . . . 5 . . 1 . 2 2 4 . . . 5 . .
6819751 /2 /2 +x? - x* EllipticPi| =, i ArcSinh[x], - =| +487125i /2 x*+/2+x?-x* EllipticPi[=, i ArcSinh[x], -
7 2 7

N |
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2

]
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Problem 347: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5x2)° (2+x2-x4)%?
Optimal (type 4, 128 leaves, 26 steps):

. . . X
. (9839—4909 X2> 625 x V21 x2 - x* 645625 x V2 s xZ _x? 3086453 ElllptlcE[Ar‘cSm[E], —2}
+ +

.
3537362+ x2 - x* 32368 <7+5x2)2 15407168 (7 + 5 x2) 138664512

60409 EllipticF[Ar‘cSin[%} » -2] 6898575 EllipticPi[- 2, Ar‘cSin[%] , -2]

23110752 107 850176

Result (type 4, 244 leaves):
1

1941303168 (7+5x2)2\/2+x2—x4

3 5 7 . 2\ 2 2 4 . . . . 1
3857257460 x + 3876617542 x> - 737347940 x> - 1080258550 x” + 4321034212 (7+5x) 2+ X5 -X E111pt1cE[1Arc51nh[X], ——} -

2
. 2\ 2 2 4 . . . . 1 . 2 4 . . . 5 . . 1
6735269112 (7+5x%)%1/2+x?-x* EllipticF[iArcSinh[x], - =] + 30422715751 /2 +/2+x?-x* EllipticPi| =, i ArcSinh[x], - =] +
2 7 2
. 2 2 4 . . . 5 . . 1 . 4 2 4 . . . 5 . . 1
43461022501 \/2 x?+/2+x2 - x* EllipticPi[ =, i ArcSinh[x], - =] +1552179375i V2 x*~/2+x? - x* EllipticPi[ =, i ArcSinh[x], - -]
7 2 7 2

Problem 348: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4xl4+3x2+x4 dx
Optimal (type 4, 242 leaves, 7 steps):

51665x Va4 +3x2+xt 1 3050 23500 625
X (18727 + 4516 x2) /443 X2 x4 4 X (44332 +x*)22 0 22000 (4430 x4 ¥ 2205 (443524 x4) P2
33 (2+x?) 33 11 99 11

516652 (2+x2) % EllipticE[2ArcTan[ =], 2] 33159 (2+x?) % EllipticF [2 ArcTan[ %],
+X +X

33vV4+3x2+x4 112 V4+3x2+ x4
Result (type 4, 354 leaves):

=
[E—
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X (663924+1257 535 x2 + 1217475 x* + 712748 x® + 264075 x® + 57 250 x*° + 5625 x12) -
. -31++7

306 |- —4t— Ja:3x2:xA L

31+ 7

S35 47 —2ix? [ 31i++/7 421X
154995\/7(3]1+\/7) 1+47 -2 1+97 +2i
73]'L+\ﬁ 3]'1+\ﬁ

2i 3i -7
— x|, /] +
73]'1+\ﬁ 3]'1+\/7

EllipticE[i ArcSinh| |-

S35 ++7 —2ix? 31447 +2ix2
3\/?(—36253]’1+51665\/7) 1+47 -2 1+V7 +2i
—3]'1+\/7 3]1+\/7

EllipticF|i ArcSinh|

Problem 349: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)3mdx
Optimal (type 4, 221 leaves, 6 steps):
a717x a3 1 (1708 + 407 x2) \[4+ 30 + x* + 20 x (44332 ¢ x8) 2 122

21 (2+x2) 21 7 9

X3 (44324 x4)32

47172 (2 +x2) 4(23#)2 Elliptice[2ArcTan[ =], 1] 1301 (245 4(23#; EllipticF [2ArcTan[ ], 1]

21V 4 +3x2+ x4 3\/7\/4+3X2+X4
Result (type 4, 349leaves):

i

731'1+\/7

X (60096 + 93656 x* + 71862 X* + 30946 x°® + 7725 x® + 875 x'°) -

38447 —2ix2 33447 +2i%2 2 3i-4/7
141512 (3147 ) i+V7 -24 i+V7 424 - ] Ir}

EllipticE[i ArcSinh[ |-

X|, +
“3i++7 3i+7 “3i4++/7 3i+7
233447 —2ix2 [ 3i+7 +21ix? 2 3i-+/7
312 (-3409i <4717 /7 | i+V7 -2ix i+V7 +2ix E1lipticF[i ArcSinh| |- ———— x], = V—} / 252
“31++7 3i+7 “31++7 3i+7

i

L Jas3x®ext
-31++V7

| 247
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Problem 350: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2\/md1x
Optimal (type 4, 198 leaves, 5 steps):
19X VA3t 1 (119 +38x2) 1[4+ 330 1 x* + 2 x (4432 + x4) 72

7(2+x2) 7 7

319+/2 (2+x2) 4(*;%)" E111pt1cE[2Ar‘cTan[ﬁ}, ] 81 (2+x?) 4(*23:‘#*)" EllipticF[2 ArcTan| *- - B i]

74+ 3%+ x4 V2 Va3 x2ext
Result (type 4, 343 leaves):

i
4 |-—— x (876+1199x2+658x4+188x6+25x8) -

“31++7

34 2ix : - : -
319ﬁ(3i+ﬁ)\/ 31497 -2ix J31+ﬁ+2“ E11lipticE [ ArcSinh| 21, 2 ﬁ] +2 (-351+319V7

3
“3i++7 3i+7 -31+\/— 3i+7

3847 202 3047 +2ix 2] 3i-47
L X SN TSR EllipticF[i Arcsinh| |- —— x], & 28 |- ————— Ja+3x2ixt
-31+V7 3i++V7 -31++V7 31+V7 —3i++7

Problem 351: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2) A4 +3x%+x* dx

Optimal (type 4, 177 leaves, 4 steps):
~/ 2 4
IXNA3XT A X +1X(10+3X2)\/4+3X2+X4—

2+ x2 3

9+/2 (2+x2) 4(*;%*))‘ E111pt1cE[2Ar‘cTan[ﬁ], i] 49 (2+x2) 4(*;%*))‘ E111pt1cF[2ArcTan[ﬁ], i]

Va+3x2exh 31/2 Va+3x2+ x4
Result (type 4, 338 leaves):
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4 |- —1 X (40 +42x* +19x* +3x°) -
—3j.+\/7
“3i++/7 —21ix® [31+7 +21x? 21 3i-+/7
277 (3147 | PENT o208 (30T 22008 e peesinn |- 20— x], 2T g (72747
~-3i++7 3i++7 -3i++/7 3i+4/7

-31+/7 -21ix? 3i+vV7 +21x2 21 31-+V7 '
LY = =hi -t EllipticF i ArcSinh| |- = x|, = ] / 12 |- ———— Jai3x?ox
“3i+4/7 3§47 “3i 447 3i 447 30447

Problem 352: Result unnecessarily involves imaginary or complex numbers.
Jx/4+3x2+x4 dx

Optimal (type 4, 169 leaves, 4 steps):

V2 (2+%?) % EllipticE[2ArcTan| ], 1] 7 (24%) % E1lipticF [2ArcTan[ 2], 7]

1 S 4 XV4+3xT+xt
—X/4+3x°+x" + -
3 2 + X2 Va3 x2 s xA 342 V4+3x2+x4
Result (type 4, 331 leaves):

4 IR x (4+3x%+x%) -

*3J'l+\/7

33447 220 [3i44/7 220 2 3i -7
32 (3147 i+V7 -2ix i+ V7 +2iX E1lipticE[i ArcSinh| |- ——— x], == Wpﬁ(fnusﬁ)
73]'1+\/7 3]'1+\/7 731'L+\/7 31'L+\/7

S3i447 —2ix  [3i+4/7 +2ix2 2] 3i -7 i
i+V7 -2ix N Y EllipticF [i ArcSinh| L x], 2 ] / 12 [ a3
-31i+V7 31+V7 -3i++7 31+V7 -31i+vV7

Problem 353: Result unnecessarily involves imaginary or complex numbers.
J\/4+3X2+X4

7 +5x2

dx

Optimal (type 4, 322leaves, 7 steps):
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2 Ay
xVa+3x2+xt 1 |11 35
—_— Y+ — —Ar‘cTan[—}—
35 Va+3x2+x?

5(2+x2) 5

V2 (24x3) [ A2XeC EllipticE[ZAr‘cTan[%], g9 (2+%) ﬁ EllipticF[ZAr‘cTan[%}, :]

(20x2)?
N _
5vV4+3x%+x4 252 V4+3x2+ x4
4+3 x2+x* . . 1 443 x%+x* . . . 9 1
112 (2+x2) ﬁ ElllptlcF[ZAr‘cTan[é], sl 187 (2+%2) ﬁ EllipticPi[- >, 2Ar‘cTan[%], 5]
+
525+/2 V4 +3x2+ x4

75V 4 + 3 x%+ x4

Result (type 4, 283 leaves):

21 x? 2i x?
_ 1- 1+
-31++V7 3]'l+\/7
2 3i-4/7
= = | + (71 -35+7 | ELLipticF [i ArcSinh|

35 (3 i +\/7) EllipticE[i ArcSinh| |- x],
-3i 47 3i++/7

21i l 3j-ﬁ]

—— X|, — | +
“3i++7 3i+7

88 i E1lipticPi| > (3 fi \/7) , i ArcSinh|
14

Problem 354: Result unnecessarily involves imaginary or complex numbers.

J\/4+3x2+x4

(7+5x2)2

dx

Optimal (type 4, 284 leaves, 7 steps):

11

StarcTan[ LE ] (20 %EllipticE[ZArcTan[%},i]
+X

XVa4+3x2+x*  xV4+3x2+x4 443 x2x

2

- + + +
14 (7 +5x?) 280 /385 352 Va+3x2+x

70 (2 + x2)

0 [
[E—

4:3x2xt EllipticF[ZAr‘cTan[%], i] 289 (2 +x?) % EllipticPi[—Zz%e, 2ArcTan[%]:

(2+X2)2

35+/2 44+3x%+x4

(2+X2>

98002 V4 +3x%+x4



Result (type 4, 481 leaves):

1

9800 |- —1 (7+5x2) Va+3x2+xt
—3]'1+\/7

EllipticE i ArcSinh]|

i

73]'1+\/7

700

X (4+43x2+x%) +35 (31’1+\/7) (7 +5x2)

| - EllipticF[i ArcSinh| |-

2t g,
“31++7 3i+7

. 5 4 i x? 21 x? L . .
981 (7+5x%) |[2-———— [1+———— EllipticF[iArcSinh|
-3i+7 3i+/7

21 ] 31‘17\/7]

41x2 2i x? 5
1021 (7+5x) [2- —% 1 =X EllipticPi[ = (3+1+/7 |, i Arcsinh| x],
73]'1+\/7 3Ji+\/7

~31+4/7 ' 3i++7 14
Problem 355: Result unnecessarily involves imaginary or complex numbers.
de

(7+5x2)3

X

Optimal (type 4, 312leaves, 18 steps):

11

2 -
35

14999 ArcTan |

21 3i-7 21 31’1—\/7]
S1-N7 x], ~
“31++7 3i+7

139 (2+x2) |22 EllipticE[ZAr‘cTan{%], ~]
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139xV4+3x2+x*  x/4+3x2+x*  139x\/4+3x2+ x4 Jaaxx (20¢)® i
- + + + +
86240 (2 +x?) 28 (7+5x2)° 17248 (7 + 5% 344960 /385 43120+/2 V4 +3x2+ x4

23 (2+x2) “(;sz)x EllipticF[2ArcTan[ ], 1] 254983 (24 %) % EllipticPi[- 2, 2ArcTan| -], 1]

2940+/2 V4 +3x% x4 36220800 /2 V4 +3x%+x4

Result (type 4, 308 leaves):
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1 700 X (1589+695 x2) (4+3x2+x4)

120736004+ 3 x% + x4 (7+5x%)?

+

21 l 3i -7

. _ 21 x? 21 x? . L. . .
i\6+2iV7 [1-——— [1+——"— |4865 (3_1\/7) EllipticE[i ArcSinh| |- ——— x|, ——
-3i+7 31+7

.
“3i++7 3i4++/7

| + (9597 + 4865 i V/7 |

21 ] 311-\/7}
X[,
“3i+7 3i4+/7

EllipticF i ArcSinh|

21 ] M] - 29998 Ellipticpi[i (3“1\/7), i Arcsinh[ | -

v,

-3i 447 31447 14

Problem 356: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4 (4+3x2+x4>3/2d1x

Optimal (type 4, 268 leaves, 8 steps):
12665086 x \/4 + 3x2 + x* 7 X (661429 + 174989 x?) V4 + 3 x? + x*
.

+

2145 (2+x2) 2145
x (452001 + 131080 x2) (4+3x2+x*)>? 92150 2250 125
) { ) + x(4+3x2+x4)5/2+—x3 (4+3x2+x4>5/2+—x5 (4+3x2+x4)5/27
1287 429 13 3

12665086 v/2 (2 +x?) 4(2-”% EllipticE[2ArcTan[ ], 1] 23835562 (2+4) 4(;’% Elliptick[2ArcTan[ <], 2]

2145~/ 4 +3x% + x* 4294 +3x% + x*
Result (type 4, 364 leaves):

1

12870 |- —1 Var3x2sxt
—3i+/7

(180 184116 + 391419623 x2 + 472235001 x* + 377574349 x® + 212188905 x® + 83076275 x*° + 21 862 875 x'? + 3526 875 x'* + 268125 x16) -

31447 —2ix? 3i+7 +2ix2 21 ] 311-\/7}

EllipticE|[i ArcSinh| |-

X1, +
“3i+7 3147 “3i+7 3i4+/7

18997629 /2 (3i+\/7)

23047 2280 38447 2202 2 i 3i-47
i+V7 -2i i+ V7 424 EllipticF[i ArcSinh| |- — = ], 22 \/—}

X,
“3i+7 3147 “31++/7 3147

212 (—477617 i + 904649 ﬁ)
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Problem 357: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)3 (4+3x2+x4)3/2d1x

Optimal (type 4, 247 leaves, 7 steps):
4525662 x\/4+3x2+x* X (1653701 +435441x%) /4 +3x2+x*

+ +
5005 (2 + x?) 5005
x (53504 + 15365 x2) (4 +3x%2+x4)%? 3825 125
( ) ( > + X(4+3X2+X4)5/2+7x3 <4+3X2+X4>5/27
1001 143 13
2 4+3 x2+x* . . X 1 2 443 x%+x* . . X 1
4525662/2 (2+x?) e EllipticE |2 Ar‘cTan[ﬁ], o] 1218262 (2+4%) St EllipticF|[2 ArcTan[ﬁ}, <]
+
5005 V4 + 3 x2 + x4 1434 +3x2 + x4
Result (type 4, 358 leaves):
1
10010 |- —1 N
31+ 7
i
2 |-——— x (19 463124 + 36710547 x? + 37166164 x* + 24107711 x® + 10713970 x® + 3158575 x*® + 567000 x'? + 48125 x“) -
-31+V7

238407 2282 3447 220 2 3i-4/7
22628312 (3147 | i+ V7 -2ix i+ V7 +2ix EllipticE[i ArcSinh| |- ———— x|, > V_]+
-3i++/7 3i+47 ~3i+7 3i+/7

“3i++7 —2ix2 31447 +21ix?
*3]'L+\ﬁ

21 3]1-\/7]

EllipticF [J’l ArcSinh [ - x]

V2 (—12158231’1+2262831\/7) y ————
3147 “3i+/7 3i4++/7

Problem 358: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)2 (4+3x2+x%)2ax

Optimal (type 4, 226 leaves, 6 steps):
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175346 x V4 +3x2 +x* X (64533 +18253x%) V4 +3x%+x*

+ o (68314 2240) (44 3x2x*) 72 D x (44354 x?) 52
1155 (2 +x?) 1155 693 11

175346 /2 (2 + x?) 4(2-”#)" Elliptick[2ArcTan| =], 1] 46282 (2+) 4(2-”#)" Elliptick[2ArcTan| ], 1]

1155 V4 + 3 x2 + x* 334 +3x%+x*
Result (type 4, 354 leaves):

i

73]'l+\/7

X (1 824876 + 2932753 x% + 2435811 x* + 1229714 x° + 408 480 x® + 82075 x° + 7875 xlz) -

“3i 447 -21ix? 3147 +21x2

“3i++7 3147

263019 /2 (3]1”/7)

EllipticE[i ArcSinh]

“3i 47 —21x2 3147 +21ix?
—3]'1+\ﬁ 3]'1+\/7

21 ] 31‘17\/7]

342 (—34209]’1+87673\/7) x|,
73]'1+\/7 31'L+\/7

EllipticF[i ArcSinh|
Problem 359: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2) (4+3x2+x4)3/2d1x

Optimal (type 4, 207 leaves, 5 steps):
JAT3E T
2798 x4 3xText 1 x (1029 + 289 x2) /4 + 32 + x* +ix(198+35x2) (4+3x2+x%)32

105 (2 + x2) 105 63

27982 (2+x?) 4r3xtd EllipticE[ZAr‘cTan[%], i} 742 (2+x2) a:3x2d EllipticF[ZAr‘cTan[é], a

(2-*-)(2)Z <2+X2)Z
1054 + 3 x% + x4 34 +3x%+x*
Result (type 4, 349leaves):
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e (20 988 + 28489 x> + 19068 x* + 7082 x® + 1590 x® + 175 xm) -

—3j.+\/7

2i },31_\/7]+3\/7(_567j+1399\/7>

X
“3i+7 3i+7

S304/7 220 30447 220
21972 (317 i+ V7 -2ix i+ V7 +2iX E11ipticE [i ArcSinh |
-3i+7 3i++/7

-3 1 7 -21ix? 31 7 +21x2
1+V7 -2 B rel EllipticF|i ArcSinh|
—-3i++7 3i++7

Problem 360: Result unnecessarily involves imaginary or complex numbers.

J(4+3x2+x4)3/2d1x

Optimal (type 4, 198 leaves, 5steps):
~/ 2 4
138x 43 X"+ x +LX<49+9X2)\m+lx(4+3xz+x4)3/2—

35 (2+x2) 35 7

138+/2 (2+x2) |2 Elliptick [2ArcTan[ =], 2] 442 (2+%) L3 Elliptick[2ArcTan| ], 7]

(2+X2>2 (2+X2)2
+
354 +3x%+x4 Va4 +3x2+x4
Result (type 4, 343 leaves):

X (276+303x2+161x4+39x5+5x8) -

731'1+\/7

21 ] 3i -7
s ], L
—3]'1+\/7 31'1+\/7

E1lipticE[i ArcSinh | | +V2 (-77i+697 )

-31 7 -21ix? 31 7 +21x?
69ﬁ(3j+\ﬁ)\/ 1+\F 1X \/ ]l+\ﬁ+ 1X

—31'1+\/7 3]'1+\/7

21 i Bﬂ—ﬁ]
-3i++/7 ,31'1+\/7

EllipticF[i ArcSinh|

“3144/7 —2ix? 3147 +2ix2
“31i4++7 3i+7
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Problem 361: Result unnecessarily involves imaginary or complex numbers.

dx

J<4+3X2+X4>3/2

7 +5x?

Optimal (type 4, 284 leaves, 12 steps):

1
8

]

11 2 4+3 x2+x*
= X 942 (2+X === EllipticE|2 ArcTan
94xa:3x2+x* 1 R 35 ( )\/ (20x)? : {ﬁ]’
+—X 11 3x 4+3x%+x* — ArcTan
T 1254 35 43

125 (2 +x?) 75 Var3xZixt 125432+ x*
4+3 X%+ 1 4+3 x°+ 1
542 (2+x2) ﬁ ElllptlcF[ZArcTan[ﬁ], gl 411442 (24%) ﬁ EllipticPi[- 2, 2ArcTan[ =], 7]
+
1254 +3x2 + x* 131254 +3x% + x*

Result (type 4, 477 leaves):

1

i
350 |-————— X (44+45x2+20x4+3x6) -

- S3i 447
26250 |- —t— \J4+3x2+xt b

-31+V7

233447 —2ix2 [ 3i+4/7 +21ix? 2 3i-+/7
49352 (31447 | i+V7 -2i i+ V7 +2i E1lipticE[i Arcsinh| |- ——— x], == r]+
“31i++7 3i+7 “3i+7 3i+7

23i+4/7 —2ix® | 3i 7 +21x2 2i 3i-+/7
72 (2414 47057 ) L+37 -2 1437 +28 EllipticF[i ArcSinh| |- L x], \/—} -
“31++7 3i+7 “31i4++7 3i+7

33447 -2ix2 38447 +2i%2 5 2 3i-4/7
58081’1\/2\/ - . \/“ “S EllipticPi[ - (3447 ), i Arcsinh[ |- ———— x], = ]
14

El
—3]'1+\/7 3]'1+\/7 —3]'L+\/7 3]'1+\/7

Problem 362: Result unnecessarily involves imaginary or complex numbers.

dx

J<4+3X2+X4>3/2

(7+5x2)2

Optimal (type 4, 305 leaves, 19 steps):
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1 a2 AxVa+3x2axt 22xV4+3x2+xt
— X\/4+3 X+ X"+ +

75 175 (2+x?) : 175 (7 +5x?)
4+3 x%+x* s s = 1
. ” 2 i N a~2 (2+x2) (2:;2)’: E111pt1cE[2 Ar‘cTan[vXT], s}
—— | == ArcTan| | - *
350 1\ 35 Va+3x2+xt 175V4 +3x2 + x4

4+/2 (242 % EllipticF[2ArcTan| =], 1] 2431 (24 %) % EllipticPi[- 20, 2ArcTan[ -], 1]

1754 + 3x2 + x4 367502 Va4 13x%+ x4
Result (type 4, 309 leaves):

1 175x (23 +7x?) (4+3x% +x*) m\/l 21 x? \/1 21 x?
-1 +21 -

L 2ixt
183754+ 3 x% + x° 7+5x? 33447 3i++/7
2 3i-+/7 21 31-V7
105 (3 -1 \/7 ) EllipticE i ArcSinh[ |- L x], \/—}+7(158+151w7) EllipticF[i ArcSinh| |- L x], F r]+
-3i++7 3i++7 -3i++/7 3i++/7
5 2i 3i- /7
429 E1lipticPi[ — (3“1\/7), i Arcsinh[ |- —— x], i]
14 “31i++7 3i+7

Problem 363: Result unnecessarily involves imaginary or complex numbers.

dx

J<4+3X2+X4>3/2

(7+5x2)3

Optimal (type 4, 440 leaves, 22 steps):
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11

2 [ = x
1347 ArcTan| —-= 111 (2+x2) | #2690 E1lipticE[2ArcTan|[ 2], 1]
IxVa+3x2+xt  11xV4+3x2+x*  167xV4+3x2+ x4 Jar3xeixt (24x%) Ve ioos
+ + + + -
1960 (2 +x?) 175 (7 +5x2)? 9800 (7 +5x?) 7840 /385 245002 V4+3x2+x*

62 (2+x2) % EllipticE[2ArcTan| ], 1] 817 (24 %) % EllipticF[2ArcTan| -], 1]

875V4 +3x%+x* 918752 V4 +3x%2+x4

22+/2 (2+x2) % EllipticF[ZAr‘cTan[é], i} 7633 (2 +x?) 4(*23:‘%)’:‘ EllipticPi[—Z%e, 2Ar‘cTan[%}, i]

131254 + 3 x% + x* 2744002 /4 +3x%+ x4

Result (type 4, 309 leaves):

1 140 x (357 + 167 x2) (4 + 3 x2 + x* 21 x2 2 x2
< ) | N T RV A PR EL S PR EL
274400 \/4 + 3 X2 + x* (7+5x%)° “3i44/7 3i+47

21 3i -7
X,
73]ll+\/7 3]'L+\ﬁ

3i-+/7
X, ]+
73]'1+\ﬁ 3]'1+\/7

315 (3-1+/7 | EllipticE[i ArcSinh| |- +7 (103 +451 /7 | EllipticF[i ArcSinh
( ) [ [ ] 7|

2694 E11ipticPi| — (3+1+7 ), iArcsinh|
14

Problem 364: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)°
J—dlx
Va4 +3x2+x4

Optimal (type 4, 187 leaves, 5 steps):

15x V4 +3x2+x4
75x/4+3x2+x* +25x3/4+3x2 x4 - AN,

2+ x2

1542 (2+x2) % EllipticE[2ArcTan[ ], 1] 13 (24 % EllipticF[2ArcTan[ ], 1]

Vai3x2ext 22 Va+3x2ix?
Result (type 4, 337 leaves):
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100 4x(12+13x2+6x4+x6)+
—3:|i+\/7
~33 7 —2ix? 3 i 7 +21ix? 21 3i-+7
152 (3147 i+ V7 -2ix i+ V7 +2iX E11ipticE [i ArcSinh| |- ——— x},i]-ﬁ(lsmusﬁ)
“314++7 3i+7 “3i++7 3i+7
~33 7 —2ix? 3 i 7 +21ix? 21 31 -
LeV7 -2d LeV7 +24 EllipticF i ArcSinh| |- = x|, ! A A+3x% e xt
“3i+7 3147 “3i+/7 31+\/_ “3i+7

Problem 365: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)2
J—d]x
Va4+3x2+xt

Optimal (type 4, 170 leaves, 4 steps):

+ 2Jr 4
RPN L LR
3

2+x2
2012 (2+x2) /% EllipticE[2ArcTan|[ 2], 1] 167 (24 %) % ELlipticF 2 ArcTan[ -], 1]

Va+3x2xt 62 Va+3x2+x
Result (type 4, 331leaves):

i

50 |- ————— x (4+3xX%+x%) -
-31+4/7
3847 20X 3047 +2ix 2] 3i-+/7
30v2 (3147 i+ V7 -2ix i+V7 +2iX EllipticE[i ArcSinh| |- — X},li\/_]+\/7(43]l+30\/7)
-3i+47 31+4/7 -3i+7 3i+7

-31 7 -21ix? 31 7 +21x? 21 3—
LeV7 = LeV7 24 EllipticF[jAr‘cSinh[ - = x}, = \A+3x%+xA
731'l+\/7 3]'L+\ﬁ —3]'1+\ﬁ 3]1+\ﬁ 73]1+




260 | 1.2.2 Quartic.nb
Problem 366: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
J — 2% ax
Va4+3x2+xt
Optimal (type 4, 151 leaves, 3 steps):

542 (2+x2) 43t E111pt1cE[2ArcTan[ﬁ], 217 (24 %) EER S E111pt1cF[2ArcTan[ﬁ], 1]

5XV4+3x2+x4 (20x%)? 8 (20%2)* 8
+
2 + X2 Va+3x2+x* 242 V4 +3x2+x4

Result (type 4, 214 leaves):

21 x2 21 x2
1- ———— |14 ———
“31i+7 3i+7
21 3i-7 21 3]1_\/7]

[5 (3]’1+\/7) EllipticE[j Ar‘cSinh[ - x], ] + (J‘l+5\ﬁ> EllipticF[Ji Ar‘cSinh[ - x},

“3i++7 3i+7 “3i++7 3i+7

/

[Z\E A 4+3x2+x?
7311+\/_

Problem 367: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
—dx
J&\/ 4+3x%+x*
Optimal (type 4, 64 leaves, 1 step):

(2+x2) 4(*23:‘#*)" E111pt1cF[2Ar‘cTan{ﬁ}, ]

22 V4+3x2+x4

Result (type 4, 142 leaves):

1- 2 EllipticF[i ArcSinh|[ |- —2— x], -3-iv7 ]
= lr N7 3-iVT 30T
V2 —L — Ja+3x2ixt

—31
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Problem 368: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(7+5x2) Va4 +3x2+x*

Optimal (type 4, 168 leaves, 3 steps):

. F { 2 |2 x (2+x2) 4(;%)" EllipticF[ZAr‘cTan[%}, L] 17 (24 /% EllipticPi- 2, 2Ar‘cTan[%], L
- — ArcTan
77

- +
4

Vai+3x2xt 6V2 Va+3x2+xt 842 V4a+3xT+x4
Result (type 4, 159 leaves):

. 2 2 . . . . . . 2 _3_1
i \/1 - 4-3_2; = 1- 4_37:&7 EllipticPi [— i (—3 -1 \/7) , 1 Ar‘cSmh[ - x] , _3;%]

72 - 3.1\/7 V4 +3x2+x?

Problem 369: Result unnecessarily involves imaginary or complex numbers.

| : ax
(7+5x%)%Va+3x2+ x4

Optimal (type 4, 286 leaves, 6 steps):

2 = X
37 | 2> ArcTan| > 5 (2+x2) % EllipticE[2ArcTan| *-|, %]
5xv4+3x2+x4  25x+/4+3x%+x 77 Ja3xtox (24x%) V2 ooos
_ N N _
616 (2 +x?) 616 (7 + 5 x?) 2464 3082 Va:3x2 x4
443 x24x4 . . 1 443 x%+x* . . . 9 1
(2+x2) ﬁ E111pt1cF[2Ar'cTan[Jx7], sl 629 (2+%) /ﬁ EllipticPi[- -, 2Ar‘cTan[J"?], 2]
+
42~/2 Va+3x2+xA 51744/2 4 +3x2+ x4

Result (type 4, 481 leaves):
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1 700 |- —————— x (4+3x2+x*) +35 (31+ﬁ) (7+5%)
17248 |- —1 (7+5x2) Va+3xT+x8 31497
3147
. 2 . ._
TR A EllipticE[i ArcSinh| T M] - EllipticF[i ArcSinh|
3147 “3i+/7 3i4++/7

) ) 41 x? 21 x? L , .
981 (7+5x%) |[2-———— [1+———— EllipticF|[iArcSinh|

21 ] 3jfﬁ}
—3Ji+\/7 3]i.+\/7

X/, -
—3Ji+\/7 3Jj.+\/7

41x? 21 x? 5
784 (7+5%) [2-——"— 1+ "7 EllipticPi| - (3417 |, i ArcSinh]
-3i+4/7 3i+7 14

Problem 370: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(7+5x%)°Va+3x2+x*

Optimal (type 4, 314 leaves, 7 steps):
555x V4 +3x2+x*  25xV4+3x2+x*  2775xV4+3x%+x*
- +

+

758912 <2+x2) 1232 (7+5x2>2 758912 (7+ 5x2)

4+3 x24x4 <2+X2)2

2 [ 2«
3285 | % ArcTan| =] 555 (2+%) 2320 EllipticE |2 ArcTan[%], i}

3035648 3794562 V4 +3x%+x4

(2+x2) [&20 Elliptick[2ArcTan[ ], 2] 18615 (2+x?) 42000 EllipticPi[- 2, 2arcTan[ X1,

(2+X2>2 (2+X2>2

8624 /2 V4 +3x%+x* 21249536/2 V4 +3x2+ x4
Result (type 4, 308 leaves):
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1 700 x (1393 + 555 x?) (4+3x? + x*)
N
21249536 V4 +3x2 + x* (7+5x%)?
2i x2 2i X2 2i 3i -7
iVe+2iv7 (1o 1. S 3885 (3- i /7 | ELlipticE[i ArcSinh| = x],li\/—]+(—9401+388511\/7)
-3i++/7 3147 ~3i+7 3i+/7

21 ] 311-\/7}
X,
“3i+7 3i4+4/7

S — M] + 6570 E1lipticPi[ —- (3+iV7 ), iArcsinh[ |-
-3i+7 3i+4/7 14

EllipticF i ArcSinh|

Problem 371: Result unnecessarily involves imaginary or complex numbers.

J (7+5x%)° i

<4+3X2+X4>3/2

Optimal (type 4, 219leaves, 6 steps):

x (99493 +45779%%) 5000 5 s [ a2 a 220779xV4+3x%+x
+ XA/4+3X°+X +625% 4+3x°+Xx - +
28/4+3x2+x* 3 28 (2 +x2)

220779 (2 +x2) % EllipticE[2ArcTan[ ], 1] 130729 (2+x) % EllipticF[2ArcTan| ], 1]

142 V4 +3x2+ % 122 V4+3x2+ x4
Result (type 4, 339leaves):

X (858479 + 767337 x* + 297500 x* + 52500 x°) +

—3Ji+\/7

E1lipticE[i Arcsinh| |- — 2 ] 3ﬂ—ﬁ]

S, I A
3147 “3i+/7 3i4++/7

33447 —2ix2 | 3i+7 +2ix?
662337\/7(3]‘1+\/7)\/ 1+V7 -2 J 1+V7 +2i

“3i++7

“3i++7 —2ix2 3147 +21ix?

—31'L+\/7 31'1+\/7

V2 (975 947 i + 662337 \/7)

EllipticF[i ArcSinh|

— /4 +3x%+x*
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Problem 372: Result unnecessarily involves imaginary or complex numbers.

J (7+5x2)" N

<4+3X2+X4>3/2

Optimal (type 4, 200 leaves, 5 steps):

x (2719 - 4623 x?) 625 S . 14523xV/4+3x2+x
+—— XA\/4+3X+X" +

4 +3x%24+x4 3 28(2+X2>

14523 (2 +x?) ar3xtd EllipticE{ZAr‘cTan[%], i} 4243 (2 +x?) a3t EllipticF{ZAr‘cTan[%], i]

(20x2) (202)2

14/ 2 4+3x%2+x4 12+/2 4+3x%+x4

Result (type 4, 333 leaves):

4 |- x (78157 + 404312 + 17500 x*) -
-3i++/7
S3i+n/7 —2ix 38447 220 2 3i-7
435692 (3147 | i+V7 -2i i+ V7 +2i EllipticE[i ArcSinh| |- — " x], == \/—p
-3i++/7 3i+7 -3i++/7 3i+47
“34 20 (38447 +2ix 2 3i-4/7
V2 (186179 + 435697 | i+V7 -2i i+V7 +23 EllipticF[i ArcSinh| |- ———— x|, > \/—] / 336
—3]'1+\/7 3]'1+\/7 —3]'1+\/7 31'1+\/7

1
e \J4+3x*+x*
-31++V7

Problem 373: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x2)° i

4+3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):
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x (2323 +949x%) 4449 x4 +3x2 + x*
_ N _
284 +3x%+ x* 28 (2+x%)
4+3 x%+x4 . . 1 4+3 x%+x4 P 1
4449 (2 +x?) ﬁElllptlcE[ZAr‘cTan[%],g} 973 (2 +x?) ﬁElllptlcF[zArcTan[L},g]
+
14+/2 V4+3x2+ x4 4~2 Ja+3x2+xA
Result (type 4, 328 leaves):
-4 |- ———— x(2323+949%%) -
—3]'1+\ﬁ
“31+47 -2ix2 [3i++/7 +21ix? 2 31-+/7
44492 (3147 LeV7 c2d LeV7 i E1lipticE[i ArcSinh| L x], = r]+f(38991+4449ﬁ)
-3i++7 3i++7 -3i++7 3i++7
“31+V7 -2ix2 [3i++/7 +2ix? 2 31-47
i+ V7 -2i i+V7 124 EllipticF[i ArcSinh| |- ———— x], == 112 [-————— Jas3x2 X
“3i+47 3i+4/7 —3i++7 31+V_ —3i++/7

Problem 374: Result unnecessarily involves imaginary or complex numbers.

(7+5x2)2

J(4+3x2+x“>

dx
3/2

Optimal (type 4, 181 leaves, 4 steps):

x [9-113%%)  113x\/4+3x2+x*
- - +
284 +3x2 + x* 28 (2+x?)
113 (2+x?) 4(23#; Elliptick [2ArcTan[ ], 2] 9 (245 “(23#)* EllipticF [2ArcTan[ ], 1]
+
14/2 V4+3x2 4+ x* 42 Va+3x2ixt

Result (type 4, 329 leaves):
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i

4 [-———— x(-9+113X%) +
—3j.+\/7
3147 -2ix% [ 31++/7 +21x? 21 31i-+/7
11372 (3147 i+V7 -2ix i+V7 +2ix E1liptick[i ArcSinh| |- ———— x], == r]-ﬁ(mumnsﬁ)
—3i++/7 3i+4/7 -31i+/7 3i+4/7

-31 7 -21ix? 31 7 +21x? 21 3—
LeV7 -2d LeV7 +24 EllipticF i ArcSinh| |- = x|, = 112 A A+3x% e xt
“31i++7 3i+7 “3i++7 31+\/_ “3i++7

Problem 375: Result unnecessarily involves imaginary or complex numbers.
7 + 5 x?
J dx
(4+3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):

19 (2+x?) a3t ElllpthE{ZArcTan[ﬁ], i] 3 (2+x?) a3t E111pt1cF[2Ar‘cTan[ﬁ},

x (53 +19x?) 19x V4 +3x2+ x4 (24x2) (24x2)?
- +

4:3x2 48 28 (2+x2) 142 Va+3x2+ x5 42 Va+3x2 X
Result (type 4, 329 leaves):

i

4 —7x(53+19x2)+
“31++7
~3 7 -2ix® | 3i 7 +21x2 2 i 3i-+/7
19v2 (3147 i+ V7 -2ix i+ V7 +2ix E1lipticE[i ArcSinh| |- — x},l—\/_]-\/?(49j+19\/7)
“31i++7 3i+7 “3i++7 3i+7

S3i4n/7 2202 30447 220 2] 3i-47
i+ V7 -2i i+V7 224 EllipticF[i ArcSinh| |- —— x], == 112 [-————— 443X
-3i+7 3i+4/7 -3i+7 3“( -3i+7

Problem 376: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(4+3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):
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3 (24+x2) [ a3 EllipticE[2ArcTan[ ], 2] (245) 4:3xC ELLipticF |2 ArcTan| ], 2]

x(1+3x2)  3xVa4:3xxt (20x?)° : (200)? :
- + - +
28V4+3x2+x* 28 (2+x2) 142 Va+3x2+x* 42 Va+3x2+x
Result (type 4, 328 leaves):

: 31 +/7 —2ix2 [3i+7 +2ix2 2 i 3i-+/7
_4 7$x(1+3x2)—3\5(3j+\/7) i+y7 -2 i+V7 +2i EllipticE[jAr'cSinh[ - = x|, = W}Jr
—3]'1+\ﬁ 73]'1+\/7 3J'1+\/7 731'1+\/7 31'L+\/7
3147 —2ix2 [ 3i++7 +2ix? 2 3i-+/7
V2 (-7i+347) i+V7 -24 i+V7 424 EllipticF [i ArcSinh | —7lx,17\/—] / 112
“31++7 3i+/7 “3i+/7 3i4++/7

1
e \Ja+3x2 x4
-31++V7

Problem 377: Result unnecessarily involves imaginary or complex numbers.

J ! dx
<7+5X2) <4+3X2+X4)3/2

Optimal (type 4, 284 leaves, 8 steps):

11 2 4+3 x2+x* . . X 1
x (13 +ax?) A3 28 \/T 2 |5 X A2 (2+x2) St E111pt1cE[2Ar‘cTan[ﬁ], 8}
- + +— | — Ar'cTan[ } -

308 /4 +3x2 + X 77 (2 +x2) 176 \| 77 Va3 xt 774 3%+ X
(2+x?) 4:3x00d EllipticF[2ArcTan[ *-], 2] 425 (2+x?) 43300t EllipticPi[- >, 2ArcTan|[ >, ]
(20x2)% V2 iU o8 (24x2)? 280 J2 17 8
+
122 V4 +3x2+x4 36962 V4 +3x%+x?

Result (type 4, 483 leaves):
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1 i i

_26 |- X-8 |-———— x

. “3i44/7 “3i44/7
616 |- —+— Ja+3x2+x L v
31+ 7

3

E1lipticE [i ArcSinh[ |- 21 ] 3117\/7}

X1, +
3]'1+\/7 731'1+\/7 31'L+\/7

-31 7 -21ix? 31 7 +21ix?
Z\E(3l+\/7—)\/ ]l+'\/— 1 \/ ]l+\/—+ 1
73]'1+\/7

_ 1 — 1 x2 | i x2 . Lo
\E(7j+2\/7)\/ 3037 ~2ix \/3“ﬁ+2“ EllipticF [ ArcSinh| |- 21 ] = ﬁ}

X1, -
73]'1+\/7 3]'1+\/7 731'1+\/7 31'L+\/7

21i ] 3j,¢7]

2512 x|,
—3]'1+\/7 3]'1+\/7

EllipticPi|— (3+i+7 ), i Arcsinh|

3i+\/7 14

“3i++7 —2ix? 31447 +21ix?
—3:|i+\/7

Problem 378: Result unnecessarily involves imaginary or complex numbers.

J ! dx
7+5x2)% (4+3x2+x4)3?
( )

Optimal (type 4, 312leaves, 15steps):
x (24 +37x%) 199xV/4+3x2+ x4 625x/4+3x2+x*
- + +
135524 + 3 x2 + x4 27104 (2 +x?) 27104 (7 +5x?)

2 [
57sﬁArcTan[ . | 199 (24x?) [#2C ELliptick[2ArcTan| -], 1]

4+3 x2+x4 <2+X2)2 8
+

108416 135522 V4 +3x2+x4

242 (2+%) 4(23#; Elliptick [2ArcTan[ ], 2] 9775 (247 4(23#; EllipticPi[- 2, 2ArcTan[ -], 2]

2314 +3x2+ x4 22767362 V4+3x2+ XA
Result (type 4, 311 leaves):
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1 21 x?
28 x (2836 +2633x%+995x*) +1/6+2i 7 (7+5x?) 1. X
758912 (7 +5x%) V4 +3x%+x* “3i++7
21 3i-+/7
1393 (3- 4 V/7 | EllipticE[i ArcSinh[ |- T x], 2 r} +7 (1014199 \/7 |

3
—31'L+\/7 31'1+\/7

21 3i-7

EllipticF[iArcSinh[ |- X | 1150 E1lipticPi| >

: (
—3i++7 3i++7 14

3+1‘1\ﬁ), JiAr'cSinh[

Problem 379: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
7+5x2)3 (443x2+x%)3?
( )

Optimal (type 4, 340leaves, 22 steps):
X(548+139X2) 18159 x V4 +3x?+x*  625xV/4+3x>+x* 51875xV4+3x%+x*
- + +

596288 V4 1 3 x2 + x*_ 33392128 (2 +x?) 54208 (7 +5x2)? 33392128 (7 +5x?)
11
529425 ArcTan| L“ 18159 (2 +x2) | #2X2C E1lipticE[2ArcTan| 2], 1]
4+3X x4 ( > \ﬁ 8
.
133568512 16696064 \/2 /4 +3x2 + x4
843 (24x2) [ %220 EllipticF[2ArcTan[ -], 2] 3000075 (2+x?) |2 EllipticPi[- 2, 2ArcTan| %], ]
(2+X > 2 8 (2+X ) 8
379456 /2 V4 +3x*+x* 934979584 /2 V4 +3x%+x*

Result (type 4, 320leaves):

| 269



270 | 1.2.2 Quartic.nb
1
934979584 (7 +5 x2) 2 a+v3x2 %4

L elx L erxt
“31i++7 3i+7

21 x? 2 i x?
28x(4496212+5811451x2+2838330x4+453975x6)+3Ji 6+217 (7+5x2)2J1- \/1

21 ] 3i-7
X[,
731'1+\/7 31'L+\/7

42371 (3-i+/7 | EllipticE[i Arcsinh[ |- ] +71i (236331 +6053/7 |

21 ] 3jfﬁ}
XJ
—3Ji+\/7 31'1+\/7

21 ] 3117\/7]+352950E11ipticPi[i(3+]‘1\/7),]iAr-csinh[ _

XJ
—3Ji+\/7 31'1+\/7 14

EllipticF[i ArcSinh[ |-

Problem 380: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J <d+ex2)3 x

Va+bx?+cx?t

Optimal (type 4, 467 leaves, 5 steps):

e (15cd-4be) xVa+bx?+cx* e3x3+/a+bx2+cx* e (45c?d?+8b%e?-3ce (1@bd+3ae))xVa+bx?+cx? 1

+ + -
15 ¢? 5¢ 15 ¢°/2 (\/?+\/?x2) 15 4 a+bx? +cx?

a+bx?+cx? cl/4 x 1 b

at/*e (45c2d?+8b’e?-3ce (10bd+3ae)) (vVa +V/c x2| |~ EllipticE[2ArcTan| ], = 2—]]+
(\E+\Ex2)2 at/t = 4 Va e

1 Ve (15c2d3-15acde?+4abe?
al/“( ( )+e(45c2d2+8b2e2—3ce(10bd+3ae))
30cl4a+bx?+cxt JVa

C1/4X

2 4
(\/?+\/?x2) _arbxirext EllipticF[2ArcTan|

1
(\/?+\/?x2)2 a1/4]’4

Result (type 4, 1825 leaves):

e (-15cd+4be) x €33
- +

a+rbx?2+ex? +
15 c2 5c¢
2 c x? 2 cx? c
45]’1c[—b+x/b2—4ac)d2e\/l— \/1_ [Elliptice[jArcsinh[ﬁ\/_ x],

15 c?

-b-+vb%-4ac -b+/b%2-4ac -b-+vb%2-4ac
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“b-b2-
bob'-dac | - EllipticF|[i ArcSinh[v/2 |-

-b++Vb?-4ac

2+/2 |-
-b-+vb2-4ac

C

c
a+rbx?iex? | - 151’1b(—b+ b’-4ac

C x] —b—\/b274ac] /
-b-+/b%-4ac -b+b%2-4ac

2 ¢ x2

-b+vVb2-4ac

2 ¢ x2
1- 1-

-b-+b?>-4ac

de?

-b-+b?>-4ac

EllipticE[i ArcSinh[v/2

- X
-b-+/b%-4ac

C

]s
-b+Vb%-4ac

} ,

—b—\/m] /\/? i

EllipticF[i ArcSinh[+/2 |-

X
-b-+vb?-4ac

-b+vb%-4ac

2cx?
91’1a(—b+ b2—4ac)e3 1- 1-

-b-+b2-4ac

2 cx?

EllipticE[i ArcSinh[V2 |- x|,

-b+vVb2-4ac

b-Vb?-4
2C ] _EllipticF[i ArcSinh[v2
-b+vVb?-4ac

22 |-
-b-+b?-4ac

2cx?

-b+vb2-4ac

1 EllipticE[i ArcSinh[~+/2

C

¢ Ja+rbxZicoxt |+ Zjﬁbz(—bJr b2-4ac

c ] —b—\/b2—4ac] /
x|,
-b-+/b%*-4ac -b+/b%*-4ac

2 cx?

-b-+/b?2-4ac

c —b—\/b2—4ac]
x|, -
-b-+b?>-4ac -b++vb?-4ac

e [1-

EllipticF[iArcSinh[V2 |-

X
-b-+/b?-4ac

-b-+vb%2-4ac C 2 2
B ] / c |- a+rbxriext | -
-b++/b2-4ac b-+vb?-4ac

2 ¢ x2 2 ¢ x2

151 c?2d® [1- 1-

-b-+/b?2-4ac

c
Jarbx?+reox* |+

-b-+/b?2-4ac

V2o -

-b+vVb2-4ac

c -b-+vb%-4ac

EllipticF[i ArcSinh[+/2 |-

x],
-b-+/b2-4ac -b++Vb2-4ac

1/

| 271
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2% 2cx? ~b-+/b?-4
151‘1acde2\/1 - \/1 <X EllipticF[jArcsinh[ﬁ\/ : ] viac}}/
-b+

X
-b-+/b2-4ac Vvb2-4ac -b-+/b%2-4ac -b++/b2-4ac

C
{\/?\/— \Ja+bx?+cx?
_b-

VvbZ-4ac
2cx? 2 cx? c -b-+/b%-4ac
2i+/2 abe® [1- 1- EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb%-4ac

C
- \Ja+rbx?+cx?
“b-

Vvb2-4ac

Problem 381: Result unnecessarily involves imaginary or complex numbers.

<d+ex2)2
J—dlx
Va+bx?+cx?

Optimal (type 4, 356 leaves, 4 steps):
e2xVa+bx2+cx? 2e(3cd-be)xVa+bx?+cxt
N

3c 3 ¢3/2 (\/?Jr\/c_xz)
2a'%e (3cd-be) (\/?+\/?x2) l% EllipticE[ZAr‘cTan[%}, i (2— \Ebﬁ)] .
.
3c74\asbx®+cxt 6c7*arbx®+cxt
Jcd?_ae? 2 4 1/4
al/4 2e(3cd—be)+\/?< < ae) (\/?Jr\/?xz) _arbxirext EllipticF[ZAr‘cTan[C X], 1 ZbJ]
Ve (Va +ve )’ at el e ve

Result (type 4, 488 leaves):
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1
6c2 | —— Ja+bx?Z+cx?
b++/b%-4ac

C
2¢c |—mMmm—— ezx(a+bx2+cx4) -1 [—b+x/b2—4ac
b++vb%2-4ac

( 3cdab ) b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
e(-3cd+be
b+vb2-4ac b-+vb?-4ac

c b+vVb2-4ac
EllipticE[i ArcSinh[+/2 —x},+—]+1’1(—3c2d2+b[—b+x/b2—4ac e’+ce|3bd-3+/b*-4ac d+ae
b+vVb2-4ac b-+/b2-4ac
b+vbZ-4ac +2cx? 2b-2+b%-4ac +4cx? c b+vb2-4ac
u . . EllipticF[i ArcSinh[+/2 x|, ]
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 382: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J N
Va+bx?+cx*
Optimal (type 4, 283 leaves, 3 steps):

e p1ipti @ikt 1 !
envarEmTeE e mElhptm[“*‘”a“[Zufl: 7w

- +

\/?(\/?+\/?x2) c3*\Ja+bxZ+cxt
1/4 [Vc d 2 a+b x?+c x4 . . ct4x 1 _ b
a ( N +e) (\E+\Ex ) ,7(\/?”/?#)2 E111pt1cF[2Ar‘cTan[ oy ], . (2 ﬁﬁ)]
24 abxl i

Result (type 4, 302 leaves):
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,\/b+\/b2—4ac +2cx? \/1 2 c x?
1 +
b_

b+vb2-4ac Vvb2-4ac

C b++Vb%2-4ac
{[bm/bz4ac)eEllipticE[jAr‘cSinh[\/?\/ x|, : }+[—2cd+(b—\/b2—4ac e)
b++vb%2-4ac b-+Vb%2-4ac

b+vVb2-4
¢ * ac]] / Z\EC\/C\/a+bX2+CX4
b +

EllipticF [J’l ArcSinh [\5 x} R
b+vVb2-4ac b-+/b2-4ac Vb2-4ac

Problem 383: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex?) Va+bx?+cx?t
Optimal (type 4, 401 leaves, 3 steps):
Y4 x b

\cd’-bde+ae? x ] cl/4 (\/?Jr\/?xz) 7(?"}“2)2 EllipticF[ZAr‘cTan[;ﬁ}, i (2— ﬁﬁ)}
a +\yC X !

\/?Ar‘cTan[
d e +/a+bx%+cx?
N
2+/d /cd*-bde+ace? 2a1/4(\/?d—\/?e)\/a+bx2+cx4
2
2

d b x2 4 Ve d-+/a e 1/4 1 b

a”“[ﬁ +e (\/?Jr\/?xz) arpxrrex EllipticPi[( ) ,2Ar‘cTan[c X}, = ZiJ} /
VT V7 e )’ a2 /e de a el e e

(4c1/4d (cdz—ae2> Ja+rbx?+cx?

Result (type 4, 214 leaves):

| b+yb%2-4ac +2cx? 2cx? .
-1 1+ EllipticPi|
b+vVb2-4ac b-+vb2-4ac 2cd

b+vb2-4ac b-+vb2-4ac

(b+\/b24ac>e,jArcSinh[\/?\/ c ] b+\/m} /

c
V2 | —————— dijJa+bx®+cxt
b+vb2-4ac
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Problem 384: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(d+ex2)2\/a+bx2+cx4

Optimal (type 4, 718 leaves, 6 steps):

e (3cd2—e<2bd—ae))Ar‘cTan{ [cd?-bdesae? x ]
Ve exvVa+bx?+cx? e2xVa+bx?+cxt Vd e ~fasbxicx®
- + + +
2d (cd?-bde+ae?) («/ay/c Xz) 2d (cd*-bde+ae?) (d+ex?) 4d*2 (cd?-bde+ae?)??

al/4 cl/4 e (\/?+\/?x2) —asbxtrex? EllipticE[ZAr‘cTan[&}, 1 (2 b )]
(\EHE Xz)z al/4

2d (cdz—bde+ae2) Vva+rbx?+cxt

cl/4 (\E+\Ex2) 7(}*“2;’(4)2 EllipticF[ZAr‘cTan[cl;/%], 1 (2 b )]
a +/c x? a’/

2al’4d (\/c_d—\/?e) Va+bx?+cxt

a+bx?+cx?

(\/?dJr\Ee) (3cd*-e(2bd-ae)) (\/?+\Ex2)
(\/?+V?x2)2

(\/?d—\/a_e)z cl/4
,» 2ArcTan|

] 1
4+/a \Jc de al/s = 4

EllipticPi|-

2 b J} /(8a1/4c1/4d2(\/?d_\/;e) (Cdz—bde+ae2>\/m

VAT

Result (type 4, 1069 leaves):
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1
8 éd(cd3+de(—bd+ae))(d+ex2)\/a+bxz+cx4
b+v/b%-4ac
c b+vVb?-4ac +2cx? 2cx?
4 | —MM dezx(a+bx2+cx4)+Ji\/?{b—«/b2—4ac de ’ reex 14— X (d+ex2>
b+vb2-4ac b+vb2-4ac b-+vb2-4ac
b++b-4 b+Vb2-4
EllipticE[j Ar‘cSinh[\/? ¢ X\, * ac }—EllipticF[j Ar‘cSinh[\E S X\, +—ac] +
b+Vb2-4ac b-+Vb%2-4ac b+Vb2-4ac b-+b2-4ac
b+vbZ-4ac +2cx? 2cx? c b+vb2-4ac
212 cd? |7 LR 1 =55 (dsex®) EllipticF[i ArcSinh[vV2 | x], 2 T2
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+Vb2_dac +2cx? 2 ¢ x2 b+vVvb%2-4ac|e
6i2 cd? i reex 14— X (d+ex?) Ellipticpi[( ) s
b+vb2-4ac b-+vb2-4ac 2cd
b++vVb%-4 b+\Vb2-4 2 ¢ x? 2cx?
carcsinn[vT |, beVRe e [bebgac aek [ aee
b+vVb2-4ac b-+vVb%2-4ac b+vVb2-4ac b-+b2-4ac
b+vb2-4ac |e c b+vVbZ-4ac b+vb2-4ac +2cx?
EllipticPi| ( ) s JiAr'cSinh[\/? x|, * |-21 2 ae? : reex
2cd b+rvVb2-4ac b-vb2-4ac b+vVb2-4ac
2 ¢ x2 b+vb*-4ac|e b+Vb2_4
1. <X (d+ex?) EllipticPi[( ) s J'lAr‘cSinh[\/? ¢ x|, : ac ]
b-+Vb2-4ac 2cd b+vVb2-4ac b-+vb?-4ac

Problem 385: Result unnecessarily involves imaginary or complex numbers.

J <d+ex2)3 ix

a+bx?-cx?

Optimal (type 4, 553 leaves, 6 steps):
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e2<15cd+4be)xx/a+bx2—cx4 e3x3+va+bx2-cx?

15 c2 5c¢
2 ¢ x?
[b—x/b2+4ac) b++/b>+4ac e(45c2d2+8b2e2+3ce(1Obd+3ae)) 1-—
b-+Vb%2+4ac
2 c x? 2 Ve x b+vVb2+4ac
1-— EllipticE[Ar‘cSin[ V2 Ve }, ’ ’ ]/(30\/7c7/2x/a+bx2—cx4 n
b++Vb%2+dac lb+\Vb2sdac b-+Vb%2+dac
2c (15c?d*+15acde?+4abel
(b—x/b2+4ac) b++/b?>+4dac [ ( )+e(45c2d2+8b2e2+3ce(10bd+3ae))
b-vVb%2+4ac
2 ¢ x2 2 ¢ x2 2 Ve x b+vb2+4dac
1- 1- EllipticF[ArcSin| V2 Ve B : . ]/(30\/7c7/2x/a+bx2—cx4
b-+vVb2+dac b++Vb2+dac lb+b2rdac b-+Vb%>+4ac

Result (type 4, 596 leaves):

1
60c3 [-——— “Ja+bx2-cx*
b+/b%+4ac

C
4c |-—mm————— ezx(a+bx27cx4) (4be+3c(5d+ex2)>fj\/7(fb+«/b2+4ac e(45c2d2+8b2e2+3ce(10bd+3ae)>
b+vb%2+4dac
b+vbZ+dac -2cx? -b+vVb2+d4ac +2cx? c b+vb2+4dac
A A i E1lipticE[i ArcSinh[v2 |- x|, " ]+]1\/7(-30c3d3+
b+vb2+4dac -b+vVb2+4ac b+vb2+4dac b-+vb%+4ac
8 b? (—b+x/b2+4ac e3+15c®de |-3bd+3+/b>+4ac d-2ae| +ce? (—30b2d+30bx/b2+4ac d-17abe+9a+/b’+4ac e)
b+vb?+4ac -2cx? -b++Vb%2+4ac +2cx? L . . c b+vb?+4ac
EllipticF[i ArcSinh[+/2 |- x|, ]
b+vb2+dac -b+vb2+4dac b+vb2+4dac b-+vb2+4dac

Problem 386: Result unnecessarily involves imaginary or complex numbers.

d 2)2
J < +ex) dx
Va+bx?-cx*

| 277
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Optimal (type 4, 454 leaves, 5steps):

e2xVa+bx?-cx?* 1
_ Al _ bfx/b2+4ac)«lb+x/b2+4ac e
3c 312 ¢52/a+bx2—cxt
2 cx? 2 ¢ x? 2 v x b+vb2+4dac
(3cd+be) 1-— 17—EllipticE[Ar‘cSin[ V2 Ve ], : . }+
Vb aac b b7 dac [o v asc b \biiaac

e?+ce

1
b++/b?>+4ac [3c2d2+b(b—xlb2+4ac 3bd-3+/b’+4ac d+ae
342 c2/a+bx2-cx?

2 c x? 2 c x? V2 Ve x b b2+4ac
1. === 1- ——— EllipticF [Ar‘cSin[ }) i \/+7}
_Jbridac biVblidac bibliaac b-Vbirdac

Result (type 4, 503 leaves):

2 |[-—— Ja+bx?-cx*
b+/b%+dac

C b+vb2+dac -2cx? -b+vb2+d4ac +2cx?
2¢c |-—m—— ezx(—a—bx2+cx4)711\/7[—b+x/b2+4ac)e(Bchrbe) * : * i *
b++vb2+4ac b++vb2+4ac -b++b%+4ac

+Vb2+4dac }
x|, +
vb2idac b-+vb2+4dac

E111pt1cE[1 Ar‘c51nh \/—\/
b

j\/?(—3c2d2+b[ +4/b +4ac)e—ce(3bd—3\/b2+4ac d+ae

\/b+\/b2+4ac -2cx?

b++vb?>+4ac

-b++vb?+4ac +2cx? c b++vb2+dac
: : i EllipticF[i ArcSinh[+/2 |- x|, . : ]
_b+vVb2+4dac b++vVb2+dac b-+vb2+4dac

Problem 387: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J—————————dx
Vva+bx?-cx?
Optimal (type 4, 385leaves, 4 steps):
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1 2 cx?
(bfx/b2+4ac) b++/b%>+4ac e\/l—

22 32 Ja+bx2-cx? b-vVb2+4ac
2 cx? 2 vJc x b+vb2+4dac 1
1- — """ EllipticE[ArcSin| V2 Ve ], — = ] +
b+vVb%2+dac bivblidac b-vVb2+4ac 22 ¢32/a+bx2-cx*

b++/b2+dac (2cd+(b—ﬂb2+4ac ]

2 ¢ x? 2 ¢ x? 2 Ve x b++vb2+4dac
e) 1-————— |1-——————— EllipticF[ArcSin]| V2 Ve ], ——
b-+b%2+4ac b++b2+4dac bivVblidac b-+vb2+4ac

Result (type 4, 293 leaves):

. 2cx? 2cx?
1 1+ 1-—
-b+/b?+4ac b+Vb2+4ac

+/ h2
[[—b+wb2+4ac)eEllipticE[iAr‘cSinh[\/?\/— ¢ x],b+ b+4ac]+(2cd+(b—x/b2+4ac

b+vb2+4dac b-+vb2+4ac

/

J
C
2\/?C\/—‘\[a+bX2CX4
b+

X,
b+vb2+4dac b-+vb2+4ac

b b*+4a
EllipticF[Ji Ar‘cSinh[\/? - ¢ +\/+7c}
b2+4ac

Problem 388: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(d+ex2) Va+bx?-cx*

Optimal (type 4, 197 leaves, 2 steps):
1

V2 Ve dVa+bx2-cx?

2 2 ¢ x? 2 ¢ x? . (b+vb2+4ac)e . A2 e x b++vb2+dac
b++/b?+dac 1-————— |[1-————— EllipticPi[- , ArcSin| | ]
b-vVb2+4ac b+Vb2+4dac 2cd b:Vbiraac Db-Vbr+dac

Result (type 4, 205 leaves):



280 | 1.2.2 Quartic.nb

C
V2 o |-————— diJa+bx?-cx*
b++vb%2+4ac

|

Problem 389: Result unnecessarily involves imaginary or complex numbers.

1
j dx
(d+ex2)2 4

a+bx?-cx

Optimal (type 4, 718 leaves, 8steps):

e?xVa+bx*-cx*
N
2d (cd?+bde-ae?) (d+ex?)

b-+vb%2+4ac

2 ¢ x? 2 ¢ x? 2 Ve x b++Vb%2+dac
[b—«/b2+4ac) b++b>+4ac e [1- 1- —————— EllipticE[ArcSin]| V2 Ve ] : -
b+vb2+4ac lb+b2sdac b-+vb2+4ac

[4\E\Ed (cd®>+e (bd-ae)) \/m

b++/b?>+4ac (2cd+(b7\/b2+4ac

2 cx?
e) 1.2
b-+vb2+4ac

2 c x? 2 Ve x b+vVb2+4ac
\/1 —— = EllipticF[ArcSin| V2 Ve A
b+

]s ]/(4\5\/?d(cd2+e(bd—ae))x/a+bx2—cx4 +
Vb%2+4ac /b+m b-+/b?+4ac
b++b>+4ac (3cd2 e(2bd ae)) 1 2cx? 1 2cx?
+ + + - - e —
b-+b2+4ac b+vVb2+4dac

EllipticPi[-

[b+b2raac e aresin|__VZAEx buBiaae

2cd Jbibiiaac b- Vb2idac
Result (type 4, 1341 leaves):

1|/ (272 e & (et ve (pa-ae] ) Jaronoxt

, 2cx? 2cx? o (b+Vb2+4ac)e . ] c b+vb2+4ac
SIENEE 1- —————— EllipticPi[- , 1ArcSinh[v/2 |- x|, -
~b+vVb2+dac b+Vb2rdac 2cd brVb2idac -b+Vb2idac

I

11/
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e2xvVa+bx2-cx* 1
- <d+ex2)w/a+bx2—cx4

+
2d (cd2+bdefae2) (d+ex2) 2cd?+2bde-ae?-2cdex?-ce?2x*

c cex? 3cd?+2bde-ae?
- - +

2 (cd*+bde-ae?) Va+bx?-cx* 2d(cd’+bde-ae?)Va+bx?*-cx* 2d(cd’+bde-ae?) (d+ex?) Va+bx?-cx?

2 cx? 2cx? c b+Vb2+4ac
Ji(—b+x/b2+4ac e |1+ 1- — EllipticE[jAr‘cSinh[\/? - x],— ’ * ]—
-b+Vb%?+4ac b+vVb2+4ac b+vVb2+4ac -b++/b2+4dac
c b+vVb2+4ac c
EllipticF[i ArcSinh[v/2 |- ———— x|, - : . ] /2\5 ———————— Ja+bx?-cx* | +
b+vb2+4ac -b+vVb%2+4dac b++vVb%2+4ac

icd [1+—2% — 1 2%  EllipticF[iArcSinh[v2 |- —— x], _@}
oforaac | befoaac oformac 0 beforaac e

-|131cd [1+
Nl c VarbxZ_cxt -b++vb2+4ac
b++/b%+4ac
2CX2 b+\/b2+4ac e C b 4/b2 dac
1-—— EllipticPi[—( ) ,iAr‘cSinh[\/? -—_— x],— - : ] /
e 2¢d S vrrs beBTidac
c 2 2 , 2cx? 2cx?
N2 [ -———— \Ja+bx2-cx* |- |iV2 be |1+ 1. ——=
b+vVb2+4dac -b++vVb%+4ac b++vb%>+4ac
b+vb2+4ac e c b+vVblidac c
EllipticPi[—( ) , i ArcSinh[v/2 |- ———F—— x|, - : ’ }/ e Ja+bx?-cx* | +
2cd b++Vb%2+dac -b++vb%+4ac b+vVb2+4ac
2CX2 2CX2 (b+\/b2+4ac)e c
iae? [1+ 1-———"— EllipticPi[- , LArcSinh[v2 |[-———— «],
-b++vb%2+4ac b+vVb2+4dac 2cd b++vb2+dac

b+vVb*+dac c
27 - ]/\/? - ————— diJa+bx®-cx?

-b+Vb?+4dac
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Problem 390: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J dx
V-a+bx?+cx?
Optimal (type 4, 479 leaves, 5 steps):

b_bIidac 1 2cx2 (b—m) b+vVb2+dac e |1+ —2X J EllipticE[ArcTan| —2eX

- +dac |ex |1+ —2— e

( ) b ,—b2+4ac J b-+/b*+4ac b ’—b2+4ac
2cv/-a+rbx®rcxt

2cx?
*
—bivtae [z, px2 4 cx?

2cx?
1+

b+\ b2+4ac

2+/2 ¢3/2

1+
—
b

\Jb+Vb*+4ac d (1+ — 20 ] EllipticF [ArcTan[ —(2ofex ] _ 2:bhtac |
b-+/b%+4ac b+\/m b-+/b%+4ac

2cx?

1+

_+/ b2
b}bztac ”/—a+bX2+CX4
2cx
14—

b+\/ b2+4ac

VT

Result (type 4, 304 leaves):
.\/b+\/b2+4ac +2cx? \/1 2 ¢ x?
1 +

b+vbZ+4dac b-+vb%+4ac

g
2\/7c\/; A/ -a+bx?+cx?
b+

b+Vb2+4dac b-+vb2+4dac

</ h2
[(—b+ﬂb2+4ac)eEllipticE[iAr‘cSinh[\/?\/ ¢ x|, b+ Vb +4ac ]+ (—2cd+ [b—x/b2+4ac

X,
b+vb2+4dac b-+vb%+4ac

b+Vb?+4
E1lipticF[i ArcSinh[+/2 < T rRac ) /
Vb2+4ac

Problem 391: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2) V-a+bx?+cx?

Optimal (type 4, 204 leaves, 2 steps):
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2 2cx? 2 cx? o (bf\/b2+4ac)e ) V2 Ve x b-+vb2+dac
-b+/b?+dac |1+ 1+ EllipticPi| , ArcSin| ]» ] /
b-+vVb2+4ac b+Vb2+4ac 2cd \/_b+m b+Vb2+4ac

(\/Tx/?d\/—a+bx2+cx4

Result (type 4, 216 leaves):

b q/bZ 4 2 2 2 2 b+\/b2+4ac e b 1/b2 4
R R <X EllipticPi[( ) , i Arcsinh[+/2 < x], 2 A /
b+vVb2+4dac b-+vb?+4ac 2cd b+vVb2+4dac b-+vb2+4dac

Vb%2+4dac

c
V2 | ————— di/-a+bx?+cx
b+

Problem 392: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J dx
V-a+bx?-cx*
Optimal (type 4, 293 leaves, 3 steps):
al’e (\a ++/c x2| [ -2 E19inticE[2 ArcTan| €£4¢], L (2 b
exV-a+bx2-cx* ( ' ) (\/?+sz)2 P [ [al’“’] 4( +\/:TWH

- +

\/?(\EJr\/?xz) c3*-a+bx2-cx*

Jed _abxlicxt {pti x] o1 b
al/4 ( \/c? +e) (\/;+\/?xz) (\;:T::FC;)Z E111pt1cF[2Ar‘cTan[Cal/ax], " (2+ \/.-TW)]

2c¥%/—a+bx?-cx?*

Result (type 4, 295 leaves):
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[.

2 cx? 2 cx?
1 1+ 1-—
-b+vb%-4ac b+vb2-4ac

b2 -
{[—b+ﬂb2—4ac)eEllipticE[jAr‘cSinh[\/?\/— ¢ x],b+ b 4ac]+(2cd+(b_ b2 _4ac

e
C
Zﬁc\/—— \J-—a+bx?-cx?
b +

b+vb2-4ac b-+vb%2-4ac

/

b+vb2-4ac b-+vb2-4ac

b++Vb2-4
EllipticF[iArcSinh[V2 |- < x|, u 2 ]
Vb2 -4ac

Problem 393: Result unnecessarily involves imaginary or complex numbers.

J = dx
(d+ex2) V-a+bx?-cx*

Optimal (type 4, 412leaves, 3 steps):

2 4 1/4

/e ArcTan|--cde(bdae) x ] /e (\/a e xz) | 22X EllipticF[2ArcTan| <X, % (2+ b )]

Va +Vc X2 al/4 4 Ja e
\d e \/-asbx?-cx* . ( ae X)

Zﬁ\/—cdzfe(derae) 231/4(\/?d—\ge)\/—a+bx2—cx4
2
2
d - bx? 4 Ve d-+a e 1/4 1 b
a”“[ﬁ +e (\/?+\/?x2) amhxirext EllipticPi[—( ) ,2Ar‘cTan[c X},— 2+7J} /
Va (Va Ve )’ 43 de ave e T m e
(4c1/4d(cdz—ae2>xl—a+bx2—cx4
Result (type 4, 207 leaves):
2 ¢ x2 2 ¢ x2 b+vb?-4ac|e b+bZ_4a
i s <X 1-— 5 EllipticPi[( ) , iArcsinh[2 |- ‘ x|, - — 2c ]/
“b++vb%2-4ac b+vVb2-4ac 2cd b+vVb2-4ac “b+vb%2-4ac

V2 —;d\/—awxz—cx“
b +
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Problem 394: Result unnecessarily involves imaginary or complex numbers.

(d+ex2)3
J—dlx
V2+3x2+xt

Optimal (type 4, 229 leaves, 5steps):

3e(5d°-10de+6e? 2+ x? [ ez ua
e( e e>X( +X>+1<5d—4e)e2Xx/2+3X2+X4+1e3x3 2+3x2+x* -
5

5v2+3x%+x4 5
31/2 e (5d*-106de+6e?) (1+x?) /% EllipticE[ArcTan[x], | (5d*-10de?+8e®) (1+x?) | 22 EllipticF [ArcTan[x], *]
1+x 2 1+x% 2
+
5vV2+3x2+x4 52 V2+3x2+x*

Result (type 4, 154 leaves):

1(e2x(2+3x2+x4) (5d+e (-4+x?))-3ie(5d>-18de+6e?) \/1+x* y/2+X? EllipticE[jArcSinh[L}, 2] -
52+3x%+x4 V2
5i(d®-3d’e+4de?-2€%)\/1+x2 /2+x? EllipticF[iArcSinh[%}, 2]]
2

Problem 395: Result unnecessarily involves imaginary or complex numbers.

(d+ex2)2
J—dlx
V2+3x2+x4

Optimal (type 4, 168 leaves, 4 steps):

2 (d—e) ex (2+X2) +122Xﬂ2+3X2+X4 -

V2+3x2+ x4 3
22 (d-e) e (1+x?) l% EllipticE[ArcTan[x], ﬂ (3d2-2¢?) (1+x?) l% EllipticF[ArcTan[x], ﬂ

+

V2+3x2+x?t 3\/?\/2+3X2+X4
Result (type 4, 127 leaves):

! (ezx (2+3x2+x*) -61 (d-e) ey/1+x* \[2+X° EllipticE[jAr‘cSinh[L], 2] -
V2

3/2+3x2+x4

i(3d>-6de+4e?)\[1+x* 1[2+x? EllipticF[iAr‘cSinh[%], 2]
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Problem 396: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J — 2T ax
V2+3x%+x4
Optimal (type 4, 122 leaves, 3 steps):

ex (21 V2 e (1+x?) l% EllipticE[ArcTan[x], i] d(1+x?) l% EllipticF [ArcTan[x], ﬂ

+

V2 +3x2+x4 V2+3x2+xt \E\/Z+3X2+X4
Result (type 4, 73 leaves):
iV1+x? V257 (eEllipticE[iArcsinh[ ], 2] + (d-e) EllipticF[i ArcSinh[ %], 2]
VT

v
V2+3x2+xt

Problem 397: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2) V2+3x2+x4

Optimal (type 4, 124 leaves, 4 steps):

2
+ X = iptic rcTan[x], = 2 2 ipticPi|1- =, ArcTan([Xx], =
(1+x2) /i*zz EllipticF[ArcT ;] e (1+x?) /i*; EllipticPi[1 <, ArcT ﬂ

\E(d—e)\/2+3x2+x4 \/?d(d—e)\/2+3x2+x4

Result (type 4, 59 leaves):
iV1+x? +/2+x2 EllipticPi[2%, i ArcSinh|[ 2], 2]
d vz

dv2+3x2+x*

Problem 398: Result unnecessarily involves imaginary or complex numbers.

J = dx
(d+ex2)2\/2+3x2+x4

Optimal (type 4, 316 leaves, 9steps):
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24x% ot 1
ex (2+x) X33 e (1+x?) | - EllipticE [ArcTan[x], 2]

- + + +

2d (d?-3de+2e?) V2+3x%+x* 2d (d>-3de+2¢e?) (d+ex?) \/Td(d—Ze) (d-e) V2+3x2+x*

+x? . .
(2d-e) (1+x%) | 22+2XX2 EllipticF[ArcTan[x], ﬂ e (3d2-6de+2e?) (2+x2) EllipticPi[1 - i, ArcTan[x], i]

2d (dfe)z\/2+3xz+x4

242 d (d-2e) (d-e)? /i—i V213x2+ x4

Result (type 4, 175leaves):

1 ezx(2+3x2+x4> 1
iA/1+X2 )2+ X
2dvZ i3k | (¢ 3der2e?) (driext) d(d-2e) (d-e) :

(deEllipticE[j Arcsinh|[——], 2] +d (d- e) EllipticF[i ArcSinh|——], 2] + (-3d?+6de - 2e?) EllipticPi[ >, i ArcSinh|

vz 7z d vz

Problem 400: Result more than twice size of optimal antiderivative.

j(c+ex2)3 (a+cx®+bx*)Pdx

Optimal (type 6, 498 leaves, 8 steps):

ce? (21b—5e+12bp—2ep)x(a+cx2+bx4)1*'° e3 x3 (a+cx2+bx“)1+p 1
+ +
b2 (5+4p) (7+4p) b (7+4p) b2 (5+4p) (7+4p)
2bx? P 2bx? P
c(ae’®(5+2p)-3abe* (7+4p) +b*c? (35+48p+16p*)) x |1+ J 1+ ]
c--4ab+c? c+\-4ab+c?
3 2bx? 2bx? 1

1
(a+cx2+bx4)pAppe11F1[—, -p, -P, —» - > - +
2 2 c_~-4ab+c? c+vV-4ab+c? 3b2 (5+4p) (7+4p)

2 b x? ®
e(c?e® (15+16p+4p?) +3b>c? (35+48p+16p°) -3be (ae (5+4p) +c*> (21+26p+8p°))) x> |1+ J
c-vV-4ab+c?
2bx? P ) 2\ p 3 5 2bx? 2bx?
1+ (a+cx?+bx*)PAppellF1|[ =, -p, -p, =, - , -
c+v-d4ab+c? 2 2 ¢ +/-dab+c? c+\-dab+c?

Result (type 6, 1871 leaves):

b 3 . c-vV-4ab+c? , PlcsV-dabsc? zfp c-vV-aab+c2 +2bx2)"P (c+V-dab+c? +2bx2) 7"
3.47%Pc (c+xl—4ab+c X + X + X
2b 2b b b
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2 1 3 2bx2 2bx?
(72a+(7c+w—4ab+c2 x? <a+CX2+bX4)71+pAPPellF1[_: -P> P> 75 - 4 ]/
2 2 c+V-4ab+c? -c++V-4ab+c?
. 1 3 2 bx? 2 b x?
(_c+m) ~3aAppellF1[=, -p, -p, =, - , J -
2 2 c++/-4ab+c? -c+V-4ab+c?
2 2 3 5 2 b x? 2bx2
b x —c+m)AppellF1[—;1—P:—P: =, - . -
2 2 c++-4ab+c® -c+/-4ab+c?

2bx? 2bx2 J]J
N

3 5
[c+«/—4ab+c2]App611F1[—, -p>1-p, —, - )
2 2 ci+/-4ab+c? -c+vV-4ab+c?

- 1+p
c-+V-4ab+c? Plc--dab+c? +2bx2 2
5 2’2"’bc2[c+x/—4ab+c2 ex? : +x2 M (—2a+[—c+w—4ab+c2 x2
2b b
3 5 2 b x? 2 b x?
(a+cx2+bx4)’1+ID AppellF1[ =, -p, -p, —, - s ] /
2 2 ci+v-4ab+c? -c+V-4ab+c?
” 5 R 3 5 2bx? 2bx?
(7c+«/74ab+c )[c+«/74ab+c +2bx 75aAppellF1[—,*P,*P, 5 - P }*
2 2 c++v-4ab+c? -c+V-4ab+c?
. 5 5 7 2bx? 2bx?
p X -c++/-dab+c JAppellFl[*,lfP,*P: o - ’ }7
2 2 ci+v-dab+c2 -c+-dab+c?

+

el

5 7
[c+x/74ab+c2]ApPellF1[*,*P:lfp: T - ’
2 2 ¢y _4ab+c2 —c+_-4abrc?

- 1+p
c-\V-4ab+c? Plc--dab+c? +2bx2 2
{21 2’2""bc(c+x/74ab+c2 ezxs( + %2 [ [72a+(7c+w/74ab+c2 x>
2b b

5 7 2bx? 2bx?
(a+cx2+bx4)’1*pAppellF1[—,—p,—p, - - s } /
2 2 c+v-4ab+c? -c+V-4ab+c?
- . X 7 2bx? 2bx?
5(—c+\/—4ab+c ](c+x174ab+c +2bx

+

5
—7aAppellF1[*, P> =P 75 - ’
2 2 c+V-dab+? -c+V-dab+c?

. 7 9 2bx? 2bx?
—C+WJ AppeUFl[*, 1-p, -p, = - ) }_
2 2 ci+v-4ab+c? -c+V/-4ab+c?
2bx? 2bx2 ]]J
N

2 7 2
[c+ -4ab+c ]AppellFl[—,—p,l—p, - )
2 2 c++/-4ab+c2 -c+-4ab+c?
2 2 c-vV-4ab+cz )" (c-V-sab+c? +2bx?|"" 2
9 z—fpb(c+ -4ab+c [_2a+(—c+ 4abec

p x*

2

XZ

37

e’ X

+ X
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(a+cx2+bx4>’1+pAppellF1[—, -p, -p, —» - , ] /
2 2
7 9 2 b x? 2 b x?
—9aAppe11F1[;, -p, -p, —,

c+V-4ab+c? —c+\V-4ab+c?
7(—c+x/—4ab+c2](c+d—4ab+c2+2bx2 - s |+
2 c+V-4ab+c? -c+vV-4ab+c?

2 9 11 2 b x2 2bx2
—c++/-4ab+c ]AppellFl[;,l—p,—p, ' s ] -

c+V-4ab+c? -c++v-4ab+c?

2 9 11 2bx? 2bx?
(c+x/—4ab+c ]AppellFl[—,—p,l—p, =, - s ]
2 2 c+vV-4ab+c2 -c+\-4ab+c?

2

p X

Problem 401: Result more than twice size of optimal antiderivative.

J(c+ex2)2 (a+cx2+bx4)pdlx

Optimal (type 6, 358 leaves, 7 steps):

1.2.2 Quartic.nb

ezx(a+cx2+bx4)1+p 1 2bx2 P 2bx? P
- (ae*-bc® (5+4p)) x |1+ 1+
b (5+4p) b (5+4p) c-V-4ab+c? c+V-4ab+c?
5 a\p 1 3 2bx? 2bx? 1 3
(a+cx®+bx*) AppellFl[ =, -p, -p, —, - , - + ce(leb-3e+8bp-2ep) x
2 2 c-+-4ab+c? c+-4ab+c? 3b (5+4p)
2 b x? P 2 b x? ° 5 arp 3 5 2 b x? 2 b x?

1+ 14 (a+cx?+bx*) AppellFl[ =, -p, -p, —, - , -

c-+-4ab+c? c+\V-4ab+c? 2 2 c-+-4ab+c? c+v-4ab+c?

Result (type 6, 1001 leaves):

| 289
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3 5 c-V-4ab+c? 5 Plc-vV-aab+c? +2bx2)"" )
2”P[c+ -4ab+c® | x + X —2a+(—c+x/—4ab+c )x)
15 2b b
5 4\ 1ep 5 1 3 2bx? 2bx?
(a+cx®+bx?) - | |45 c? AppellFi[ =, -p, -p, =, - B /
2 2 c++-4ab+c® -c+/-4ab+c?
1 3 2bx? 2bx? 5 2 3 5
3aAppe11F1[f, -p, -P, —» - ) }+px c-+/-4ab+c )AppellFl[f, 1-p, -p, —,
2 2 c+v/-4ab+c? -c+/-4ab+c? 2 2

N

2bx? 2bx? 2 3 5 2bx? 2bx?
- , ]+(c+x/—4ab+c )AppellFl[f,—p,l—p, =, - s ] +

c+V-4ab+c®? -c+v-d4ab+c? 2 c++-4ab+c® -c+/-4ab+c?
3

2
) 5 2bx

3 5 2 b x? 2 b x?
ex? |- ||50cAppellFl| =, -p, -p, —, - s ] / 5aAppellFl|[ =, -p, -p, —, - s
2 2 c++/-4ab+c? —c++/-dab+c? 2 2 c+V-dab+c?
2bx? 5 2 5 7 2bx? 2bx?
| +px?||c-+/-4ab+c )AppellFl[—,l—p,—P, — - s +
—c+v-4ab+c? 2 2 c++/-4ab+c? -c++/-4ab+c?
2 5 7 2bx? 2bx?
(c+x/74ab+c )AppellFl[—,fp,l—p, -, - s ] +
2 2 c++/-4ab+c2 -c++/-4ab+c?
5 5 7 2bx? 2bx? 5 7 2bx?
2lex AppellFl[f, -Ps P> —» - ) } / —7aAppellF1[f, -Ps -P> —» - s
2 c+V-4ab+c? —c+\V-4ab+c? 2 2 c+V-4ab+c?
2bx? 5 5 7 9 2bx? 2bx?
]+px -c++/-4ab+c )AppellFl[*,lfP,fP, s - ) ]*
—c+_4ab+c? 2 c+vV-4ab+c? -c+/-4ab+c?

7
(c . m) AppellFi[ ., -p, 1-p,

N |0

2bx? 2 b x? J]]J
c+V-4ab+c? -c+/-4dab+c?

Problem 402: Result more than twice size of optimal antiderivative.

J(c+ex2) (a+cx2+bx4)pd1x

Optimal (type 6, 274 leaves, 6 steps):

2bx? P 2bx? ’ 5 arp 1 3 2bx? 2bx?
cx |1+ 1+ (a+cx®+bx*)?AppellF1|—, -p, -p, =, - , - +
c-V-4ab+c? c+V-4ab+c? 2 c-+V-4ab+c? c+V-4ab+c?
1, 2bx? P 2bx? P 5 arp 3 5 2bx? 2bx?
Zexd |1+ 1+ (a+cx®+bx*)?AppellF1| =, -p, -p, =, - , -
3 c-v-4ab+c? c+\V-4ab+c? 2 2 c-+/-4ab+c? c+\V-4ab+c?

Result (type 6, 706 leaves):
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1 3 3 c-V-4ab+c? 5 Plc-v-aab+c? +2bx2)"" ),
- 2”P(c+ -4ab+c” | x +X (—2a+[—c+ﬂ—4ab+c X
3 2b b
1 3 2bx? 2bx?
(a+cx2+bx4)’1+p ( 9 cAppellF1[ =, -p, -p, —, - s }]/
2 2 c++/-4ab+c? -c+V-4ab+c?
1 3 2bx? 2bx? 5 2 3 5
3aAppe11F1[f, -p, -P, —» - ) }+px c-+/-4ab+c )AppellFl[f, 1-p, -p, —,
2 2 c+v/-4ab+c? -c+/-4ab+c? 2 2

2bx? 2bx? 2 3 5 2bx? 2bx?
- , ]+(c+x/—4ab+c )AppellFl[f,—p,l—p, =, - s ] +
2 2

c+V-4ab+c®? -c+v-d4ab+c? c+V-4ab+c® -c++V-4ab+c?

5 3 5 2 b x? 2 b x? 3 5 2 b x?
5ex Appe:l-lFl[_: -Ps P> 7 - b} } / —5aAppe11F1[—, -Ps P> 7 - b)
2 2 ci+-dab+c? —c+v-dab+c? 2 2 ci+-dab+c?
2bx? ) 2 5 7 2bx? 2bx?
| +px (—c+x/—4ab+c )AppellFl[—,l—p,—p, -, - s | -
—c+~+_-4ab+c? 2 c+V-4ab+c®2 -c++/-4ab+c?
) 5 7 2bx? 2bx?
(c+x/74ab+c ]AppellFl[—,fp,l—p, — - s
2 2 c++v-4ab+c? -c+V-4d4ab+c?
Problem 403: Result more than twice size of optimal antiderivative.
J(a+cx2+bx4)pd1x
Optimal (type 6, 133 leaves, 2 steps):
2bx? ’ 2bx? ’ 5 " 1 3 2bx? 2bx?
X |1+ 1+ (a+cx +bx) AppellFl[*,—p,—p, — - > =
c Vaabic? ¢V Aabsct 2 2° c-vaab:c2  civdab:c

Result (type 6, 487 leaves):
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c+V-4ab+c? +2bx?

) 3 c-V-4ab+c? pr c+V-4ab+c? pr c-V-dab+c2 +2bx2)""?
3.41°P [c+x/—4ab+c )x + X +X
2b 2b b b
2 1 3 2 b x? 2 b x?
(—2a+[—c+x/—4ab+c2 x2 (a+cx2+bx4>’1+pAppellF1[f,—p, -p, =, - s /
2 c+\V-4ab+c? -c++V-4ab+c?

+

px?

N U N

+V-4ab+c?2 -c++V-4ab+c?
3
—c+x/—4ab+c2)Appe11F1[—, 1-p, -p,
2 c+vV-d4ab+c2 —c+v-dab+c?

2bx? 2bx?
3 2 3 5 2bx? 2bx?
c++/-4ab+c? | AppellF1[ =, -p, 1-p, -, ]
2 2

2 1 3 2 b x? 2 b x?
[—c+w/—4ab+c ] -3aAppellFl|—, -p, -p, —, -
2 2
3
c+V-4ab+c? -c+/-dab+c?

Problem 406: Result unnecessarily involves imaginary or complex numbers.

j f+gx dx
(d+ex) Va+cx?

Optimal (type 4, 446 leaves, 8 steps):

(ef-dg) ArcTan| Lcdtaet x *]

(ef-dg) ArcTanh | —2&cdX |

de+/a+cx* A/ cd*+ae* ~/a+rcx*
- +
2+/-cd*-ae* 2+ cd*+ae?

(Ve df+aeg) (Va - Ve x| mEllipticF[2Ar~cTan[C;f:4x}, 2]
a +/c x ’

2 al/4 cl/4 (\/?d2+\/?e2) Vva+cxt

cl/4 x

a+cxt (\/?d2+\/?e2)2
(\/?dzfﬁeﬂ (ef-dg) (\/?+\Ex2) _

EllipticPi| , 2ArcTan|

1
(Va +Vex)? 4/a \c de e ) /
(4a1/4c1/4de(\/?d2+\5e2) AJa+oxt

Result (type 4, 275leaves):

-1+p
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. _4 . . . . ]'LJC
L 2ig [1+ C: EllipticF [i ArcSinh| \Ec x|, -1] .

- +

2eva+cx? Ve cV/4d+cd*+aet
Va
c x4 iva e? ~1)3¥4 cl/ax
(-ef+dg) |2 (-1)"*a¥4Jcd*+ae* [1+ EllipticPi[L, ArcSin| (-1) ], -1] +
a \/?dz al/4

ct’*de~/a+cx?

-Log[-d?+e?x?] +Log[ae2+cd2x2+\/cd“+ae4 \/a+cx4]

Problem 407: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J f+gx dx
(d+ex) V-a+cxt

Optimal (type 4, 218 leaves, 10 steps):

(e f-dg) ArcTanh| cd:::dziﬂxa ] a1/4gﬁEllipticF[Arcsin[t’ij:‘}, -1]
+

+

2/ cd*-ae? ct/4e/-a+cx?
1/4 oxt s 4 s s [/a e .o cYAx
al/4 (ef-dg) [1- ” E111pt1cP1[Fdz, Ar‘cSm{Tm ], -1]
c/4de+v-a+cx?

Result (type 4, 719leaves):
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1

V-a+cxt

A L . . P B
ig [1- EllipticF[i ArcSinh| = x|, -1] PR )2\/ (1-i) (ab4- /4 x) \/ (1+1) (a%+1ic¥4x) (a4 c/4x)
v i f (at4-icl4x -

(31/4 _ i cl/a x) 2

v ~1/4 1/4
1a + C X
V4
Ve

(1 + 1'1) (al/4 +cl/4 x)

2ial/4 1 2c4x

> 2] -

(_C1/4 d+al/t e) EllipticF [Ar‘cSin [\/

1- 144 _j gl/4 1+ 1/4 | ~1/4
(1-1)a%*eEllipticPi| ( 1>1E‘fd 1/ja ) s Ar‘cSin[\/ ( +1)1Ej +1C/4 X) |, 2] / (a¥* (-c*d+atte) (ic¥*d+at%e)) +
C -a e 21ia +2cC X

dg (al/4—ic1/4x)2\/_ (1—]‘1) (a1/47c1/4x) \/ (1+j1) <a1/4+]-lc1/4x) (a1/4+c1/4x>

ial/4+cl/4x (at/%-1cl4x)?

1+1) (al/4 4 c/éx)

21ial/4+2cl4x

i(ct*d-al%e) EllipticF[Ar‘cSin[\/ ( , 2]+ (1+1) at%e

1-1 1/4d_ s al/4 1 - 1/4 1/4
Ellipticpi[ ( 1) (C 1a e> s AI"CSin[ ( +]l) <a tC X) B 2] / <a1/4e <7C1/4d+a1/4e> (]‘l C1/4d+a1/4 e))
C1/4d*al/4e 2ja1/4+2cl/4x

Problem 408: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\ 17\E+X dx
(1+\/?+X) \/74+4\/?X2+X4

Optimal (type 3, 65leaves, 2 steps):
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(1—\/?+X)2

~34+24/3 ArcTanh |

]

3

3 (73+2\5) \/74+4\/?X2+X4

Result (type 4, 685 leaves):
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1+\/?— 4
(_1+ﬁ+x>2\/2(1+ﬁ)_2(2+\/?)X+(—1+\/?>X2—X3 -1+4/3 +x

3443 +1 /2(2+\/?)

2[211\/?—\/2(%@) +J6(2“/?)] 8

j[lw?ﬂi [2 (243 J+ = J 2 (2+/3) +i[1\/?+7
-1+4/3 +X -1++vV3 +X

J 2(2+ﬁ)fj(1fﬁ+_l+8ﬁ+x) 21 [2(2:v3]

1/4 }’
23/4(2+\/?) 3+\/?+J'1 [2(2+\/?)

EllipticF[ArcSin|

|+

26 W\/ 2(244/3) -i[1-43 8
(—1+\/?+x)2 ~1+4/3 +x
2 2(2+\/?) 2(2+ﬁ) 7]1(17\/?+—1+\8E+x) 21 2(2“/?)
EllipticPi| , ArcSin]| B ] /

/2(2+\E) +j(3+ﬁ) 23/4<2+\/?)1/4 3++/3 +1 /2(2+\E)

8

~1+4/3 +x

[[ 2(2+\/?) +j(3+\/?) \/1+\/?—(2+\/?)X+;(—1+\/?)X2—X23\/—4+4\/?X2+X4\/ 2(2+\/?) -1(1-\/?+
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Problem 409: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\ 1+\/?+X

dx
(1-V3 +x)y/-a-av3 e xt
Optimal (type 3, 63 leaves, 2 steps):
(1+\/?+X)2

1
-=/3+2+/3 ArcTan|
3

]

3 (3+2\/?) Joa-av3 x2ax

Result (type 4, 1137 leaves):

—1+\/?+ 4
. (_1_\/?+x)2 13 \/-24+16ﬁ+(2@-8ﬁ) (1-V3 +x] + (-2+443 ) (1-\/?+x)2+(1-ﬁ+x)3
-3+4/3 —i~/4-2+/3

[1\/\/42\/? +]'].(1+\/?)+L+]i 3\/ 4-2-/3 +i(1+\/?)+L+

~1-4/3 +x PRV
N L e
~1-/3 +x ~1-+/3 +x
8i o1 (23]
2213 mm(uﬁ%i VB | ieivT 12 643 s2faavs T
e ~1-/3 +x
J“JFJW(H
~1-4/3 +x
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J\/4—2\/? i (143) - =2 W

17\E+X 2
1/4 ]’
23/4(2-\/?) 472\/?“1(73“5)

EllipticF[ArcSin[

|+

2\/?\/4,42\/?]1(14—\/?)81\]1‘*( 8 +2(1+\/?>
_1-

~1-4/3 +x \/?4.)()2 ~1-+/3 +x

2+4-2+/3 Arcsin[\/“zl_zﬁ_i(h\/?)_1%+x ] 2+/4-2+/3

Va-243 -i(-3+43 224 2-+3 " 4-23 +i[-3+/3]

EllipticPi]

[mmwwmj(hmw

~1-4/3 +x

2

Js (1433 ) <4 (3433 ) [-1-3 «x)+2 (1473 ) [-1-3/3 +x)?+ © (-1-V3 +x]

\/(48—32\/?—64 (1—ﬁ+x) +324/3 (1—ﬁ+x) £ 24 (1-ﬁ+x)2-

16 /3 (1—\E+x)2—4(1—\5+x)3+4\/? (1—\E+x)3+ (1—\/?+x)4

Problem 410: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J 1-3 +2x o
(1+ﬁ+2x) Jo148+3 x2eaxt

Optimal (type 3, 72leaves, 2 steps):
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(1—\E+2x)2

~34+24/3 ArcTanh |

]

3

2 |3 (73+2ﬁ) Jo144+/3 x2sax

Result (type 4, 623 leaves):
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1+\/?— 4
(—1+\/?+2X)2 13 2x

3443 +1i /2(2+ﬁ)

2[21‘1\/?—\/2(2“/?) +\/6(2”/?)] 8

j[lw?ﬂi [2 (243 J+ s J 2 (2+/3) +j[lﬁ+T
-1++vV3 +2Xx -1++v3 +2X

I A R

1/4 }’
23/4(2+\/?) 3+\E+]’1 l2(2+\5)

4\/?J (2+\/?+2x2 \/ 2(2+\/?) _1[1_\/?+ 8

EllipticF[ArcSin|

|+

—1+\/?+2X)2 ~1++/3 +2x

2 lZ(Z-%—\/?) \/\/2(2+\/?) 7]1(17\/?+-1+\%+2x) 21 2(2+\/?)
[ ]

EllipticPi| , ArcSin T s ] /
2 (23] 1 (3043 2 (2443 33 [2 (203
[[ 2(2+ﬁ) vi 3+\E)J\/2+8\Ex2+8x4\/ 2(2+ﬁ) j[1ﬁ+8
—1+\/?+2X
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Problem 411: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\ 1+\/?+2X

dx
(1-ﬁ+2x)\/-1-4ﬁx2+4x4
Optimal (type 3, 70leaves, 2 steps):
(1+\E+2X)2

1
-=/3+2+/3 ArcTan|
3

]

2 |3 (3+2\/?) Jo1-a+/3 x2iaxt

Result (type 4, 1198 leaves):

“1+4/3 + 4
) (_1_\/?+2x)2 Y J—24+16\/?+(20—8\/?) (1-ﬁ+2x)+(-2+4ﬁ) (1-\/?+2x)2+(1-\/?+2x)3
-3++/3 —i+4-2+/3

[1\/\/42\/? +]']_(1+\/?)+L+i\/?\/\/4—2\/? +Ji(1+\/?)+L +

~1-4/3 +2x PR
N e
-1-3 +2x ~1-4/3 +2x
8i 81(_2+ﬁ)
212i+/3 m+1(1+ﬁ)+—+\/? Civi3 oJ12-6v3 c24/a-2v3 o ——— L,
e -1-+/3 +2x
J“JFJWW
~1-4/3 +2x
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J\/4-2V?-j1(1+\/?)-1‘“+ PV

2

EllipticF [Ar‘cSin [

224 (23 ) 4-273 +i (3443

2\/?\/mj(1+\/?)81\ll+( 8 . 2(1“/?)

~1-+/3 +2x —1—\/?+2X)2 -1-+/3 +2x

2+4-2+/3 Arcsin[\/“zl_zﬁ_i(hﬁ)_1j?ﬁ+zx ] 24-2+/3

Va-243 -i(-3+43 224 2-+3 " 4-23 +i[-3+3

EllipticPi]

1/

[2 [Ja-2va - (3+ﬁ)]ij 1ov3) —2

“1-+/3 +2x

Js (1433 ) <4 (3:3/3) [-1-+/3 +2x) =2 (1443 ) (-1-\/?+2x)2+% (~1-V3 +2x)’

\/(12—8\/?—16 (1-\/?+2x)+8\/?(1-\/?+2x)+6(1-ﬁ+2x)2-

3 1

4\/?(1—\/?+2x>2— (1—\/?+2x)3+\/?(1—\/?+2x o (1—\/?+2x)4

Problem 412: Unable to integrate problem.

f X
J - dx
(d+ex) Va+bx?+cxt

Optimal (type 4, 560 leaves, 8 steps):
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:{, d* - bd2e? aet bd?+2ae?+(2cd’+be?) x?
(ef-dg) ArcTan| = 25 *]  (ef-dg) ArcTanh| r2aet (2cdiubel) x
de/a+bx?+cx* 2+/cd*+bd?e?rae* \/a+bx2+cx‘l

2\/—cd4—e2(bd2+ae2) 2V/cd*+bd?e?1ae?

2 a+b x?+c x* s M x 1 _ b
(\/?df+\/;eg) (\/?H/?x ) | Voo ) EllipticF[2ArcTan| o Is 3 (2 \/?\FH
2 al/4 cl/4 (\/?d2+\5e2> Va+bx?+cx?

2 4 Ve d2i+/a e? 2 1/4
(Ve d-+a e (ef-dg) (Va «Vec %) 2o EllipticPi[( ) , 2ArcTan[ ——~
(Va ++e %)’ aa Ve & e al/*

[4a1/4c1/4de (\/?d2+\/?e2) Ja+rbx?+cx?

Result (type 8, 31 leaves):

s

ool

1
4

f X
J i dx
(d+ex> Vva+bx?+cx?

Problem 413: Unable to integrate problem.

f+rgx
j dx
(d+ex) V-a+bx?+cx?
Optimal (type 4, 527 leaves, 10 steps):

2 s 2+/b%+4

bd? 2aels (2cdibe?) x2 \Vb+/b?+dac g|1+ —2——|EllipticF[ArcTan[ —2eX—], - a—
= } b-+/b%+4ac b-+/b%+4ac

2\/c d*+bd? e2-ae* \/—a+bx2+cx4 by b?+dac

- + +

2+/cd*+bd?e2 - aet

(e f-dg) ArcTanh|

14 2cx?

b2+
—blbiae \/_gibx?+cxt
14 2cx

—

b+ b2+dac

V2 e e

2 2
~b++/b>+4ac (ef—dg) 1+ 2cx 1+ 2cx

b-+vb?+4ac b+vVb2+4dac

— 2 2
SaRCELLL) LSRN 5 S B YT /(2 Ve deaontiext
2cd Jbevbi-aac PbrVbiiaac

EllipticPi|[-
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Result (type 8, 33 leaves):

.F
J +gX x
(d+ex) V-a+bx?+cx?

Test results for the 413 problemsin "1.2.2.4 (f x)*m (d+e x*2)"q (a+b x"2+c x"4)*p.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
JX“ (2+43x%) 4/5+x* dx
Optimal (type 4, 208 leaves, 6 steps):

/ 4
ng5+x4 +£X3x/5+x4 —M+ix5 <6+7x2) A5+ xt o+
21 3

V5 +x2 21
10 5% (V5 +x?) /ﬁ EllipticE[2ArcTan[ X ], 2] 5 54 (214275 ] (V5 +x?) /ﬁ EllipticF [2ArcTan[ 2 ], 2]
5+ x4 21+/5+ x4

Result (type 4, 105leaves):

1 (x (100 +70x? + 50 x* + 49 x® + 6 X5 + 7 x'°)
— +
21 5+ x4

1/4 1/4
210 (-1)** 54 E1lipticE[i ArcSinh| (-1] x|, 1] +10 (-5)%* (-21]1 +2\/?) EllipticF[i ArcSinh]| [-1) x|, -1]
5 5

Problem 16: Result unnecessarily involves imaginary or complex numbers.
sz (2+3x%) 1/5+x* dx

Optimal (type 4, 192 leaves, 5 steps):

/ 4
Ex«/5+x4 Rt LR SN (14 +15x%) 4/5+x* -

7 J5ax2 35

4 514 (\/?+x2) ,(W_?ij;)z EllipticE{ZArcTan[S;‘T}, %] 51/4 (14—5\/?) (\/?+x2) /ﬁ EllipticF[ZAr‘cTan{sf/d], %]

+

V5 + x4 75+ x4




Result (type 4, 101 leaves):

2 4 6 8 1/4
X (2504702 +125x" + 140+ 15%°) (~1)3¥4 51 ElliptithArcSinh[(_l] x], -1] +
35+/5+ x4 >
2 1\1/4
; (-5)Y4 (141 +5+/5 | ELlipticF[i Arcsinh| [_E] x|, -1]

Problem 17: Result unnecessarily involves imaginary or complex numbers.
J(2+3x2) A/ 5+ x* dx

Optimal (type 4, 176 leaves, 4 steps):

V5t 6 514 (V5 4 mﬂlipticﬂ“r”a"[sfﬂ
6xV5+x4 1 o /
- = (10+9X2) \/m—

+ — X

V5 +x? 15 V5 + x4

514 (9225 ) (V5 + ] ﬁ EllipticF[2ArcTan| X ], 7]
34/5+ x4

Result (type 4, 96 leaves):
X (50 +45x? + 10 x* + 9 x°)

15+/5 + x4

1

5 3

Problem 18: Result unnecessarily involves imaginary or complex numbers.
J<2+3X2) V5 + x4

2

dx
X

Optimal (type 4, 171 leaves, 4 steps):

4 s51/4 (\/5 +x2) ¢ E1lipticE[2ArcTan| > ], %]
(foz)\/5+x4 4x/5 ¢ x4 (V5 +x2) 54 2
- +

1/4
-6 (-1)**5Y* E1lipticE[i ArcSinh| (-—] x|, ~1] + 2 (~5)v/4 (94 -2+/5 ) EllipticF i Ar‘cSinh[(

X N V5 o+ x4
514 (2415 ) (V5 + %) (gf;)z EllipticF [2 ArcTan[ 2], 7]

V5 + x4

1.2.2 Quartic.nb | 305

S



306 | 1.2.2 Quartic.nb

Result (type 4, 108 leaves):

1/4
— 1 [1esx-2xtixt-a (-1)¥*5Y4 x5+ x4 EllipticE[jAr‘cSinh[(—l) x|, -1] -
x5+ x4 5
1/4
2 (-5)Y% (25 +/5 | x\/5+x* EllipticF[i ArcSinh| [-1] x|, -1})
5

Problem 19: Result unnecessarily involves imaginary or complex numbers.
J(2+3x2) V54 x4

dx

x4

Optimal (type 4, 192 leaves, 5steps):
6V5+x%  (2-9x%) V54x 6x/5+xt
- - +

X 3x3 V5 4 x?
6 5l/4 (\/?+x2) (\ﬁiTZ) E111pt1cE{2Ar‘cTan[ }, %] (2+9\/?) (\/?erz) (V;TZ) E111pt1cF[2Ar‘cTan{ ], ﬂ
+
A5+ x4 3. 51/44/5 x4

Result (type 4, 98 leaves):

1 5(1e+45x2+2x4+9x6)
15 x3 /5 + x4

141/4 1\1/4
_) x|, -1] +2 (-5)1/* (451‘1—2\/?) EllipticF[JiAr‘cSinh[(——] x|, —1}]

90 (-1)** 54 EllipticE[i ArcSinh| (—
5 5

Problem 27: Result unnecessarily involves imaginary or complex numbers.
Jx“ (2+3x%) <5+x4)3/2d1x

Optimal (type 4, 235 leaves, 7 steps):

10x° (78 + 77 x2) /5 + x*
200 \/?+_x\/7 300 x /5 + x4 . x> (78 +77 x*) V5 +x 1

+——x° (26+33x%) (5+x*) 7%+
13 (V5 + ) 1001 143
300 51/4 (\/?+x2) (;7) E111pt1cE[2Ar‘cTan[ ], ﬂ 59  5l/4 (231+26 \/?) (\/?+x2) 5 E111pt1cF{2Ar'cTan[
5 +x2

/)

13+/5+ x4 1001 /5 + x*
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Result (type 4, 115leaves):
1 (x (13000 +7700 X + 11050 x* + 11165 X° + 2600 X® + 3080 x° + 182 x'2 + 231 x'*)

+

1001 oy
1\1/4 1\1/4
23100 (-1)>* 54 EllipticE[i ArcSinh| [_7) x|, -1] + 100 (-5)Y* (-231]1 +26 \/?) EllipticF[i ArcSinh] [_7) x|, -1]]
5 5
Problem 28: Result unnecessarily involves imaginary or complex numbers.
JXZ (2+3%%) <5+x4)3/2dlx
Optimal (type 4, 219leaves, 6 steps):
300 40x+/5+x% 2
x5t s 2N 2 s (154 + 135 x%) /5 + x* P e (22+27x%) (5+x4)%% -
77 3 (ﬁﬂ(z) 231 99
1/4 2 5.x4 s X 1 1/4 B 2 54x? s o4s X 1
46 514 (/5 1) /W;Xz)z Elliptick[2ArcTan[ X ], 2] 16 5¥% (154-45/5 | (/5 +x?) oy EllipticF [2ArcTan| X ], 3]
+
35+ x* 2315+ x*
Result (type 4, 110leaves):
1 (X (13500 + 8470 x? + 11475 x* + 2464 x° + 2700 x® + 154 x'® + 189 x'2)
693 V5 4 x4
1\1/4 1\1/4
9240 (-1)** 54 EllipticE[i ArcSinh | (_7) x|, -1] +60 (-5)/* (1541 +45 \/?) EllipticF[i ArcSinh| (-f) x|, -1]]
5 5

Problem 29: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2) (5+x%)>2 ax

Optimal (type 4, 197 leaves, 5steps):
NG
WxN5+x 2, (10+7x%) y/5+x* + 1y (6+7x2) (5+x4)32-

N 7 21
[, 3] 10 5v4 (725 ) (V5 ) /ﬁ EllipticF[2ArcTan| X,

|

V5 + x4 75+ x4

]3]
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Result (type 4, 106 leaves):
X (450 + 385 x2 + 120 x* + 112 x° + 6 x® + 7 x'9)

21+/5 + x4
1\1/4 20 1\1/4
20 (-1)%* 5V EllipticE[i Ar‘cSinh[(—f) x], ~1] + = (-5)Y4 (74 -2+/5 | EllipticF[i ArcSinh| (_7] x|, -1]
5 7 5
Problem 30: Result unnecessarily involves imaginary or complex numbers.
2+3x%) (5+x%)°?
J( +3x%) (5+x%) i
XZ
Optimal (type 4, 199 leaves, 5 steps):
5+ X 14 -3 x2) (5+x4)%?
R g L AL
A5 +x2 35 7 x
24 51% (/5 4 x2) /ﬁ Elliptice[2ArcTan[ ], 2] 6 57% (14+5/5 | (/5 +x?) /W-;i;) EllipticF[2ArcTan[ ], 3]
+
V5 Xt 75+ x*
Result (type 4, 125leaves):
L [ 1750+ 1125 x* - 280 x* + 308 X6 + 14 x* + 15 x2®
35x V5 + x4
1/4 1/4
840 (-1)°>*5%4x /5 +x* EllipticE[i ArcSinh| (71) x|, -1] +60 (-5)/* (14]175\/?) x+/5+x* EllipticF|i ArcSinh| [71) x|, 1]]
5 5
Problem 31: Result unnecessarily involves imaginary or complex numbers.
2+3x%) (5+x%)°?
J( + X) ( +X) dx
X4
Optimal (type 4, 201 leaves, 5 steps):
2 (27-2x2)/5+x*  36x/5+x*  (16-9x%) (5+x4)7?
. . . .
3x 5 +x2 15 x3
36 514 (V5 4 x2) ﬁ Elliptice[2ArcTan[ 2], 2] 2 5%% (27+2+/5 ] (/5 + 2] (v;ixx) EllipticF[2ArcTan[ ], 3]

+

V5 + x* 3+/54+x*
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Result (type 4, 124 leaves):
1

15 x3 /5 + x*
1/4
20 (-5)1/4 (27 i -2\/?) x3/5+x* EllipticF[i Arcslnh[( )

1\1/4
~250 - 1125 x? - 180 x° + 10 x® + 9 x*° - 540 (-1)°>/* 5143 \[5 + x* EllipticE[i Ar‘cSinh[(—f] x|, -1] +
5

Problem 39: Result unnecessarily involves imaginary or complex numbers.

x4 (2+3x2)
Jidlx
V5 + x4

Optimal (type 4, 185leaves, 5steps):

g i/ (\/?+x2) S .- ElllptlcE[zArcTan[ <1 3]
Xx+/5+x* 3.54+x* 9X V5 xt (E”Z) 2
— + + + + B
N V5 + x4
51/4 (27+2\/?) (\/?+x2) . E111pt1cF[2Ar'cTan[ }, 2]
(\/7+X2) 2
6/5+ x4

Result (type 4, 96 leaves):

1)1/4x], 1]

9 (-1)3* 54 EllipticE[i ArcSinh| (_
5

50 + 45 x? + 10 x* + 9 x° 1/4
1 (x[50+45% 10" +9x) +5(-5)1* (-27:425 | EllipticF[jArcSinh[[—l) x],l])
15 V5 X 5

Problem 40: Result unnecessarily involves imaginary or complex numbers.

x2 (2+3x2)
Jidlx
V5 + x4

Optimal (type 4, 166 leaves, 4 steps):
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5+x* . . 1
I 2 54 (V?H(z) li(ﬁ:z)z EllipticE[2ArcTan| 7], -]
xA/5+ x4+ - +
\/?-%—XZ /5 + x4
514 (2-+/5 ] (V5 ) (gf;)z EllipticF [2ArcTan[ X ], 7]
25+ x4
Result (type 4, 71 leaves):
1/4 1/4
x~/5+x* -2 (~1)** 54 E1lipticE [i ArcSinh| (—1] x|, 1] + (-5)¥* (211 +/5 | ELlipticF [ ArcSinh| {-1) x|, -1]
5 5

Problem 41: Result unnecessarily involves imaginary or complex numbers.

2+3x2
J dx
V54 x4
Optimal (type 4, 155leaves, 3 steps):

I — 3 5l/4 (\/?+x2)\/EEllipticE[ZAr‘cTan[j}, i] (2+3€) (V?H@) (\/;f;)z EllipticF[ZAr‘cTan[SfT], i}

.
N NG 2 5145 x4
Result (type 4, 62 leaves):
14\1/4 1)\1/4 1\1/4
[——J (—3 i+/5 EllipticE[i ArcSinh| [——J x|, -1] + (—2+3 i \/?) EllipticF[i ArcSinh| [——] x|, —1})
5 5 5

Problem 42: Result unnecessarily involves imaginary or complex numbers.
2+3x2
Ji dx
x2 /5 + x4

Optimal (type 4, 173 leaves, 4 steps):
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2 (Vs +x?) [ EllipticE[2ArcTan[ > ], 1]
24/5 + x4 2x/5+ x4 (V5 ) °
- + - +
Sx 5 (V5 0] $56 5
(24375 (V5 +x) (giz)z EllipticF[2ArcTan[ > ], 2]
2 5345 x4
Result (type 4, 81 leaves):
1 24/5 4 1/4 1/4
S-S 5 (1)¥4 54 EllipticE |1 ArcSinh| (-1] x], =1] - (-5)¥* (21 +3/5 | EllipticF[i ArcSinh| (-1) x], -1]]
5 x 5 5
Problem 43: Result unnecessarily involves imaginary or complex numbers.
2+3x2
Ji dx
x4 /5 + x4
Optimal (type 4, 189 leaves, 5steps):
3 (\/?erz) 5*7"42 EllipticE[ZAr‘cTan[ﬁ], ﬂ
2/5+ x4 34/5+ x4 3x/5+x4 (ﬁmz) 51/
_ _ N _ .
15 x3 5 X 5 (\/?erz) 53/4 /5 1 x4
5+x* . . X 1
(279\/?) (\/?erz) ,7(\/?+x2)2 E111pt1cF[2Ar'cTan[51/,4], 2]
30 51/44/54+ x*
Result (type 4, 97 leaves):
1 [ 5(10+45x%+2x*+9x°)
75 X35+ x4
1\1/4 1)\1/4
45 (~1)*/4 514 EllipticE[i Ar‘cSinh[(——) x], 1] + (-5)* (451 + 25 | EllipticF[i ArcSinh| (-—] x], -1]]
5 5

Problem 50: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ (2+3x2)

<5+X4)3/2
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Optimal (type 4, 196 leaves, 5steps):

< > 9 5l/4 (\EJer) mEllipticE[ZAr‘cTan[;J, i]
x? (15-2x%) 1 Joox 9x /5 + x4 c :
-— 5+ x*

- +

X+
105+ x* 5 2(\/?+X2) 25+ x4

(2495 ) (V5 +x) /W-‘;_ixx)z EllipticF[2ArcTan| X ], 7]
4 5445, x4
Result (type 4, 85 leaves):

5x (2+3x2 1/4 1/4
ENRLICLELS NP (~1)3* 54 E1lipticE [i ArcSinh]| (-1] x], 1] + (-5)%/* (451 -2/5 | ELlipticF [i ArcSinh [-EJ x], -1])
10 V5 xt 5 >

Problem 51: Result unnecessarily involves imaginary or complex numbers.
X2 (2+3x2)
Ji dx
(5 x2) 2
Optimal (type 4, 177 leaves, 4 steps):
(\/?erz) 5*7’(42 EllipticE[ZAr‘cTan[ﬁ}, l]
X (15—2x2) x /5 1 x4 (V5 | 5/ 2
. . . .
18/5x" 5 (/5 ] 53/4 /5 x4
5+x4 P X 1
(273\5) (\Eerz) IW E111pt1cF[2Ar'cTan[517], 5]
4 5344/5 4 x4
Result (type 4, 85 leaves):
-15+2 2 1/4 1/4
1 (xfase2d) (~1)3* 54 E1lipticE [i ArcSinh| (-1] x], 1] - (-5)¥* (21 +3+/5 | EllipticF [+ ArcSinh[(—l) x|, -1]
10| JVsixt 5 5

Problem 52: Result unnecessarily involves imaginary or complex numbers.
2+ 3x?
J; dx
(5+X4>3/2

Optimal (type 4, 180leaves, 4 steps):
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3 (\/?erz) —2C — EllipticE[2ArcTan[ -], %]
X (2+3X2> 3x/5 + x4 (ﬁ+x2) 51/4 2
_ + *
105+ x" 16 (/5 +x) 2 5454 x
(2,3\5) (\Eﬂ(z) ?j;)z EllipticF[2ArcTan[ 2], 7

20 5Y4+/5 o x*
Result (type 4, 86 leaves):

5x (2+3x? 1/4 1/4
EN LG LI (-1)3* 54 E1lipticE i ArcSinh | (-1) x], 1] = (=5)¥* (151 + 25 | EllipticF[i ArcSinh| (-5} x], -1]]
50 | /55t 5 5

Problem 53: Result unnecessarily involves imaginary or complex numbers.
2+3x2
J; dx
x2 (5+x4)%/?
Optimal (type 4, 196 leaves, 5 steps):

3 (\/?J,XZ) — 5 EllipticE[2ArcTan| ], i]
2032 35 3x5oxt Vs <] >
10 x5+ x* 25 x 25 (ﬁMZ) 5 53/44/54 x4

3 (2+\/?) (\/?+x2) lﬁ EllipticF[ZAr‘cTan{Sf/A], i]

20 5344/5 x4
Result (type 4, 108 leaves):

1/4
1 e 1sx?e6xte6 (-1)%* 514 x5+ x* EllipticE[iAr‘cSinh[(—l] x|, -1] +
50 x \/5 + x* 5
1/4
3 (-5)1/4 (—21’1 +\/?> x+/5+x* EllipticF[i Ar‘cSinh[(—l) x|, —1]]
5

Problem 54: Result unnecessarily involves imaginary or complex numbers.

2+3x2
J4d1x
x4 (5+x4)3/2
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Optimal (type 4, 214 leaves, 6 steps):
2+3x2 V5+x*  9/5+x*  9x/5+x
10x3\/5+x* 15X 56 x 50 (/5 +x?)

o (V5 +x2) ,(rzixi)z Elliptick[2ArcTan[ X ], 3] (27-2+/5 ) (V5 + 2] /(r-‘;ii)z E1lipticF [2 ArcTan | X,

+

10 5%4+/5 4+ x* 60 53/4+/5 x4
Result (type 4, 119leaves):
1(20+90x2+10x4+27x6+27 (-1)>*5Y4x3/5+x* EllipticE[i ArcSinh| (1]1/4@, -1] -
150 x3 /5 + x* 5
(-5)V4 (271 +2+/5 | x?4/5+x* ELlipticF[i ArcSinh| [-i]m x|, -1})

Problem 56: Result more than twice size of optimal antiderivative.

st (d+ex2) (1+2x2+x4)5d1x

Optimal (type 1, 63 leaves, 4 steps):

1 1 1 1
— (d- 1+x3)? - = (2d-3 1+x3) 21 = (d-3 1+x3) B e (1+x2)*
= (a-e) (1)t L 2a-3e) (100) 0 = (d-3e) [10)7 0 e [10x)

Result (type 1, 153 leaves):

6
dx +l<10d+e>xs+l(9d+2e>xle+
6 8 2

(8d+3e) X12+1£ <7d+4e) X14+21

— (6d+5e> xte 4
7 8

H |

e X28

Z (5d+6e) X18+i (4d+7e) X29+1j <3d+8e) X22+i (2d+9e) X24+i <d+10e) x2° ¢
3 2 22 24 26 28

Problem 58: Result more than twice size of optimal antiderivative.

Jx3 (d+ex2) (1+2x2+x4)5d1x

Optimal (type 1, 45leaves, 4 steps):

1 1 1
S (d-e) (1) s = (d-2e) (1+x3)P s —e (1+x2)8
2 (ame) (1ox) e 2 (a2e) (1en) 7 Lo (1)

Result (type 1, 151 leaves):
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4
dx +1<10d+e) X6+E(9d+2e> X8+i(8d+3e) x19+5(7d+4e) X12+3(6d+5e> x4 4
4 6 8 2 2
26
E<5d+6e)x16+5<4d+7e)x18+§<3d+8€)xze+i(2d+9e>x22+l<d+10e>x24+ex
8 3 4 22 24 26
Problem 60: Result more than twice size of optimal antiderivative.
Jx (d+ex?) (1+2x2+x4)5d1x
Optimal (type 1, 29leaves, 4 steps):
1 1
—(d-e) (1+x2)" s e (1+x2)?
o ldee] (103) e e (1)
Result (type 1, 149leaves):
2
dx +1<10d+e) x4+5(9d+2e> X6+E(8d+3e> X8+3(7d+4e> X10+Z(6d+5e> xt2 4
2 4 6 8 2
24
3(5d+6e)x14+E(4d+7e)x16+5(3d+8e)x18+1(2d+9e)x29+i(d+1ee)x22+ex
8 6 4 22 24

Problem 66: Result more than twice size of optimal antiderivative.

st (1+x2> (1+2x2+x4>5d1x

Optimal (type 1, 34 leaves, 4 steps):

1 1 1
— N1 2\12 = 1 2y13  + 1 2\ 14
24(+x) 13(+x) +28(+x)

Result (type 1, 85leaves):
x6  11x® 11x* 55x12 165x¥* 231x16 77x¥® 33x*® 15x?2 55x%* 11x%*® x*®
- +

+ + + + + + + + + + —

6 8 2 4 7 8 3 2 2 24 26 28

Problem 68: Result more than twice size of optimal antiderivative.
Jx3 (1+x%) (1+2x2+x4>5d1x

Optimal (type 1, 23 leaves, 4 steps):

1 1
- = (1 2\12 & 1 2\ 13
24( + %) +26( +x2)
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Result (type 1, 83 leaves):

x4 11x® 55x8 33x%® 55x12 14 231x¥ 55x¥  33x2 5x22 11x2 x2
— + + + + +33 X+ + + + + + —

4 6 8 2 2 8 3 4 2 24 26

Problem 151: Result unnecessarily involves imaginary or complex numbers.
JX“ (2+43x%) 4/3+5x%+x* dx

Optimal (type 4, 322 leaves, 6 steps):

1924 x |5 + \ 13 +2X2 13 26 1 1
- ( )+X\/3+5X2+X4—X3x/3+5X2+X4+X5(11+7X2)x/3+5X2+X4+
35 21

105+/3 + 5x2 + x4 3 o
962 3(5+\/H) 6+ (5-V13 | x2 6+ (5+V13 ) x| EllipticE|ArcTan| 1(5+\/§) X]:l(—13+5\/§)]_
3 6+(5+\/§) X2 . ;
13 ?(ig)xz (6+(5+v§) XZ) E1lipticF [ArcTan| §(5+\/§) x],§(713+5\/§)]

6(5+\/§) V3 +5x2+x4

Result (type 4, 237 leaves):

1

210 V/3 +5x%x2 + x*

2730 X + 4082 x> + 460 X° + 604 X’ + 460 x° + 70 X! -

-5+4/13 - 2x? 2 19 5+/13
192412 (-5+13 ) \/+—X \/5++/13 +2x% EllipticE[i ArcSinh| | —— x], —+ ]+

-5+4/13 5++/13 6 6

~5+4/13 -2x? 2 19 5413
1312 (-635+14813 | \/H( \/5+/13 +2x? EllipticF[iArcSinh[ | ——— x|, —« ]

-5++/13 5++/13 6 6

Problem 152: Result unnecessarily involves imaginary or complex numbers.

sz (2+3x2) A/3+5x%x%+x* dx
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Optimal (type 4, 305 leaves, 5steps):

1247x (5413 +2x2] 4 1 :
- = xa/345x7 x4 —x? (29+15%%) /345X +x* -

210+/3 +5x2 + x4 3 35 210+/3+5x2 + x4

1247 §(5+\/§) 6+ (5++/13 ) x?| EllipticE[ArcTan| |~ (54413 ) x], = (-13+513|] +

|
|-

+(5+\/§) x2

2 5 )Xz o 1 1
6+ (5++/13 ) x| EllipticF [ArcTan| |~ (54413 | x], = (-13+5+/13 ]
V3+5x2 1 X 3 5+ 13 5+ 13)x2 6 6
Result (type 4, 234 leaves):
! 4x (-420-439 x> + 430 x* + 312 x° + 45 x%) +
420+/3 +5x2 + x4

~5+4/13 -2%? 2 19 5413
1247 i\/2 [-5+/13 222 22X 5. 4/13 +2x2 EllipticE[i ArcSinh| x|, =+ ] -
+/13 5.++/13 6 6

S544/13 - 2x%? 2 19 5+/13
i+/2 (—5395+1247 \/13) 2EVEE 2EX 513 42%? E1lipticF[i ArcSinh| x|, —+ ]
54413 5.+/13 6 6

Problem 153: Result unnecessarily involves imaginary or complex numbers.
J(2+3x2) \/3+5x%+x* dx

Optimal (type 4, 279 leaves, 4 steps):
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23x (54413 +2x2) 4 1
- +fx(25+9x2)\13+5x2+x4+

153 +5x2 + x* 15 153 +5x2 + x4

23 |1 (5+13) 6+ [5+/13 ) x*| ElipticE [ArcTan| : (513 x], : (-13+513 )] +
6 6 + (5+\/§) x2 6 6
6+(5-1/13 | x2 .. 1 1
i) 2 6+ [5+/13 ) »?| EllipticF [ArcTan| [ (54413 ) x], ¥ (-13+5/13 ]
6(5+\/13) V3+5x%x%+x
Result (type 4, 229 leaves):
1
30V3+5x2+ x4
_ ~/ _ 2
2x (75+152x2+70x* +9x°) -231+/2 (75+\/13) S S Errewr EllipticE[i ArcSinh| 2
_5.+/13 5++/13

~5+4/13 -2x? 2 19 5413
V2 (-130+23V13 ) | " 454413 2% EllipticF[i ArcSinh| x|, =+ ]
-5++/13 5++/13 6 6

Problem 154: Result unnecessarily involves imaginary or complex numbers.
J<2+3X2) V3+5x2+x4

2

dx
X

Optimal (type 4, 284 leaves, 4 steps):

19
— +

5413
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9X(5+\/13 +2X2) <2,X2)«/3+5X2+X4 1
24/3+5x%x%+ x4 X 243+5x%x2+x4

6+(5—x/§) x2
6+<5+\/§) x2

3 §(5+\/§) 6+ (5+/13 ) x?| EllipticE [ArcTan| | = (5413 ) x], = (-13+5V/13 | ] +

o |k
o |,

5 V13 | x2
2 ) 6+ (5++/13 ) x?) EllipticF [ArcTan| : (5+/13) x], : (-13+513 )]
\/3+5x2+x4 3 (5+13 ) (5+13 ] x2 6 6
Result (type 4, 231 leaves):
1
4xV3+5x%+x4
_ A/ _ 2 A/
4 (-6-7x*+3x"+x%) +9iV2 (-54/13 ) x 22rNA3 22X 5 /13 .2 EllipticE[: Arcsinh| 2, 22
+1/13 5+4/13 6 6

-5+4/13 -2x? 2 19 5+/13
V2 (-1349413 | x | =S50 54413 +2x2 ELLipticF [ ArcSinh| x|, =+ ]
+413 5++13 6 6

Problem 155: Result unnecessarily involves imaginary or complex numbers.
J(2+3X2) V3+5x2+x4

4

dx
X

Optimal (type 4, 305leaves, 5steps):



320 | 1.2.2 Quartic.nb

32x (5413 +2%)  ga3iExaxt (2-9%) V35X x| 1
9/3+5x% + x* 9x 33 9/3+5x2 + x*
16 E(SM/E) 6 [s-v13) % 6+ [5+/13 ) x*| ElipticE [ArcTan| l(5+\/F) x|,
3 6+(5+\/§)X2 6
49 ?(zg)xz 6+ (5++/13 ) »?] EllipticF [ArcTan[ [ 1 (54413 ) x], ¥ (-13+5/13 ]
+(5+ X

3 6(5+\/§) V3 +5x2+x4

Result (type 4, 237 leaves):
1

18 x3 V3 +5x2+x*

-5+4/13 - 2x2 2
-2 (18 +141x% + 191 x* + 37 x%) +32i /2 (75“/13 ) x3\/+ \/5++/13 +2x* EllipticE|i ArcSinh| | ————

|

(—13+5\/§H+

~5++/13 5+13
~5+4/13 -2x? 2 19 5413
V2 (-1343213 | ¢ | 50 54413 +2x? EllipticF [i Arcsinh[ | —"— x], — 4 ]
-5++/13 5++/13 6 6

Problem 163: Result unnecessarily involves imaginary or complex numbers.

Jx“ (2+3x2) <3+5x2+x4)3/2d1x

Optimal (type 4, 356 leaves, 7 steps):

19
— 4+

5413
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176723 x (54413 +2X2| 4210 — 1251 .
S f3esxtax T 35Xt -

4290/3 +5x2 + x4 429 715

1 5 2 2 4 1 5 2 2 4\3/2 1

—x (283+272x)x/3+5x +x* ¢ — X (71+33x)(3+5x +x) -

429 143 42903 + 5x% + x*

6+(5—\/§) NG

176723 1(5+\/§) 6+ [5++/13 ) x*| EllipticE [ArcTan| l(5+\/§) x},l(—13+5\/§)]+

6 6+(5+\/§) x? 6 6

! 2105 2 6+(5_\/§) < (6+(5+\/§) xz) EllipticF[Ar‘cTan[ 1(5+\/§) x}, 1(—13+5\/§)]
143/3+5x2 + x* 3(5+V13) 6+ (54713 ) 6 6

Result (type 4, 249leaves):

1
4 x (—63 150 - 93991 x? + 3055 x* + 29003 x° + 39650 x® + 24635 x*° + 6015 x*2 + 495 x14) +
8580 /3 +5x2 + x4
-5+4/13 -2x2 2 19 5+/13
17672312 (-5+44/13 ) | " 1/5+/13 +2x* EllipticE[iArcSinh[ | ——— x], —+ ] -
-5+4/13 5+4/13 6 6

-5++/13 5+413 6 6

-5+4/13 -2%? 2 19 5413
iV/2 (-757315+176723/13 J+ \/5+/13 +2x? EllipticF[iArcSinh|[ | ——— x|, —« ]

Problem 164: Result unnecessarily involves imaginary or complex numbers.

JXZ (2+3x2) <3+5x2+x4)3/2d1x

Optimal (type 4, 331 leaves, 6 steps):
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49949 (5+V13 +2x¢| 353 3 (911:890x2) V315X x* 1 2 1
- + XA/3+5x%+x* - y—x3 (67+27X2> <3+5X2+X4) +
34654/3 +5x2 + x4 99 1155 99 3465/3+5x2 + x4

49949 (5+\/§)

(6 + (5 + \/H) xz) EllipticE [ArcTan|

Q|
[N

6+(5+\/§)x2 (5+\/H) X]Ji(—13+5\/§)}—

353 | SlVE]X (6+

6+ (5+\/F) x?

5+/13 | x2) ELlipticF [ArcTan[ |1 (54713 ) x|, L (-13+5/13 )]

33 |6 (5+\/§) V3+5x2+x

Result (type 4, 244 leaves):

1
2% (37065+74681 X2 + 69535 x* + 84962 x® + 50075 x® + 11795 x*° + 945 x12) -
6930 V3 +5x2 + x4
-5+4/13 -2x? 2 19 5+/13
49949 i V2 (-5+/13 ) | " 454413 +25* EllipticE[iArcSinh|[ | ——— x|, —+ ]+
54413 5.y13 6 6

~5+/13 -2x? 2 19 5413
12 (-212680+49949 V13 | | " 4[5+ 4/13 + 2% EllipticF[i ArcSinh[ | ——— x|, —+ ]
-5+4/13 5+4/13 6 6

Problem 165: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2) (3+5x2+x4)>?ax

Optimal (type 4, 308 leaves, 5 steps):
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203 x [5+4/13 +2x?
( )—1x(5+12x2)\/m+1x(3+x2) (3+5x%+x%)%2 - 1
3@m 15 3 30m
6+ (5-+/13 | x2
203 1(5+\/13) | ) 6+ (5++/13 ) x?) EllipticE[ArcTan| l(5+\/§) X}:l(—13+5\/§)]+
6 P .

6+(5+\/§) x2

2 (5-13 ] x2 1 1
) 6+ (5++/13 ) x| EllipticF [ArcTan| | = (54413 | x], = (-13+5/13 ]
\/3+5x2+x4 3 5+ 13 5+\/ )xz 6 6
Result (type 4, 239 leaves):
1
4x (120 + 434 x> + 550 x* + 293 x® + 65 x® + 5 x*°) +
603 +5x%+x*
-5++13 -2x? 2 19 5+/13
20312 [-5+/13| 222 22 54 4/13 +2x2 EllipticE[i ArcSinh| x|, =+ ] -
-5++/13 5++/13 6 6
-5++/13 -2x2 2 19 5+/13
iV2 (-715+203/13 ) 2V22 22X 5. 4/13 +2x2 EllipticF[iArcSinh| x|, =+ ]
-5+4/13 5+4/13 6 6

Problem 166: Result unnecessarily involves imaginary or complex numbers.

dx

2+3x2) (3+5x2+x4)%?
J( ) | )

x2

Optimal (type 4, 312leaves, 5steps):
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412x(5+x/13 +2x2) 1 (14-3%2) (3+5x2+x4)*? 1
+—x(655+129x2) A/3+5x%+x* - -
354/3+5x2+ x4 35 7 X 353 +5x2+ x4

6+(5—x/§) x2
6+(5+\/§) x2

206

2(5+\/§) (6+ (5++13 ] x?) ELLipticE [ArcTan| %(sﬁ/ﬁ) x], = (-13+5v13 )] +

Q|

3 5 V1 )
(6+ (5 +/13 ) xz) EllipticF[ArcTan|
) «

\/3+5x2+x4 2 5+\/1 6+ )

|

(5+4/13) x], = [-13-5713 ]

Result (type 4, 235leaves):

1

70xV3+5x2+x4

-1260 + 3884 x* + 2130 x® + 418 x® + 30 x%° +

-5+4/13 -2x2 2 19 5+/13
222 2R s V13 s 2 EllipticE[iArcSinh|[ | ——— x|, —+ ]

4121\/7(-5+m)xJ
-5+4/13 5+4/13 6 6

~5+4/13 -2%? 2 19 5413
V2 (-65+412V13 | x | "7 \544/13 + 2 EllipticF[iArcSinh| | —— x], ~+ ]
~5++/13 5+1/13 6 6

Problem 167: Result unnecessarily involves imaginary or complex numbers.

2+3x2) (3+5x2+x4)%?
J(+x)(+x+x) i

x4

Optimal (type 4, 314 leaves, 5steps):
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949X(5+V13+2X2) 13 (24-5x%) V3+5x2 +x*  (10-9x2) (3+5x%+x*)>? 1
303+ 5x% + x4 15 x 15 x3 303552 x4

6+(5—x/§) x2
6+(5+\/§) x2

949 §(5+\/§) (6+(5+\/§)x2)EllipticE[ArcTan[ (5+\/§) x], (-13+5\/§)]+

|
| =

5 6+5v_)
6+ +4/13 ) x

(6+ (5 \/H) xz) EllipticF[ArcTan|
\/3+5x2+x4 3 5+\/§ )

SECRREE I MR ECREREER)

6

Result (type 4, 247 leaves):

1

60 x3 3 +5x%+x*

4 (79071155 x% - 1405 x* + 192 x® + 145 x® +9x1°) +

-5+4/13 -2x? 2 19 5+/13
949i\/2 [-5+13 | x3\/+—x \/5++/13 +2x2 EllipticE[i ArcSinh] x], e ] -
-5++13 5++413

54+4/13 -2 2 19 513
13572 (-65+73V13 | ¢ | "0 \[544/13 +2x? ELlipticF[i ArcSinh| x|, =+ ]
PN sz 6 6

Problem 168: Result unnecessarily involves imaginary or complex numbers.

2 2, y4)3/2
J<2+3X) (3+5x%+x%) i
X6

Optimal (type 4, 331 leaves, 6 steps):
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361X(5+‘V13 +2X2) 722/3+5x2+ x5 (40-87x%) V3+5x2+xt  (2-5x) (3+5x2+x4)? 1
15V3+5x%+x* 15x 53 5x° 153+ 5x2 + X%
6+ (5-V13 | x?
361 3(5”/?) ( ) (5+(5+\/§) xz) E1lipticE [ArcTan | l(5+x/§) x], 1(-13+5\/§)]+
6 6+ (5+V13 ] x2 6 6

6+(5-4/13 | x?
103 X (6+

6+ (5+\/F) x?

5+/13 | x2) ELlipticF [ArcTan[ |1 (54713 ) x|, L (-13+5/13 )]

6

5“/13) V3+5x2+ x4

Result (type 4, 244 leaves):

1
30x°V3+5x2+x4

-108 - 810 x> - 3438 x* - 4040 x® - 634 x5 + 30 x1@ +

-5+4/13 - 2x? 2 19 5+/13
3611 V2 (-5+/13 ] x5\/+— \/5++/13 +2x* EllipticE[i ArcSinh| | —— x], ot e ] -
-5++/13 5+ /13

~5+4/13 -2x? 2 19 5413
i2 (-260+36113 | x* | "= \[5+4/13 +2x® EllipticF[iArcSinh| | —— x|, —+ ]
-5++/13 5+ /13 6 6

Problem 176: Result unnecessarily involves imaginary or complex numbers.

j x4 (A+Bx2)
Va+bx?+cx?

dx

Optimal (type 4, 403 leaves, 5 steps):
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(4bB—5Ac)X\/a+bx2+cx4 Bx3+v/a+bx2+cxt (SbZB—leAbc—9ch)X\/a+bx2+cx4 1
_ . . _
15¢? 5¢ 15 c>/2 (\E+\Ex2) 15 ct/4Ja+bx?+cx?
a+bx?+cxt 4%, 1 b 1
a'/* (8b*B-16Abc-9aBc) (\/?+\/?x2) Ao Rrtr EllipticE[2ArcTan]| 1, =12~ J} +
(\/?+V?x2)2 at/t 4 Va Ve 30ct/4a+bx?+coxt
a+bx?+cx? ay 1 b
at/* (8b2B-10Abc-9aBc+va o (4bB-5Ac)| (Va +ve x?) |~ EllipticF[2ArcTan[ ], ~ 2]]
(\/a—+\/?xz) at/ 4 Va Ve
Result (type 4, 532 leaves):
1
60c3 | ——— “Ja+bxZ+cx*
b+v/b%*-4ac
c b+vb2-4ac +2cx?
4c¢ —x(—4bB+5Ac+38cx2) (a+bx2+cx4)+i(szB—leAbc—Qch) [—b+xlb2—4ac] : :
b+vb2-4ac b+vb2-4ac
2b-2+vVb%2-4ac +4cx? c b+vb2-4ac
* EllipticE[JiAr‘cSinh{\/T x|, * ] -
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+vVb2-4ac +2cx?
Ji(—8b3B+bc[17aB—10Ax/b2—4ac]+2b2 (5Ac+4Bx/b2—4ac)—ac(lOAc+9Bx/b2—4ac]) ’ ’
b+vVb2-4ac
2b-2+vb%2-4ac +4cx? c b+vVb2-4ac
* EllipticF[ler‘cSinh[\/? X/, * ]
b-+vb?-4ac b+vVb2-4ac b-+vb%*-4ac

Problem 177: Result unnecessarily involves imaginary or complex numbers.

x? (A+Bx?)
J—dlx
Va+bx?+cxt

Optimal (type 4, 336 leaves, 4 steps):
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BxvVa+bx2+cx* (2bB-3Ac)xVa+bx?+cxt
N

3c 3 ¢c3/2 (\/?MEXZ)
a4 (2bB-3Ac) (Va +Vc % /ﬁ EllipticE[2ArcTan[< 2], 2 (2- ﬁbﬁ)} )
3c74Va+bx2+cxt 6c’*Va+rbx2+cxt
a+bx?+cx* L Vax. 1 b
al/4 (2bB+\/?B\/?—3Ac) (\/?+V?x2) ———————— EllipticF[2ArcTan]| 1, = 2—7]]
(Va + e )’ e a7 e

Result (type 4, 479 leaves):

1
12¢c?2 | —— “Ja+bx?+cx?
b+v/b%-4ac

C b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
4Bc —x(a+bx2+cx4)—j(2bB—3Ac) (—b+ b2—4ac] * - -
b+Vb2-4ac b+Vb2-4ac b-+Vb2-4ac

c b+vVb?-4ac
EllipticE[i ArcSinh[v2 |————— x|, — ] +i (—szB+3Abc+2ch+2bB«/b2—4ac —3ACx/b2—4ac]
b++vb%®-4ac b-vb*-4ac

2 _
EllipticF|[i Arcsinh[ﬁ\/ c <], b+m}

b+vb2-4ac b-+Vb%*-4ac

b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
b+Vb%?-4ac b-+Vb*-4ac

Problem 178: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J — R ax
Va+bx?+cx?
Optimal (type 4, 283 leaves, 3 steps):
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V4 x

1/4 2 a+b x?+c x* . s Y4 x 1 B
sevarr eV ve ) [t ensptics aareran[ 2], ) [2- 2277
- +
Ve [a T ) b

1/4 A~/ c 2 a+b x?+c x* . . /4 x 1 _ b
a (B+ —\Cﬁ ) (Va +e »?) li(ﬁﬂﬁxz)z EllipticF[2ArcTan[<7*], 2 2 ﬁﬁ)]
2c3%\a+bx?+cxt

/4
1/

Result (type 4, 302 leaves):

b+vVb2-4ac +2cx? 2 ¢ x?
i | - 1+——" |8 [—b+x/b2—4ac ] E1lipticE[i ArcSinh[+/2
b+vb2-4ac b-vb2-4ac

c ] b+\/b2—4ac}
x|, +
b+vb2-4ac b-+vb2-4ac

c b+\/b2—4ac} /
Vb2-4ac

(bB—ZAc—Bx1b2—4ac ) EllipticF[i ArcSinh[+/2 x|,
b++vb%2-4ac b-+b?>-4ac

c
Zﬁc\/ Ja+rbx?+ex?
b +

Problem 179: Result unnecessarily involves imaginary or complex numbers.

A+ Bx?
J dx
x?+a+bx?+cx?
Optimal (type 4, 312leaves, 4 steps):

Acl/4 \E+\/?X2) —asbxrex®  E11ipticE[2 ArcTan | S0x], L (27 b )
Ava+bx2+cx* A+Jc xVa+bx2+cx? ( (\E*W"Z)z [ [31/4],4 Va Ve ]
_ . _
ax a(\/?+\/?x2) a3/4+a+bx?+cx?

(VaB+AvVC) (Va +c %) /(aﬁb"—ﬁc;)z EllipticF[2ArcTan[<72], 2 (2- ﬁbﬁ)}
2a¥4ct4Ja+bx?+cxt

Result (type 4, 448 leaves):
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1
4a | —— x+Va+bx?+cx*
b++/b%-4ac
b+Vb%-4 2cx? [ 2b-2+/b2-4 4cx?
-4A S <a+bx2+cx4)+jA[—b+ b>-4ac | x : ac recx ac racx
b+vVb2-4ac b++vb%2-4ac b-+vb%2-4ac
b++/b2-4
E1lipticE[i ArcSinh[v2 | ————— x ,+—ac]—j(2aB+A[—b+ b>-4ac
b++vb?>-4ac b-+b%>-4ac
b+Vb2-4 2 ¢ x? 2b-2+/b2-4 4cx? b+Vb2-4
: - 2C 2% EllipticF[iArcSinh[v2 < , ac
b++Vb%?-4ac b-+vVb%>-4ac b+vVb2-4ac b-+vb%2-4ac
Problem 180: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
J dx
x*Va+bx?+cxt
Optimal (type 4, 376 leaves, 5steps):
AVa+bx2+cx* (2Ab-3aB)Va+bx?+cx? (2Ab—3aB)\EX\/a+bx2+cx4
- + - +
3ax3 3a%x 3 a2 (\E+\Ex2)
2Ab-3aB) cl/4 2) | _asbxteex®  pqy1inticE[2AncTan|S4x], L (oo b
(2Ab-3aB) c (\/;Jr\/?x) Veae ] ipticE[2ArcTan| - B 4( HWM .
3a’7%va+bx?+cx? 6a’’*Va+bx?+cx?
b 2 4 1/4 1 b
(2Ab-3aB+va Avc | 4 (Va + e x| | =" EllipticF[2ArcTan[ ——], = 27]]
2 1/4
(Vo e %) e a T e

Result (type 4, 373 leaves):

]



1 4 (a+bx?+cx?) (-2Abx?+a (A+3Bx?)) 1 T b+rvVb2-4ac +2cx?
- + 1
12a?vVa+bx?+cx* X3 c b++vb?-4ac

b++y/b%-4ac

X
-vb2-4ac b+vb2-4ac b-+vb2-4ac

2 Vb2 -
\/1+2C—X [—(ZAb—BaB) (—b+x/b2—4ac)EllipticE[iAr‘cSinh[\/?\/ < ], drvbodac,,
b

)

b+vVb2-4ac b-+vVb%2-4ac

A/ b2 -
(3aB(bx/b24ac)+2A[b2+ac+bx/b24ac)]EllipticF[jArcSinh[\/?\/ < x], Lrybr-dac

Problem 189: Result unnecessarily involves imaginary or complex numbers.

J x* (2+3x2) ax
V3+5x2+ x4

Optimal (type 4, 298 leaves, 5steps):
419x (54713 +2x2) 19

3 1
S X345 Xt + X335 X2+ X -

30/3+5x2+ x4 3 5 30/3+5x2+ x4

419 é (5+13) 6+ (5+/13 ) x?) EllipticE[ArcTan|

|

(5+\/§) X},

Q|

(—13+5\/§)]+

1 5 6+ (5-V13 ) %
V3is5xZix? 3(5+\/§) 6+(5+\/§)x2

Result (type 4, 229 leaves):

(6+ (5+\/§) xz) EllipticF [ArcTan| §(5+\/§) x], é (—13+5x/§)]
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1
603 +5x%+x4
~5+4/13 -2 %2 2
4x (150 - 223x* - 5x*+ 9x°) +419i 2 (-5+13 ) 222 22X 5. 4/13 +2x? EllipticE[iArcSinh| | ———
~5+/13 5+4/13
-5++/13 -2x2 2 19 5+/13
iV2 (-1795+419V13 222 —2X 5. W13 422 EllipticF[iArcSinh| | ——— x|, —+ ]
-5+4/13 5++/13 6 6
Problem 190: Result unnecessarily involves imaginary or complex numbers.
X2 (2+3x2)
J—dlx
V3+5x%+ x4
Optimal (type 4, 270 leaves, 4 steps):
4x (54713 + 25| 1
- +X/3+5x2 x4 —m
V3+5x%+x4 V3 +5x%+x*
2 6+ (5-+13 | x? 1 1
2 |~ (5413 | ) 6+ (5+/13 ) x?| EllipticE[ArcTan[ | = (5413 ) x], = (-13+5V13 )] -
3 6+(5+\/13)x2 6 6
3 6+(5-m) X2 ) .. 1 1
/2(5+m) i) 2 6+ (5+/13 ) »?] EllipticF [ArcTan[ [ (5413 x|, 1 (134513 )]
V3+5x%+x4
Result (type 4, 222 leaves):

1 ~5++/13 -2 x2 2
——————[2x (3+5x%+x*) -4 V2 (75“/13) BEAAE = St S PV TSP E1lipticE[i ArcSinh| | ———
2+3+5x2+x4 -5++4/13 5++13

_ A/ _ 2 A/
iV2 (-17+4+13 ) TN 22X 5 A3 425 EllipticF[iArcsinh| | —— x], . 2V
-5+4/13 5+1/13 6 6

19
x|, —+
6
19
x|, =+
6

5413
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Problem 191: Result unnecessarily involves imaginary or complex numbers.
2+3x?
J — =% ax
V3+5x%+ x4
Optimal (type 4, 257 leaves, 3 steps):

3x (5413 +2x¢) 1
2+/3+5x2+x4 243 +5x2+x4

3 6+(57\/§) x2 .
= (5413 6+ (5+V/13 ) x?] E1lipticE [ArcTan| V13 ) ~[-1345/13 )] +
2 6+(5+\/H)x2 6

JT 57 iz (6+ (5+V§) XZ) EllipticF[ArcTan[Wx}, L (—13+5m)}

V3+5x%+xt
Result (type 4, 159 leaves):
1 -5+4/13 -2x?
i : X Js+/13 +2%2
2+/2 V/3+5x7+x? ++/13
2 19 513 2 19 5413
3 (-5+/13 ) EllipticE[i ArcSinh| x|, =+ ] + (11-313 ) EllipticF[i ArcSinh| x|, =+ ]
5++13 6 6 5.4+4/13 6 6

Problem 192: Result unnecessarily involves imaginary or complex numbers.

J 2+3x? dx
x23+5x%+x*
Optimal (type 4, 278 leaves, 4 steps):
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x(5+V13 + 25 S 3Tsx2ixE 1
3/3+5x%+x4 3x 3vV3+5x%+x*

6+(5-m) x2
6+(5+\/§) x2

| 2(5+3§) / :iEz:g; zz (6+ (5+\/§) xz) EllipticF[Ar‘cTan[ i (5+\/§) x}, i (—13+5\/§)}

V3+5x2+x4

[0

50 5)

(6 + (5 + \/F) xz) EllipticE [ArcTan|

|

(5+13) x],é(-13+5\/ﬁ)}+

Result (type 4, 224 leaves):

1 ~5+4/13 -2x? 2 19 513
4 (3+5x e x4) +iV2 (-54VI3 ) x | " \5+1/13 +2x® EllipticE[i ArcSinh| x|, =+ ] -
6xV3+5x2+x* -5++/13 5+4/13 6 6
~5+4/13 -2%? 2 19 5413
V2 (44313 ) x | 5 544/13 252 EllipticF i ArcSinh| x|, =+ ]
-5++/13 5+ /13 6 6

Problem 193: Result unnecessarily involves imaginary or complex numbers.

J 2+3x2 dx
x4/ 3+5x%+x4
Optimal (type 4, 302 leaves, 5 steps):

7X[5+V13 +25) 2 3iExax 7V3isXent 1
54/3+5x% + x4 93 27 x 54/3+5x% + x4
7 §(5+\/ﬁ) o [s-viz) e 6+ (5+/13 ) x?| E1lipticE [ArcTan| §(5+\/§) x],i(-13+sﬁ)]-

/- (5+2m) :Eig; X: 6+ (5+/13 ) x?] EllipticF [ArcTan[ [ % (5:++/13) x|, 1 (-1345V/13 )]

94/3+5x%+x4

Result (type 4, 237 leaves):
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1
108 x3 /3 + 5x% + x*
~5+4/13 -2%? 2 19 5413
~4(18+51x2 +41x* 1 7x) +70V2 (-5 V13 |58 | TS50 5413+ 2% ElLiptick [ Arcsinh| [ " x], T4 ] -
~5+4/13 5+4/13 6 6

-5+4/13 -2x? 2 19 5+/13
i2 (—47+7\/13 ) x| 2PV TR s 13 2% EllipticF[iAr‘cSinh[ _ x], = ]
-5++/13 54+4/13 6 6

Problem 199: Result unnecessarily involves imaginary or complex numbers.

J(X“ (2+3x?) ix

3+5x2+x4>3/2

Optimal (type 4, 307 leaves, 5steps):

43 x (5“/13 +2x2) ©(8+11x2) 11 1
+ - xA/3+5x%2+xt -
13

3+5x2+ x4 13+/3+5x2+ x4 13 133 +5x2+ x4

6+(5—\/§) X2

43 §(5+\/13) | | 6+ [5+V/13 ) x*| E1lipticE [ArcTan| §(5+\/13) x],%(-13+5x/13)}+
6+ (5+V13 | x2
vi 3 ;XZ 6+ [5+V/13 ) x| ELlipticF [ArcTan| §(5+\/13) x},é(_13+51/_13)}
133 +5x2+ x4 2 5+ 1 X2

Result (type 4, 219leaves):

1 -5+4/13 -2x? 2 19 5413
~2x (33+47x2) +431+/2 (75“/13) IR R [544/13 + 2% EllipticE[i ArcSinh| | —— x|, T+ ] -
26V/3+5x% + x* +1/13 5+4/13 6 6

-5++/13 -2x? 2 19 5+/13
i+2 (—182+43\/13 ) \/+ \/5++/13 +2x* EllipticF[i ArcSinh|[ | ——— x|, —+ ]
+113 5+4/13 6 6
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Problem 200: Result unnecessarily involves imaginary or complex numbers.

J x2 (2+3x2> ;
X

(3+5x2+x4>3/2

Optimal (type 4, 286 leaves, 4 steps):
11x(5+\/13+2x2) x (8+11x2) 1

+ +

263 +5x2+ x4 13/3+5x2+x% 2643 +5x%x%+ x4
6+ (54/13 ) x2
6+ (5+\/13 ) X2

1

S5/

6

11

5055

(6+ (5 + \/ﬁ) x2) EllipticE[ArcTan|

[ R

: s r) a
13\/3+5x2+x4 3 5+ 13 6+ +/13 )

(6+ (5 + \/H) xz) EllipticF [ArcTan|

Result (type 4, 219leaves):

-5+/13 -2%?
X (8+11x%) 1112 (-5++/13 \/+X \/5++/13 +2x* EllipticE[i ArcSinh|
+413

1

3+5x2+x4

~5+4/13 -2x? 2 19 513
V2 (-39+11713 ) | "5 \5+4/13 + 2 EllipticF[i ArcSinh| x|, =+ ]
-5++/13 54+4/13 6 6

Problem 201: Result unnecessarily involves imaginary or complex numbers.
2 +3x?
J dx
<3+5X2+X4>3/2

Optimal (type 4, 282 leaves, 4 steps):

1
g(5+\/§) X],

( 134513 | -

[N

(-13+513 )]
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4x(5+\/13+2x2) x (7+8%) 1

3943 +5x%+x* 3943 +5x%+x* 3943 +5x%+x*
6+ (5—\/13 ) X2

2 E(5+\/§) 6+ (5+/13 ) x*| EllipticE [ArcTan| 1(5+\/§) x],l(—13+5\/§)]+
3 6+<5+\/§) x? 6 6
11 :(zg) f 6+ (5++/13 ) »?] EllipticF [ArcTan[ [ 1 (54413 ) x], ¥ (-13+5/13 ]

13 [6(5+\/§) V3 +5x2+x4

Result (type 4, 219leaves):

1 ~5+4/13 -2%? 2 19 5413
“2x (748x%) +4iV2 (-54/13) 222 22X 5413 +2x2 EllipticE[i ArcSinh| x|, =+ ] -
783 +5x2+ x4 -5+4/13 5++/13 6 6

-5+4/13 - 2% 2 19 5413
iv2 (13+4\/13 ) J+—X \/5++/13 +2x* EllipticF[i ArcSinh| x|, =+ ]

-54+4/13 5+4/13 6 6

Problem 202: Result unnecessarily involves imaginary or complex numbers.

2 +3x2
J dx
x2 (3+5x2+x4)3/2

Optimal (type 4, 309 leaves, 5steps):

19x (5+/13 +2x?) 7+8x2 19/3+5x% + x4 1
234+/3 1 5x2+ x4 39x/3+5x2+ x4 117 x 234+/3+5x2+ x4

19 1(5+\/§)

6

! 4 2 6+(57\/§> o (6+(5+\/§) xz) EllipticF [ArcTan| 1(5+\/§) x],
39/3+5x2+ x4 3(5+\/§) 6+(5+\/§)X2 6

(6+ (5+m) xz) EllipticE[ArcTan| : (5+\/§) x|,

6

(-13+5+13 )] -

|

D |-

(-13+513 )]
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Result (type 4, 228 leaves):
1

468 x \/3 +5x2 + x*

-5++13

~5+4/13 2% 2
-4 (78+119x +19x*) +194 V2 (-5+/13 ) x\/+—x \5++/13 +2x2 EllipticE[i ArcSinh| | ——— x], =

~5+4/13 —2x2 2 19 5+/13
iV2 (-143+19V13 ) x 222 22X 5. W/13 422 EllipticF[i ArcSinh| | ——— x|, — + ]
-5++/13 5++/13 6 6
Problem 203: Result unnecessarily involves imaginary or complex numbers.
2+3x%x?
J dx
x4 (3+5X2+X4)3/2
Optimal (type 4, 326 leaves, 6 steps):
133x (5413 + 2% 7+8x2 5V3+5x2+xt 2663+ 5x% + x4 1
- - - + +
1053 /3 + 5x2 + x* 39x3/3+5x%+ x* 351 % 1053 x 1053 /3 + 5x2 + x*
1 6+ (5-+/13 | x2 1 1
133 | = (5+/13 ) | | 6+ (5++/13 ) ) EllipticE[ArcTan[ | = (54413 ) x], = -13+513|] -
6 6+(5+\/13)x2 6 6
6+(5-V13 | x?

. (5 m) 5 (6+(5+\/§) Xz) EllipticF[Ar‘cTan[ §(5+\/§) x},i(—13+5\/§)}

351 6(5+\/§) V3+5x2+ x4

Result (type 4, 234 leaves):
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1

2106 x3 /3 +5x2 + x*

- 468 + 1014 x? + 2630 x* + 532 x° -

54413 -2%2 2 19 5413
13312 (5413 ¢ | === \5.V/13 25 Elliptice[i ArcSinh|[ | —— x|, =+ ]+
-5+4/13 5+4/13 6 6

-5+4/13 -2 x2 2 19 5+/13
iv?2 (—650+133 V13 ) NI e A 5++413 +2x2 EllipticF[jArcSinh[ _ x], = ]
+413 5++13 6 6

Problem 204: Result more than twice size of optimal antiderivative.
J(-Fx)”2 (d+ex?) \Ja+bx?+cx* dx

Optimal (type 6, 297 leaves, 6 steps):
2d (£x)*?/a+bx?+cx* AppellFi|2, 18 acx e

) B

4 b-+/b%*-4ac b+/b*-4ac
2 2
5f [14 —2¢x 1+ 2C7X
b-/b%*-4ac b+ b2 4ac

2e (fx)*?a+bx?+cxt AppellFl[ L 2¢x o 2cx

2’ ’ 7b—\/b2—4ac ’ b+\/b2—4ac

+

4

2 2
1+ 2cx 14+ 2cx

b-+/b%-4ac b+v/b%-4ac
Result (type 6, 2835 leaves):

(fx)3/2m 4(13bcd—7b2e+218ace)\/7+2(13cd+2be>x5/2 2 g y9/2
585 ¢ 117 ¢ 13
372 *
3 3/2 2 ) 5 ) 1 1 5 2cx? 2 ¢ x?
4a’bd (fx) [b—x/b -4ac +2cx*| |[b+~/b?-4ac +2cx?| AppellFl[~, =, =, =, - s /
4 2 2 4 pi+b2-4ac -b++/b>-4dac
9c[b— 4ac] b+ 4ac x(a+bx2+cx4)3/2
1 1 5 2 ¢ x? 2 ¢ x? 5 1 3 9
[ 5aAppe11F1{ T T T , XZ( b+mJ AppellFl][ =, =, =, =,
a 272" 4"y b aac beibT_dac 22" 2" 4
2 ¢ x2 2 ¢ x2

} . (b_m] AppellFl[E, i, l,
2 2

b+vb2-4ac -b++b%2-4ac

I

9 2 ¢ x2 2 cx? ]]]]
4 pi+vb2 -d4ac -b+b2-4ac
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28 a3 b2e (fx)3/2 (b—xlb2—4ac +2cx?
117 2 [b—x/b2—4ac) [b+«/b2—4ac

3

b++/b?>-4ac +2cx?

3/2

AppellF1[—,

I
N |

-l>||—‘
N

5 2 cx? 2cx? }]/
4 b+\/b2—4ac b+ —4ac

X (a+bx2+cx4)

1 1 1 5 2 ¢ x? 2 ¢ x? 5 3 9
[SaAppellFl[, =, =, 5, - ] +x*||b++/b?-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac -b+ -4ac 4 2 2 4
2cx? 2cx? 5 3 1 9 2cx? 2cx?
_ s }+(b—«/b2—4ac]AppellF1[f =, T Ty - , }J]+
b+vb2-4ac -b+i/b%*-4ac 4 2 2 4 b+vb2-4ac -b+i/b%*-4ac
11 1 5 2cx? 2cx?
(8a4e(fx)3/2(b—x/b2—4ac +2cx?| |b+/b?2-4ac +2cx? AppellFl[— e , /

4 2 2 4 p.+or-4ac -b+Vb>-4ac

X (a+bx2+cx“)3/2

3¢ oot aac| (oo firaac

1 1 1 5 2 cx? 2cx? 5 3 9
[—SaAppellFl[—, s Ty T - | +x*||b++/b*-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac b+ ~4ac 4 2 2 4
2 c x? 2 cx? 5 3 1 9 2cx? 2 c x?
- }+(b—x/b2—4ac]AppellF1[—, -, =, - , ]]]]
b+\/b274ac “b++vb%2-4ac 4 2 2 4 pi+b2-4ac -b+b2-4ac
5 1 1 9 2 cx? 2 c x?
(8a3dx(fx)3/2 (b—x/b2—4ac +2cx?| [b+a/b?-4ac +2cx?| AppellFl[~, =, =, =, - s ]]/

4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac

[5 (b— b2—4ac] (b+xlb2—4ac) (a+bx2+cx4)3/2

5 1 1 9 2 ¢ x2 2 ¢ x2 9 1 3 13
[—9aAppellF1{—, T T T T > } +X2 b + 4/ b2 -4ac J AppellFl[—, —y Ty T,
472 2 4 p.b2-dac -bib2-dac 472 2 4

2 ¢ x2 2 ¢ x2 9 3 1 13 2 ¢ x2 2¢
- , }+(b—x/b2—4ac]Appe11F1[—, =, =, —, - ]]J
b+vVb2-4ac -b+vb2-4ac 4 2 2 4 b+\/b2—4ac +vVb2-4dac

1 1
12a?b?dx (fx)*? (b—x/b2—4ac +2cx?| |[b+r/b?-4ac +2cx?| AppellF1[ =, =, =,

2 2
[ZSC(b—xlb2—4ac) [b+x/b2—4ac) (a+bx2+cx4)3/2

5 1
-9 aAppellF1l [ -
4 2

2cx? 2 cx?

b+vVb2-4ac -b++b2-4ac ]

I

2 cx? 2 cx?
- }+X

9 9 1 3 13
- b++b*-4ac J AppellFl[ =, =, =, —,
4 b+x/b2—4ac -b+ -4ac 4 2

2 c x? 2 cx? 9 3 1 13 2 c x? 2 cx?
- }+(bf\/b274ac]AppellF1[f, =, =, - ]]J
b+\/b2—4ac -b+vb2-4ac 4 2 2 4 b+\/b2—4ac +Vb%2-4ac

b++b>-4ac +2cx?

5 1 1 9
(84a2b3ex (£x)32 (b—x/b2—4ac +2cx? AppellF1] =, 3 a

2

)

N |

2 ¢ x2 2 ¢ x2

b+vVb2-4ac -b+b2-4ac ]

I
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[325c2 [bfx/b274ac) [b+«/b274ac) (a+bx2+cx4)3/2

2 ¢ x? 2 ¢ x? 5
+ X

) )

9
4 pi+b2-4ac -b+Vb2Z-4ac

2 ¢ x2 2 ¢ x2 9 3 1 13 2 ¢ x2 2 ¢ x2
}+(b—\/b2—4ac]AppellFl[—, =, =, =, ]]J
2 2

b+vVb2-4ac -b+vb2-4ac 4 4 b+vVb2-4ac -b+vb2-4ac

5 1
—9aAppe11F1[f, -
4 2

9 1 3 13
b++b2-4ac ] AppellFl[Z, 33

1
2 2 4

5 1 1 9 2 ¢ x? 2cx?
316a*bex (fx)*? [b—x/b2—4ac +2cx?| |b+y/b®-4ac +2cx?| AppellFi[—, =, =, =, - s ]
4 2 2 4 pi/p2-4ac -b+Vb2-4ac
[325c (b—\/b2—4acJ ( x/b2—4ac] (a+bx2+cx4)3/2
5 1 1 9 2 c x? 2cx? 9 1 3 13
-9aAppellFl|[ =, =, =, =, - s ] Xz( b+\/b274acJAppellF1[—, = = =,
4 2 2 4 pi+b -4ac -b+b2-4ac 4 2 2 4

2 c x? 2 cx? 9 3 1 13 2 c x? 2 cx?
}+(b—\/b2—4ac]AppellF1[*, ;, —s T — > ]]])

b+\/b2—4ac -b+vb2-4ac b+Vb2-4ac -b+yb2-4ac

N
N
I

Problem 205: Result more than twice size of optimal antiderivative.
J\/fx (d+ex®) Ja+bx?+cx* dx

Optimal (type 6, 297 leaves, 6 steps):
2d (Fx)*?Va+bx?+cx® AppellF1[2, -2, -2, 7, 2o 2ex

4 b-+/b%*-4ac b+/b*-4ac
4
3f 14 2cx? 14 2cx?
b-/b*-4ac b+/b%*-4ac
2 2
2e<-Fx)7/2\/a+bx2+cx4 AppellFl{ l, o 0 2cx
4 b- \/b24ac b+\/b274ac

14 2cx? 14 2cx?
b-+/b%-4ac bZ dac
Result (type 6, 1717 leaves):
! x vV f x

42 c (11cd+2be+7cex2) (a+bx2+cx4>2

b++/b>-4ac +2cx?

1617 c2 (a+bx2+cx4)3/2

1078 a%>cd [b—x/bz—llac +2cx?

3 1
AppellFl[—, -
2

N |

N
SN

2 cx? 2 c x? ]]/
- 3
b+vVb%2-4ac -b+vVb%?-4ac
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2 cx? 2cx?

ZJ_ } XZ(
4 b+\/b2—4ac -b+ -4ac

2cx? 2cx?
€ s €X ]+[b—x/b2—4ac)AppellF1[
+3b?-4ac -b++/b?2-4ac

3 1 1
7aAppellFi[ =, =, =,
4 2 2

7 1 3 11
b++/b*-4ac J AppellFl|~, =, =, —,
4

11 2cx? 2 cx? ]J

y > - > ]

7 3
4’2" 2" a b+vVb2-4ac -b++vb2-4ac

3 1 1 7 2cx? 2cx?
147 a’be |b-+/b’-4ac +2cx? (b+xlb2—4ac +2cx?| AppellF1[~, =, =, —, - ] /
4 2 2 4 b+\/m -b+ -4ac

3 1 1 7 2 ¢ x2 2 c x? 7 1 3 11
7aAppellF1[ =, =, =, —, - | -x*||b+/b?-4ac J AppellFl[—, =, =, —,
4 2 2 4 b+\/b274ac -b+ -4ac 4 2 2 4
2¢cx? 2cx? 7 3 11 2cx? 2cx?
s ]+(b—x/b2—4ac)Appe11F1[f -, =, =, - B ]]J+
+vb%2-4ac -b++/b2-4ac 4 2 4 b+vVb2-4ac -b++b2-4ac
7 1 1 11 2 ¢ x? 2 c x?
363abcdx? [b-+/b?-4ac +2cx?| |b++/b?-4ac +2cx?| AppellFl|—, =, =, —, - ]]/
4 2 2 4 b+\/b2—4ac -b+ -4ac
7 1 1 11 2 ¢ x2 2 c x?
11aAppellF1[— —y T Ty - > }‘
4 2 2 4 brvVb2-4ac -b+vb2-4ac

3 15 2 cx? 2cx?

B} ] } +

11
b+x/b274ac)AppellF1[—, - s
4 4 b+vVb2-4ac -b+vb%2-4ac

13
2 2
11 3 1 15 2cx? 2 c x?
(b—x/b2—4ac]AppellF1[—, =, T, T - ) ] +
4 2 2 4 b+vb2-4ac -b++vb2-4ac

X2

, , . , 5 5 7 1 1 11 2cx? 2cx?
462a“cex” |b-+/b°-4ac +2cx b++b°-4ac +2cx AppellFl[* —, T, T - }/
4 2 2 4 b+m ~b+ -4ac
7 1 11 2cx? 2cx?
11aAppellF1[* T T T - s } -
4 2 2 4 pi+p2-4ac -b+Vb?-4ac

11 1 3 15 2 ¢ x? 2 ¢ x?
x2 (b+\/m) AppellFl{*, Ty T Ty~ ) *

4 2 2 4 b+vb2-4ac -b++yb2-4ac
11 3 1 15 2cx? 2cx?

b aee |mperra[ 12,2, 2,25 : 1])-
4 2 2 4 b+vb2-4ac -b++vb2-4ac

R R 3 5 5 ) 7 1 1 11 2 cx? 2cx?

165ab’ex® [b-+/b’-4ac +2cx?| [b+/b?-4ac +2cx?| AppellFl[~, =, =, —, - ] /
4 2 2 4 b+\/b2—4ac ~b+ -4ac

11 2cx? 2 cx? ]
=, - , +
4 b+rvVb2-4ac -b++vb>-4ac

11 1 3 15 2 ¢ x? 2 ¢ x?
b+x/b2—4ac)AppellF1[I, = T T - s }*

2 2 4 b+vVb2-4ac -b+b2-4ac

3 3

1
[ 11 aAppellFl|—, —
2

N |

7
a’

XZ
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11 3 1 15 2 ¢ x? 2 ¢ x?
(b—x/b2—4ac]AppellF1[—, — Ty T — > ]]J]
4 2 2

4 b+vb2-4ac -b++vb2-4ac
Problem 206: Result more than twice size of optimal antiderivative.
J(d+exz) Va+bx?+cx*
VEX

Optimal (type 6, 295 leaves, 6 steps):
2d/fx Varbx2+cx? AppellFl[i—, —i, i, 2 0 2cx

dx

204 b—\/b2—4ac b+\/b2—4ac
£ 14+ 2cx? 14 2cx?
b-/b*-4ac b+ b2 4ac
2 2
2e<Fx)5/2\/a+bx2+cx4 AppellFl[ -1, ke, roe ]
27 4 b-+/b*-4ac b+v/b%-4ac

2 2

1+ 2cx 14+ 2cx

b-/b%*-4ac b+/b%-4ac

Result (type 6, 1717 leaves):
1

225 c2~/fx <a+bx2+cx“)3/2

10c (9cd+2be+5cex2) (a+bx2+cx4)2+

11 1 5 2 ¢ x2 2 ¢ x2
450a2cd(b—x/b2—4ac +2cx? (b+x/b2—4ac +2cx2)AppellF1[— =, =, =, - }J/
4 2 2 4 b+\/b2—4ac b+ -4ac
1 1 1 5 2 c x? 2 c x? 5 1 3 9
5aAppellfFi[~, =, =, =, - | -x*||b++/b*-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 2 4
2cx? 2 c x? 5 3 1 9 2 c x? 2 cx?
- s ]+[b—«/b2—4ac)AppellF1[— ==, 5, - s ]]]—
b+rvVb2-4ac -b+vb:-4ac 4 2 2 4 pib2-4ac -b+ib2-4ac
1 1 1 5 2cx? 2 c x?
25a’be |b-+/b2-4ac +2cx?| |[b++/b?-4ac +2cx?| AppellFl|~, =, =, =, - s /
4 2 2 4 pi/p2-4ac -brvb2-4ac
1 1 1 5 2 cx? 2cx? 5 1 3 9
5aAppellFl[ =, =, =, =, - | -x2 ( b++/b>-4ac ) AppellFl[ =, =, =, =,
4 2 2 4 b+x/b2—4ac -b+ -4ac 4 2 2 4

2 cx? 2 c x?
- , ]+(b—\/b274ac)AppellF1[
b+vb?2-4ac -b+i/b%*-4ac

b-+/b?-4ac +2cx?| |[b++/b? -4ac +2cx?

2 c x? 2 cx? ]]
- +

9
) k)
4 bib2-4ac -b+vb2-4dac

[Sla b cdx? AppellF1|~,

5 1 1 9 2 ¢ x2 2 ¢ x2 ]]/
T T T Ty T K]
a2 2" 4 b+vb2-4ac -b++yb2-4ac
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5 1 1 9 2 ¢ x2 2 ¢ x? 9 1 3 13
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(b— b—4ac]Appe11F1[—, T T T s - s ] *
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Problem 207: Result more than twice size of optimal antiderivative.

J(d+ex2) Va+bx?+cxt
(fx)3/2

dx

Optimal (type 6, 295 leaves, 6 steps):

]

I
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2d+Va+bx?+cx? AppellFl[—i, —i, 7%’

FVfx 1+ —2<X 14 —22X
\/ b-+/b%-4ac \/ b+/b*-4ac

2e<_FX>3/2 /a+bX2+CX4 AppellFl[i,_i,_i, Z_,_ 2 cx? , - 2cx?

14 2cx? 2cx?

b-+/b*-4ac b+«/b2—4ac
Result (type 6, 1383 leaves):
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7aAppellF1[=, =, =, —, - | -x?||b++/b*-4ac ] AppellF1[—, =, =, =, - ————,
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2 ¢ x? 7 3 1 11 2 ¢ x? 2 ¢ x?
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2 c x? 2 c x?

4

+
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7 1 11 2 ¢ x2 2 ¢ x2
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(C 11aAppellFl[—, =, =, —, - s | -x2 b+\/b274ac]AppellF1[f, - s =
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2 ¢ x? 11 3 1 15 2 cx? 2 ¢ x?
]+ (b,m] AppellFl[*, s T T ]]
4

- - )
-b+b2-4ac 2 2 4 b+vVb2-4ac -b+vb%2-4ac

]

Problem 208: Result more than twice size of optimal antiderivative.

J(-Fx)”z (d+ex?) (a+bx2+cx4)3/2d1x

Optimal (type 6, 299 leaves, 6 steps):
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b-~/b*-4ac b+ b%-4ac

5f [1+ 2cx? 1+ 2cx?
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Result (type 6, 4499 leaves):
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4 2 4 b+m b+ —-4ac 4 2 2 4

2 cx? 2 cx? 5 3 1 9 2cx? 2 c x?
- s }+(bf\/b274ac]AppellF1[f, =, =, 5, - , ]]]]Jr
b+vb2-4ac -b++yb2-4ac 2 4 bp+vb?-4ac -b+V/b2-4ac
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Problem 209: Result more than twice size of optimal antiderivative.

fx (d+ex?) (a+bx?+cx?)??dx
VEx | ) )

Optimal (type 6, 299 leaves, 6 steps):
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7 1 1 11 2cx 2cx
72a%b*ex®>/fx |b-/b?-4ac +2cx?| |b+~/b?-4ac +2cx?|AppellFl|—, =, =, —, - B ]]/
4 2 2 4 b+vVb2-4ac -b+Vb2-4ac
[931c2 [b— b? - 4ac)( x/b2—4ac) (a+bx2+cx4)3/2
7 1 1 11 2 ¢ x2 2 c x? 11 1 3 15
-11aAppellFl[~, =, =, =, - }+x2( b+x/b2—4ac)AppellF1[—, =, =, =,
4 2 2 4 b+\/m b+/b>-4ac 4 2 2 4
2 ¢ x? 2 ¢ x? 11 3 1 15 2 ¢ x? 2 ¢ x?
_ s }+(b7«/b274ac]AppellF1[*, s Ty T - > ]]J]*
b+Vb2-4ac -b+yb2-4ac 4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
7 1 1 11 2cx? 2 ¢ x?
2472 @ b2 e x3 /f x (b—x/b2—4ac +2cx2) b++/b*-4ac +2cx?| AppellF1[—, =, =, —, - s ]]/
4 2 2 4 b+vVb2-4ac -b++/b2-4ac

( x/b2—4ac) (a+bx2+cx“>3/2

1 1 11 2 ¢ x2 2cx
2

4655 ¢ (b— b2-4ac

2

7 11 1 3 15
-11aAppellF1[—, =, =, —, - | +x* | |b++/b*-4ac ] AppellFl|—, =, =, =,
a’ 2 4 b+\/b2—4ac -b+Vb%2-4ac 4 2 2 4
2cx? 2cx? 11 3 1 15 2cx? 2 cx?
- , }+(b—x/b2—4ac]AppellF1[—, =y =y — - s ]]J]
b+vVb2-4ac -b+vb%2-4ac 4 2 2 4 b+rvVb2-4ac -b++vb*-4ac

Problem 210: Result more than twice size of optimal antiderivative.

dx

J(d+ex2) (a+bx?+cx?)??
VFx
Optimal (type 6, 297 leaves, 6 steps):



1.2.2 Quartic.nb

2 2
2adyVfx Va+bx?+cx? AppellFl[ 3, %,f 2cx ) = —=== ]
b-+/b%*-4ac b++/ b%-4ac

2
f 14+ 2cx 1+ 2cx?
b-+/b%-4ac b2 4ac

2ae (fx)*2Varbxlscx® AppellF1[3, -2, 2 2, _2od . 2cd

1+ 2cx? 2cx?

Result (type 6, 3656 leaves):

| 353

1
e
(68b2cd+867ac2d-28b’e+176abce)/x 2 (85bcd+4b2e+9lace) x®/? 2
Vx AJa+bx?+cxt ) + ( ) + (17cd+19be)x9/2+—cex13/2
3315 ¢? 663 C 221 17
1 1 1 5 2 cx? 2 cx?
96a*dx |b-+/b>-4ac +2cx?| [b+~/b?-4ac +2cx2)AppellF1[— =, =, 5, - }J/
4 2 2 4 b+\/b274ac -b+ -4ac
13 [b—\/b274ac) [b+\/b2—4ac)\/fx (a+bx2+cx“)3/2
11 1 5 2cx? 2cx? 5 3 9
[—BaAppellFl[—, =, =5, - | +x* | |b++/b*-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 2 4
2 cx? 2cx? 5 3 1 9 2cx? 2 cx?
- }+(b—xlb2—4ac]AppellF1[— =, =, =, - , ]]J]+
b+\/b2—4ac b+ —4ac 4 2 2 4 pi+b2-4ac -b+vb2-4ac
1 1 1 5 2 cx? 2cx?
(8a3b2dx b-+/b*-4ac +2cx?| |b++/b>-4ac +2cx?| AppellF1[~, =, =, =, - /
4 2 2 4 b+\/b2—4ac -b++Vb%2-4ac

39c(b7 b274ac) [b+«/b274ac)x/fx (a+bx2+cx4>3/2

1 1 1 5 2 cx? 2cx? 5 3 9
753Appe11F1[7) I } +x2 b ++/ b2 -4ac J AppellFl[f —y Ty T
4 2 2 4 b+\/b274ac -b+ -4ac 4 2 2 4
2 ¢ x? 2 ¢ x? 5 1 9 2 ¢ x? 2 ¢ x?
- s }+(b—x/b2—4ac]AppellF1[f —, - B ]]]_
b+vVb2-4ac -b++b2-4ac 4 2 2 4 pi+b2-4ac -b+Vb2-4ac
1 1 5 2 ¢ x2 2 ¢ x2
56 a3 b3 e x b—\/m+2cx2 b+\/m+2cx2 AppellFl[ =, =, =, =, - s /
4 2 2 4 pi+p2-4ac -b+Vb*-4ac

663 c? [b—x/b2—4ac) (b+\/b2—4ac ] VFx (a+bx2+cx4)3/2



354 | 1.2.2 Quartic.nb

11 1 5 2cx? 2cx? S 5 3 9
[—SaAppellFl{—, T T Ty T } X2 b+ b2 -4ac J AppellFl[—, —y Ty T,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 4
2 cx? 2cx? 5 3 1 9 2cx? 2 cx?
- , }+(b—x/b2—4ac]AppellF1[—, =, =, = - s
b+vVb2-4ac -b+vb2-4ac 4 2 2 4 p,i+b* -4ac -b+b2-4ac

1 1 1 5 2 c x? 2 cx?
352a*bex |b-+/b*-4ac +2cx?| [b++/b?-4ac +2cx?| AppellF1[~, =, =, =, - s ]J/
4 2 2 4 pip2-4ac -b+ib2-4ac
663c(b—x/b2—4acJ( x/b2—4ac]\/fx (a+bx2+cx4)3/2
1 1 1 5 2 cx? 2 ¢ x? 5 3 9
-5aAppellFl][~, =, =, =, - ] +x*||b++/b?-4ac J AppellFl[ =, =, =, =,
4 2 2 4 b+\/b2—4ac -b+ -4ac 4 2 2 4
2 ¢ x? 2 ¢ x? 5 3 1 9 2 ¢ x? 2 ¢ x?
_ s }+(b—«/b2—4ac]Appe11F1[f, =, T, Ty - , ]}J]_
b+vb2-4ac -b+i/b%*-4ac 4 2 2 4 b+vb2-4ac -b+i/b%*-4ac
5 1 1 9 2 ¢ x2 2 ¢ x2
672a3bdx3 [b-~/b?-4ac +2cx? (b+x/b2—4ac +2cx?| AppellFl[ =, =, =, =, - s }J/
4 2 2 4 pi+p2-4ac -b+b*-4ac
[325 (b b2—4acJ (b+x/b2—4ac]\/fx (a+bx +cx)3/2
1 1 9 2 cx? 2cx? 9 1 3 13
9aAppellFl[ =, =, =, =, - | +x*||b++/b*-4ac J AppellFl| =, =, =, —,
2 2 4 b+\/b2—4ac b+ —4ac 4 2 2 4
2 c x? 2 cx? 9 3 1 13 2 c x? 2 cx?
s }+(b—x/b2—4ac]AppellFl[—, =, =, =, - s }]]J+
+vVb2-4ac -b++vb2-4ac 4 2 2 4 b+vb2-4ac -b++vb2-4ac
5 1 1 9 2 c x? 2 cx?
(7232b3dx3 b-+/b*-4ac +2cx?| |b++/b>-4ac +2cx?| AppellF1[~, =, =, =, - , /
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
[325c(b«/b 4ac)( \/b2—4ac]\/fx (a+bx2+cx4)3/2
1 1 9 2 ¢ x2 2 ¢ x2 9 3 13
[ 9aAppellF1[ T T T T > }+X2 b+wb2—4acJAppellF1[—, —y Ty T,
4’2" 2" a b+vb2-4ac -b++b2-4ac 4 2 2 4

2cx? 2cx? 9 3 1 13 2cx?
- , }+(b—x/b2—4ac]AppellF1[— =, =, —, - ,
b+vb2-4ac -b++yb2-4ac 4 2 2 4 b+vb2-4ac -
5 1 1 9 2 ¢ x2 2 c x?
96a*ex?® |b-+/b>-4ac +2cx?| |bry/b®-4ac +2cx?| AppellFl[~, =, =, =, - , }]/
4 2 2 4 p,+p2-4ac -b+/b*-4ac

[85 [b‘m) (b’f\/mJ VEx (a+bx?+cxt)?

5 1 1 9 2 ¢ x? 2 ¢ x? 9
9aAppe11F1[f = =, 5, - } x> ||b++/b*-4ac J AppellFl[f
4 2 2 4 b+\/b2—4ac -b+ -4ac 4
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2 cx? 2cx? 9 3 1 13 2 cx? 2cx?
- }+(b—xlb2—4ac]AppellF1[— =, s, =, - ]]]J_
b+\/b2—4ac “b+vb%2-4ac 4 2 2 4 b+\/b2—4ac “b+vb%2-4ac
5 1 1 9 2 cx? 2 cx?
504a’b*ex® [b-+/b?-4ac +2cx?| |b+~/b?-4ac +2cx?| AppellF1[=, =, =, =, - , }]/
4 2 2 4 pi+/b2-4ac -b+b2-4ac

v f x (a+bx2+cx4)3/2

5525c2(b— b2—4ac] b++/b2-4ac

5 1 1 9 2 cx? 2 cx? 9 1 3 13
-9aAppellF1[ =, =, =, =, - s +x2 ( b+~b*-4ac ] AppellFl[ =, =, =, —,
4’2" 2" 4 b++vb2-4ac -b++vb%2-4ac 4 2 2 4
2 ¢ x2 2 ¢ x2 9 3 1 13 2 ¢ x2 2 ¢ x2
- , }+(b—\/b2—4ac]Appe11F1[— =, =, =, - , ]]]J+
b+vVb2-4ac -b+vb2-4ac 4 2 2 4 b+vVb2-4ac -b+vb2-4ac
5 1 1 9 2 ¢ x? 2 c x?
3768 a®b2e x3 (b—x/b2—4ac +2cx?| |b+a/b?-4ac +2cx?| AppellFl[~, =, =, =, - ]]/
4 2 2 4 b+\/b2—4ac b+ -4ac
[5525c(b—w/b2—4ac) (b+x/b2—4ac)\/-Fx (a+bx2+cx“)3/2
5 1 1 9 2 ¢ x2 2 c x2 9 1 3 13
793App611F1[—, T T T T b }erz( b+—wb2—4acJAppellF1[—, —, T, T
4 2 2 4 pi+/b2-4ac -b+/b2-4ac 4 2 2 4
13 2 c x? 2 cx? ]]])

N
I

2 c x? 2 cx? 9 1
- s }+(b—\/b2—4ac]AppellF1[f, s =5 — -
b+Vb2-4ac -b+yb2-4ac 2 2 b+\/b2—4ac -b++vb2-4ac

Problem 211: Result more than twice size of optimal antiderivative.

(d+ex2) (a+bx2+cx4)3/2
J (‘FX)3/2

Optimal (type 6, 297 leaves, 6 steps):
3 2cx? _ 2cx?

2ad~/a+bx?+cx* AppellF1[-2, -2, -2, 2 s ]
4 2 27 4 b-+/b%-4ac b++/b%-4ac

dx

£ /'FX 1+ 2cx? 2cx?
-+/b%-4ac b+«/b274ac
2 2
2ae (fx)*?/a+bx2+cxt AppellFl[i,—i,—%, i,— jcx , - \/ZCX ]
b-/b%*-4ac b+/b%-4ac
2cx?

2
1+ 2¢X 1+

b-+/b%-4ac b+/b*-4ac

Result (type 6, 2839 leaves):



356 | 1.2.2 Quartic.nb

2 (195bcd+12b?e+209ace) x*/?
( = - ) Jré(15cd+17be)x7/2+icexll/2

x32[arbx?+cxt [-22d,
Nrs 1155 ¢

X
(‘FX>3/2

31 1 7 2 cx? 2 cx?
(128a3bdx3 b-+/b2-4ac +2cx? (b+xlb2—4ac +2cx? AppellFl[f, - =, —, - , }J/
4 2 2 4 b+vVb2-4ac -b++b2-4dac
[11 [b— b2—4ac) [b+x/b2—4ac) (-Fx)3/2 (a+bx2+cx4)3/2
3 1 1 7 2 ¢ x2 2 ¢ x2 7 1 3 11
_7aAppellF1{71 IR ) +x2 b+wb2—4ac J AppellFl[f, —y Ty T,
4 2 2 4 b+vVb?2-4ac -b+b2-4ac 4 2 2 4
3 1 11 2 ¢ x? 2 c x? }]])

2cx? 2cx? 7
~ }+(b_ b2—4ac]Appe11F1[—, e ’
2 4 b+vb2-4ac -b++vb2-4ac

B
b+vVb2-4ac -b+vb2-4ac 4 2
3 1 1 7 2 ¢ x2 2 c x?
(32a4ex3 b-+/b>-4ac +2cx?| |b+y/b?-4ac +2cx?| AppellFi[~, =, =, —, - B }]/
4 2 2 4 pi+b?2-4ac -b+vb2-4dac

[15 [b_m) (b+\/m) ('FX>3/2 (a+bx2+cX4)3/2

31 1 7 2 ¢ x? 2 ¢ x? [ 7 1 3 11
77aAppe11F1[7.’ I > }+X2 b + b274aC J AppellFl[f, —, T, T
272727 4" b e dac -b.B dac 4’2" 2" 4

11 2cx? 2cx? }]]J

+

2 cx? 2 cx? 7 3 1
- s }+(bf\/b274ac]AppellF1[f, =, =, - s
b+Vb2-4ac -b+vb2-4ac 4 2 2 4 b+Vb2-4ac -b+vb2-4ac

b-+/b?-4ac +2cx?| |[b+~/b? -4ac +2cx?
[55(: (b—x/b2—4ac) [b+\/b2—4ac) (fx)3/2 (a+bx2+cx“)3/2

3

1 1 2 ¢ x? 2 cx?
ADPEI]-F]-{*J RN > - ) } /
2 2 4 pib*-4ac -b+\b2-4ac

I

(8 a’bZex?

31 1 7 2cx? 2cx? 7 1 3 11
-7ahAppellF1[=, =, =, —, - s | +x*||b++/b*-4ac ) AppellFl|—, =, =, —,
4 2 2 4 pib2-4ac -b+Vb2-4ac 4 2 2 4

11 2cx? 2cx? }]]J

2 2 2 2 7 3 1
°x , €x }+(bfx/b274ac]AppellF1[—, =, =y — - ,
b+vVb2-4ac -b++vb%2-4ac 4 2 2 4 b+vVb2-4ac -b++vb%2-4ac

b-+/b?-4ac +2cx?| |[b++/b?>-4ac +2cx?
49 [b—xlb2—4ac) [b+x/b2—4ac) (fx)3/2 (a+bx2+cx4)3/2

7 1 11 2 ¢ x? 2 ¢ x? 5
}+x

1
-11aAppellFl[—, =, =, —, - s
4 2 2 4 b+vVb2-4ac -b+vb2-4ac

11

1 2cx? 2 cx? }]/
) R R )
2 4 b+vVb2-4ac -b++vb2-4ac

AppellFl[

)

N |

7
4

24 2% b%d x°

11 1 3
b++/b*-4ac ) AppellFl[:, ;, ;, :,




1.2.2 Quartic.nb

2 cx? 2cx? 11 3 1 15 2cx? 2 c x?
|+ (b—x/b2—4ac]AppellF1[ =, s, =, - s ]]J]_
2
c

b+\/b2—4ac b+ _4a 4’ 2 4 b+rvVb2-4ac -b+vb>-4ac
7 1 1 11 2 c x? 2cx?
(96a3cdx5 b-+/b*-4ac +2cx?| |[b+~/b*-4ac +2cx?| AppellFl[—, =, =, —, - s ] /
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac

7 (b—xlb2—4ac] (b+xlb2—4ac) (Fx)3/2 (a+bx2+cx4)3/2

7 1 1 11 2 ¢ x? 2 ¢ x? 11 1 3 15
—11aAppellF1[f, T T Ty~ > } + X2 b + 4/ b2-4ac ) AppellFl[f, — =, —
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac 4 2 2 4

2 ¢ x2 2 ¢ x2 11 3 1 15 2 ¢ x2 2 ¢ x2
}+(b—x/b2—4ac]AppellFl[:, 2 4 s ]]J]—

b+vVb2-4ac -b+vb2-4ac 4 b+rvVb2-4ac -b+vb*-4ac

11 2¢cx? 2cx?
b-+/b>-4ac +2cx? (b+x/b2—4ac +2cx2)Appe11F1[ /

-4ac ’ -b+vb2-4ac
245 (b— b2—4ac) (b+w/b2—4ac] (-Fx)g'/2 <a+bx2+cx“)3/2

)

(288 a*bex’

1
2

BN

o
+
<, »
[
I
o
+

7 11 11 2cx2 2 ¢ x2 , 11 1 3 15
~11aAppellFl[—, =, =, =, - | +x 4ac ) AppellF1[~—, =, =, —,
4 2 2 4 b+\/b274ac -b++Vb2-4ac 4 2 2 4

2 c x? 2 cx? 11 3 1 15 2 ¢ x? 2 ¢ x?
}+(b—\/b2—4ac]AppellF1[ 2 a0 s ]]J]Jr

_ , 4
b+Vb2-4ac -b+yb2-4ac 4’2 4 b+vVb?2-4ac -b++vb%2-4ac
7 1 1 11 2 c x? 2 cx?
(Sazbg'ex5 b-+/b?-4ac +2cx?| |b+r/b>-4ac +2cx?| AppellFl[—, =, =, —, - s ]/
4 2 2 4 b+vVb2-4ac -b++vb*-4ac
49 ¢ (b— b2—4ac) [ +\/b2—4ac) (fx)*? (a+bx2+cx“)3/2
7 1 1 11 2 c x? 2 c x? 11 1 3 15
-11aAppellFl[—, =, =, —, - | +x* | |b++/b*-4ac ] AppellFl|—, =, =, =,
42" 2" 47y, p-aac -b+VDP-dac 4 2 2 4
2cx? 2cx? 11 3 1 15 2cx? 2 cx?
- , }+(b—x/b2—4ac]AppellF1[—, =y =y — - s ]]J]
b+vVb2-4ac -b+vb%2-4ac 4 2 2 4 b+rvVb2-4ac -b++vb*-4ac

Problem 212: Result more than twice size of optimal antiderivative.

dx

J(-Fx)yz (d+ex2)
va+bx?+cx?t

Optimal (type 6, 297 leaves, 6 steps):

| 357



358 | 1.2.2 Quartic.nb

]

Zd(fX)S/Z 1+ 2¢cx? 14 2cx? AppellFl[i, ;, ;, g,_ 2cx? , - 2cx?
b-+/b%*-4ac b+/b%-4ac 4727 27 4 b-+/b%-4ac b+/b%*-4ac
+
5fva+bx?+cx?
2e <+-X>9/2 14+ 2cx? 1+ 2cx? AppellFl[g, l’ l’ E’ _ 2cx? , - 2cx? ]
b-~/b%*-4ac b/ b%>-4ac 4727 2 4 b-+/b%*-4ac b++/b%-4ac
9f3+a+bx?+cxt
Result (type 6, 1037 leaves):
1
f/Ffx 20ce(a+bx2+cx4)2+
50c? (a+bx?+cxt)?
1 1 1 5 2 ¢ x? 2 c x?
[25a2e ~b+/b?-4ac -2cx®| |b++/b?-4ac +2cx?| AppellFl|~, =, =, =, - s ]]/
4 2 2 4 p,+/p2-4ac -b+b>-4ac
1 1 1 5 2 ¢ x2 2 c x? 1 3 9
5aAppellfFi[~, =, =, =, - s }—xz( b+i/b’-4ac J AppellFl[ =, =, =, =,
4 2 2 4 pi+b2-4ac -b+b2-4ac 2 2 4
2cx? 2 c x? 5 3 1 9 2 c x? 2 cx?
- s ]+[b7«/b274ac)AppellF1[—, —, =, =, - , ]]]+
b+rvVb2-4ac -b+vb:-4ac 4 2 2 4 pib2-4ac -b+ib2-4ac
5 1 1 9 2cx? 2 ¢ x?
45acdx? |b-~/b*-4ac +2cx?| |[b+~/b*-4ac +2cx?| AppellFl[~, =, =, =, - , ]/
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
5 1 1 9 2 ¢ x2 2 c x? [ 9 1 3 13
9aAppellF1[f, T T Ty T > } *XZ b + b274ac ] AppellFl[f, —y Ty T,
4 2 2 4 pib2-4ac -b+Vb2-4ac 4 2 2 4
2cx? 2cx? 9 3 1 13 2cx? 2cx?
- s ]+[b—x/b2—4ac)AppellF1[f, =, =, - s
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 b+rvVb2-4ac -b++vb*-4ac
5 1 1 9 2cx? 2cx?
27abex? [b-+/b?-4ac +2cx?| |[b+/b?-4ac +2cx?| AppellF1[~, =, =, =, - s ]]/
4 2 2 4 pi+p2-4ac -b+/b*-4ac
5 1 1 9 2 c x? 2 ¢ x? 9 1 3 13
(—93APP911F1[—; —s Ty T - s | +x® | |b+~/b*-4ac ) AppellFl[ =, =, =, —,
22" 274" . aac beB-dac 22”2 a
2 ¢ x? 2 ¢ x? 9 3 13 2 ¢ x? 2 ¢ x?
- s ]+[b—«/b2—4ac)AppellF1[—, ==, =, - B
4’ 2

b++Vb2-4ac -b++vb%>-4ac
Problem 213: Result more than twice size of optimal antiderivative.

dx

J\/fx (d+ex2)
Va+bx?+cx?

4 b+rvVb2-4ac -b+vb:-4ac

I
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Optimal (type 6, 297 leaves, 6 steps):

2 2 2
2d 'FX 3/2 _2cxt 1+ 2cx? AppellFl[i, i) i’ i’ B 2cx , - 2cx
b—«/b2 4ac bZ 4ac b-+/b%-4ac b+/b*-4ac
3fva+bx?+cx?
2 2 2
2e <_FX>7/2 14+ . 2cxt 1+ 2cx? AppellFl[Z, i, i, Q, B 2cx , - 2cx
b-+/b%*-4ac b2 4ac 4 4 b-+/b%*-4ac b+/b%-4ac
73 Va+bx?+cx?

Result (type 6, 642 leaves):
1

42 ¢ (a+bx2+cx4)3/2

3 1 7 2cx? 2 c x?
xVFx |b-+/b?-4ac +2cx?| |[b+~/b2-dac +2cx? 49dAppellFl[~, =, =, —, - s ]]/
4 2 2 4 pi+p2-4ac -b+Vb -4d4ac
3 1 1 7 2 cx? 2 c x? 7 3 11 2cx?
(7aAppellF1[, IR ) ] +x? b+vb2—4ac ) AppellFl[f —y Ty Ty — B
4 2 2 4 b+vVb2-4ac -b++vb%2-4ac 4 2 2 4 b+vVb2-4ac
11 2 c x? 2 ¢ x? ]

2cx? 7 31
]+ (b‘m] AppellFl[*, T T T s - ’
~b+Vb2-4ac 4 2 2 4 pi+/b’-4ac -b+Vb’-4ac

5 7 1 11 2 ¢ x2 2 ¢ x2 7 1 1 11 2 ¢ x2
33ex®AppellFl[—, =, =, —, - s ] / -11aAppellFl[~, =, =, —, - s
4 2 2 4 brvb2-4ac -b++vb2-4dac 4 2 2 4 b+vVb2-4ac
2cx? 11 1 3 15 2cx? 2cx?
]+x2 b+x/b2—4ac)Appe11F1[—, =, Ty — - s }+
-b++vb2-4ac 4 2 2 4 b+vb2-4ac -b++yb2-4ac

15 2cx? 2 cx? ]J]

11 3 1
(b—x/b2—4ac]AppellF1[—, —5 T >~ >
4 2 2 4 b+vVb? -4ac -b++vb2-4ac

Problem 214: Result more than twice size of optimal antiderivative.

d+ex?
j dx
mx/a+bx2+cx4
Optimal (type 6, 295 leaves, 6 steps):
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2 2 2 2
2d~/fx 1+ —2CX 14 —2&x AppellF1[2, 2, 2, 5 20X 2cx
b-+/b%-4ac b+ b%-4ac 4727 27 4 b—\/b2—4ac b+\/b2—4ac
+
fva+bx?+cx?
2 2 2 2
Je <+-X>5/2 14+ 2cx 14+ 2cx AppellFl[g, l’ l’ g, _ 2cx , - 2cx
b-+/b*-4ac b+/b%*-4ac 472727 4 b-+/b%*-4ac b+/b%-4ac
5f3va+bx?+cx?

Result (type 6, 642 leaves):
1

10 c+/ f x (a+bx2+cx4)3/2

1 1 5 2cx? 2cx?
—+/b?-4ac +2cx? +a/b%2-4ac +2cx? 25dAppellFl|~, =, =, =, - s ]]/
4 2 2 4 b+vb?2-4ac -b+i/b%*-4ac
1 1 5 2 ¢ x2 2 ¢ x2 /7 5 1 3 9
(_SaAppe:I-lFl[: T T Ty~ F) (b+ -4ac ) AppellFl[f —y Ty T
4 2 2 4 pib2-s4ac -b+Vb2-4ac 4 2 2 4
2 ¢ x2 2 ¢ x2 5 3 1 9 2 ¢ x2 2 ¢ x2
- s ]+[b—x/b2—4ac)AppellF1[— =, =, S, - , ] ]_
b+rvVb2-4ac -b+vb*-4ac 4 2 2 4 p,/p2-4ac -b+b>-4ac
5 1 1 9 2 ¢ x2 2 ¢ x? 5 1 1 9 2 c x? 2 ¢ x2
9ex?AppellF1[=~, =, =, =, - s ] / -9aAppellFl| =, —, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+yb2-4ac 4 2 2 4 pi+b2-4ac -b+yb2-4ac
9 1 3 13 2cx? 2 c x?
x2 b+«/b274ac)AppellF1[— =, =, =, - B |+
4 2 2 4 b+rvVb2-4ac -b++vb>-4ac
9 3 1 13 2 c x? 2 cx?
(b—x/b2—4ac]AppellF1[f - =, =, - ]]])
4 2 2 4 b+\/b2—4ac -b+Vb2-4ac

Problem 215: Result more than twice size of optimal antiderivative.

J d+ex? B
X
(£x)**Varbr ot

Optimal (type 6, 295 leaves, 6 steps):



2 2 2 2
2d 14+ —2&X 14 —28x AppellF1[-%, 2,2 3 _20¢ - 2cx
b-/b*-4ac b++/b%*-4ac 4727 27 4 b-+/b%-4ac b+/b%*-4ac
+
fVfx Va+bx?+cx?
2 2 2
2e<_FX>3/2 14+ . 2cxt 1+ 2cx? AppellFl[é, l, l, Z,, 2cx , - 2cx
b-+/b%-4ac b2 4ac 472727 4 b-/b%*-4ac b+/b%-4ac
3f3vVa+bx?+cx?

Result (type 6, 1049 leaves):
1

1.2.2 Quartic.nb

2 X —21d(a+bx2+cx4)2+
21a(1‘x)3’/2<a+bx2+cx4)3/2
3 1 1 7 2 c x? 2 ¢ x2
49abdx? |b-+/b*-4ac +2cx?| |[b+~/b*-4ac +2cx?| AppellFl[ =, =, =, —, - s ]]/
4 2 2 4 pip2-4ac -b+ib2-4ac
3 1 1 7 2 c x? 2cx? 7 3 11 2 c x?
4c|7ahppellFl[~, =, =, —, - s | -x2 b+x/b2—4ac]AppellF1[—, - s, =,
4 2 2 4 +vVb2-4ac -b+/b2-4ac 4 2 4 b+vVb2-4ac
2 cx? 7 3 1 11 2 c x? 2 cx?
]+(b—\/b2—4ac]AppellF1{ -, =, =, - s ]J J+
-b+/b%2-4ac 4’2 2 a b+vVb2-4ac -b+vb2-4ac
31 1 7 2 c x? 2 cx?
49a%ex? [b-+/b?-4ac +2cx*| |b+~/b?-4ac +2cx?| AppellFl[=, =, =, —, - s ]]/
4 2 2 4 pib2-4ac -b+b?2-4ac
3 1 1 7 2 ¢ x2 2 ¢ x? 5 3 7 3 11 2 ¢ x2
4c 7aAppe1]—F1{7: IR > }—X b+\/b —4acJAppe11F1[f, Ty Ty T, — N
4 2 2 4 pi+p2-4ac -b+b*-4ac 4 2 4 b+vb2-4ac
2 ¢ x2 7 3 1 11 2 ¢ x2 2 ¢ x2
]+(b—x/b2—4ac]AppellFl[—, s T T — s ]] J+
+Vb2-4ac 4 2 2 4 b+Vb2-4ac -b+b2-4ac
7 1 1 11 2 ¢ x2 2 ¢ x?
[99adx4 b-+/b*-4ac +2cx?| |b++/b*-4ac +2cx?| AppellFl[—, =, =, —, - J/
4 2 2 4 b+\/b2—4ac b+ ~4ac
7 1 1 11 2cx? 2cx?
44aAppellF1[— Ty T T, - > }‘
4 2 2 4 brvb2-4ac -b+vVb2-4ac

4 x?

) y -

2
4 b+vVb?2-4ac -b+vb%2-4ac

)

11 1 3 15 2 ¢ x? 2 cx?
b+x/b2—4ac)Appe11F1[—, = Ty T - ) }*

4 2 2 4 b+vVb2-4ac -b++vb2-4ac
(b—\/b2—4ac]AppellF1[f

3 1 15 2 cx? 2 c x?
2 2

| 361
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Problem 216: Result more than twice size of optimal antiderivative.

dx

J(-Fx)”2 (d+ex?)

(a+bx2+cx4)3’/2

Optimal (type 6, 303 leaves, 6 steps):

2d 'FX 5/2\/ _ 2cx* \/1+ 2cx? AppellFl[i, i, i, 2, _ 2cx? , - 2cx?
b

\/b%-4ac b+ bZ 4ac 4727 27 4 b-+/b%-4ac b+/b*-4ac

+

5af+va+bx?+cx?
2 2
Je 'FX 9/2 _ 2cx®? 14 2cx? AppellFl[g, i, i, Q, B 2cx , - 2cx ]
b—\/bZ 4ac b+ b2 4ac 4727 2 4 b-/b%*-4ac b+/b%-4ac
9afivVa+bx?+cx?

Result (type 6, 1404 leaves):
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1

fVfx

5 (—bd+2ae—2cdx2+bex2) <a+bx2+cx4) +

b++/b?>-4ac +2cx?

5 (b2-4ac) (a+bx2+cx4)3/2

-b++/b?2-4ac -2cx?

[25 a’e

15 2 ¢ x2 2 ¢ x2 ]]/
2 4 pi+p2-4ac -b+Vb2-4ac

1 1 1 5 2 c x? 2 c x? 5 1 3 9 2 ¢ x?
(ZC 5aAppellFl|[=, =, =, =, - s | -x? b+x/b2—4ac)Appe11F1[—, -, s s, "
4 2 2 4 p,p2-4ac -b+b>-4ac 4 2 2 4 pip2-sac
2cx? 5 3 1 9 2cx? 2cx?
]+(b—w/b2_4ac]AppellFl[—, —y T — - , }]]Jr
-b++vb2-4ac 4 2 2 4 pi+/b2-4ac -b+b2-4ac
1 1 1 5 2 cx? 2cx?
25abd(b—x/b2—4ac +2cx?| |bra/b2-4ac +2cx?| AppellFl[=, =, =, =, - }J/
4 2 2 4 b+\/b2—4ac -b++/b%2-4ac
1 1 1 5 2 c x? 2 cx? P e— 5 1 3 9
4c 5aAppe11F1[f, IR > *XZ b+ b2—4ac]Appe11F1[— —y Ty
4 2 2 4 pi+p2-4ac -b+/b*-4ac 4’2727 4

2cx? 2 c x? 5 3 1 9 2 c x? 2 cx?
, , oo aae | appenira 5, 2,1, 2 , K
b+vVb2-4ac -b+vb%2-4ac 4 2 2 4 b+vVb2-4ac -b+vb%2-4ac

5 1 1 9 2 ¢ x? 2 ¢ x?
sadxt [b-+[o aac 2cxt| [bryfor aac 2ext| mppenter>, 2,2 , 1)/
4 2 2 4 pi+p2-4ac -b+b*-4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
18 a AppellFi[ >, =, =, =, - , ] -

4 2 2 4 pi+p2-4ac -b+/b*-4ac

9 3 13 2 ¢ x? 2 ¢ x?
2 x2 b+w/b2—4ac) AppellFl[ =, =, =, —, - s ]+

4 2 2 4 ~4ac -b++/b?-4ac

3 1 13 2 ¢ x? 2 ¢ x? ]]]

9
(b—x/b2—4ac]AppellF1[— -

4 2 2 4 b+\/b2—4ac -b++b2-4ac
b-+b?-4ac +2cx? (b+\/ -4ac +2cx?

9 2 c x? 2 cx?
E R ) }*X

4 b+Vb2-4ac -b+yb2-4ac

2 ¢ x? 2 ¢ x? 9 3 1 13 2 ¢ x? 2 ¢ x?
]+[bf\/b274ac)AppellF1[f =, =, =, ]]]]J
4 2 2

— N - - El
b+vVb2-4ac -b+vb%2-4ac 4 b+vVb2-4ac -b+vb%2-4ac

5
9abex? AppellF1[ =,

a’

)

1 1 9 2 cx? 2cx? }]/
T T T )
2 2 4 pip2-4ac -b+vb2-4ac

9 1 3 13
b+\/b2—4ac]AppellF1[f, -, =, =,

4

2 2 4

4c 2

5 1
9 a AppellF1l [ -,
4 2

N |

Problem 217: Result more than twice size of optimal antiderivative.
J VEx (d+ex?)
(

)3/2

dx
a+bx?+cx?
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Optimal (type 6, 303 leaves, 6 steps):

2 2 2
2d 'FX 3/2 _2cxt 1+ 2cx? AppellFl[i, i’ i’ i’ B 2cx , - 2cx
b—x/b2 4ac bZ 4ac b-+/b%-4ac b+/b*-4ac

3afVa+bx2+cxt
2e <fx)7/2\/1+ —2cx J1+ZCX AppellF1[Z, 3, 2, 11 2e¢  _ 2cx
b-/b>aac Jbaac 4727 27 4 b-/b>aac bi/b>dac
7afVa+bx2+cxt
Result (type 6, 17401leaves):
1 x\/fx |84 (a+bx2+cx4> (—b2d+b <ae—cdx2) +2ac (d+ex2)) "

84a (-b2+4ac) <a+bx2+cx“)3/2

196 a2 d (b—xlb2—4ac +2cx?

3.1 1
14 a AppellFl| =, =, ~
4" 2" 2

AppellFi[ =,

7 2 c x? 2 cx? ]]/
y T T
4 b+\/b274ac “b++Vb%2-4ac

7 2 cx? 2 c x? 5 7 1 3 11
y T s b++/b —4ac]AppellF1[f, — T, T
4 b+Vb2-4ac -b+vb%2-4ac 4 2 2 4
2 c x?

2cx? 2cx? 7 3 1 11 2cx?
, e fo o e 7, 2, 1 1 : 1))
4 2 2 4 pip2-4ac -b+VbZ-dac

b++/b?>-4ac +2cx?

3
a’

]—sz

4

b+vb%2-4ac -b++/b2-4ac
31 1 7 2 ¢ X2 2 ¢ x2
[49ab2d(b—x/b2—4ac +2cx?| |b+a/b?-4ac +2cx?| AppellF1[~, =, =, —, - B /
4 2 2 4 pi+b2-4ac -b++/b*-4ac
3 1 1 7 2 ¢ x? 2 ¢ x? 7 1 3 11 2 ¢ x?
7aAppellFl|[=, =, =, —, - s | -x?||b++/b*-4ac ] Appellfl[—, =, =, —, - ————,
4 2 2 4 p.+p2-4ac -b+b? -4ac 4 2 2 4 b+Vb-4ac
2 ¢ x2 7 3 1 11 2 ¢ x2 2 ¢ x2
]+(b—xlb2—4ac]AppellFl[—, =, =, =, , ]] _
“b+vb%2-4ac 4 2 2 4 +vb?-4ac -b+b2-4ac
3 1 1 7 2 cx? 2cx?
147a2be(bfx/b274ac +2cx? (b+«/b274ac +2cx?| AppellFi[ =, =, =, —, - }J/
4 2 2 4 b+\/b2—4ac “b+/b%2-4ac
3 1 1 7 2 c x? 2 cx? 7 1 3 11 2 c x?
(C 7aAppe11F1[—, T T T ™ > ]fX2 b+\/b2—4ac]Appe11F1[—, — =, Yy,
2 2 4 pib-4ac -b++/b*-4ac 4 2 2 4 b++vb2-4ac

2cx? 7 3 1 11 2cx? 2cx?
< [o-+/oaac | apperrra(Z, 2, 2, 10, : J]]
N 4" 2" 2 b+vb2-4ac -b++\b2-4ac
b+\/m+2cx2

7 1 1 11 2cx? 2 ¢ x2
-11aAppellFl[~, =, =, — ]
4 2 2

4 b+rvVb2-4ac -b++vb*-4ac

a’
7
99abdx? |b-+/b’-4ac +2cx AppellF1| —,

4

1 1 11 2 cx? 2 cx? }J/
Ty T Ty~ )
2 2 4 b+vb2-4ac -b++/b?-4ac

+




1.2.2 Quartic.nb | 365

15 2 cx? 2cx?

11 1 3
x? b+x/b2—4ac)AppellF1[—, — T, - s ]+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
11 3 1 15 2cx? 2 c x?
(b—xlb2—4acJAppellF1[—, s T T - ) ]]J*
4 2 2 4 b+vb2-4ac -b+vVb2-4ac
7 1 1 11 2 c x? 2 ¢ x?
198a%ex? [b-+/b?-4ac +2cx?| |[b+~/b*-4ac +2cx?| AppellFl[—, =, =, —, - s ]/
4 2 2 4 pi+fbr-4ac -b+V/b2-4ac
7 1 1 11 2 cx? 2 ¢ x?
—11aAppe11F1[*, I e P ] +
4 2 2 4 b+vb?2-4ac -b+i/b%*-4ac

3 15 2 ¢ x2 2 ¢ x2
s ) }"’

11
(b+x/b2—4ac ) AppellF1| —,
4 4 b+vb2-4ac -b++b2-4ac

)
2
11 1 15 2 c x? 2 ¢ x?
(b—x/b2—4ac]AppellF1[:, I ]]J]

- )
2 4 b+rvb2-4ac -b+vb*-4ac

2

X 5

1
2
3

Problem 218: Result more than twice size of optimal antiderivative.

d+ex?

Jm <a+bx2+cx4)3/2

dx

Optimal (type 6, 301 leaves, 6 steps):
2d/Fx J1+ 2cx° \/1+ 2 pppellfi[t, 2,2, 5, 2o 2o ]
b

b-+/b%-4ac +\/b?-4ac 4 b—\/b2—4ac b+\/b2—4ac
4
afva+bx?+cx?
2 2 2 2
2e <_FX>5/2 1+ 2cx 1+ 2cx AppellFl[i, 3) 3) Z_J _ 2cx , - 2cx
b-+/b*-4ac b+/b*-4ac b-+/b%*-4ac b+/b%-4ac
5af3iva+bx?+cx?

Result (type 6, 1740 leaves):
1

20a (-b2+4ac)/fx (a+bx2+cx4)3/2

X |20 (a+bx2+cx4) (—b2d+b(ae—cdx2)+2ac (d+ex2))+

1 1 1 5 2 ¢ x? 2 ¢ x?
3eea2d(bﬂ/b274ac +2cx?| |br/b2-4ac +2cx?| AppellFl[=, =, =, =, - , ]]/
4 2 2 4 pib’-4ac -b+Vb’-4ac
11 1 5 2 ¢ x? 2 ¢ x? 5 1 3 9
(10aAppellF1[, s T T ) | -2x*||b+/b2-4ac ] AppellFl[ =, =, =, =,
4 2 2 4 pi+p2-4ac -b+/b*-4ac 4 2 2 4
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2cx? 2 c x? 5 3 1 9 2 cx? 2 cx?
- s ]+(b—«/b2—4ac)AppellF1[— ==, 5, - s ]]—
b+rvVb2-4ac -b+vb2-4ac 4 2 2 4 pip2-4ac -b+b2-4ac
1 1 1 5 2cx? 2 c x?
25ab2d(b—w/b2—4ac +2cx?| [b+a/b?-4ac +2cx?| AppellFl[~, =, =, =, - , ] /
4 2 2 4 pi/p2-4ac -brvb2-4ac
1 1 1 5 2 c x? 2 cx? 5 1 3 9 2 ¢ x?
(C 5aAppellF1[f, o T T ) -x2 b+\/b2—4ac]Appe11F1[—, —y —y e ——,
4 2 2 4 p,.\/p2_4ac -b+Vb*-dac 4 2 2 4 pi+/b2-4ac

2cx? 5 3 1 9 2cx? 2cx?
]+ (b—m] AppellFl[*, T T T~ )
22

] ]

“b+vVb%?-4ac 4 4 b+\/m -b++vVb2-4ac
11 1 5 2cx? 2cx?
[25a2be b—\/m+2cx2 b++/b2-4ac +2cx?| AppellFl|~, =, =, =, - s ]]/
4 2 2 4 pi+b2-4ac -b++/b*-4ac

2 ¢ x2 2 ¢ x2

B
b+vb2-4ac -b+y/b%2-4ac

) J

5 1 3 9 2 ¢ x2
b+m] AppellF1[=, =, =, =, - ———"——
42" 2" 4 .2 dac

|
x

1 1
5aAppellFl]~, =,
4 2

N |-

5
4

[c

2cx2 5 3 1 9 2 c x? 2 ¢ x?
]+(b_wb2—4ac]AppellFl[—, T Ty T T i }] ]_
+Vb2_-4dac 4 2 2 4 b++Vb2-4ac -b++vb%2-4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
9abdx? |[b-+/b?-4ac +2cx (b+x/b274ac +2cx?| AppellFi[ =, =, =, =, - }J/
4 2 2 4 b+w/b2—4ac -b+ -4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
-9aAppellFl| =, =, =, =, - s *
422 4 p,\b?-4ac -b+Vb?-4dac
9 1 3 13 2 ¢ x? 2 ¢ x?
x2 (b+\/b274ac)AppellF1[* N s ] +
4 2 2 4 b+vVb2-4ac -b++b2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
o for-aac | appertra[2, 2, 2, 2, , ]]
4 2 2 4 p.b2-4ac -b+Vb*-4dac
5 1 1 9 2cx? 2cx?
[18a2ex2 b—\/m+2cx2 b+\/m+2cx2 AppellFl[=, =, =, =, - s ]]/
4 2 2 4 b+vb2-4ac -b++b%2-4ac
5 1 9 2 cx? 2 cx?
-9aAppellFl| =, =, =, =, - B ] +
4 2 2 4 b+vb2-4ac -b++vb%?-4ac
9 1 3 13 2cx? 2 cx?
x2 b+x/b2—4ac)AppellF1[— T T T T ’ ]+
4 2 2 4 b+vb2-4ac -b++vb?®-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(bfx/b274ac]AppellF1[— = =5 —> - ]]]J
4 2 2 4 b+w/b2—4ac -b++vb2-4ac

Problem 219: Result more than twice size of optimal antiderivative.
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J d+ex? dx
(fx)3/2 (a+bx2+cx4)3/2

Optimal (type 6, 301 leaves, 6 steps):

2cx? 2cx? i 3 3 3 2cx? 2cx?
2d 1+ 1+ AppellFl[—A—, 22 27 a0 >~ }
b-+/b*-4ac b+/b*-4ac b-+/b%-4ac b+/b*-4ac
+
afy/fx Va+bx?+cx?

2e<Fx)3/2\/1+ e — \/1+2c7x AppellF1[2, 3,2, 7 2cd  _ 2c¢

b-+/b%-4ac b2 4ac 472727 4 b-+/b%*-4ac b+/b%-4ac
3afiva+bx?+cx?

Result (type 6, 2959 leaves):

x3/2+a+bx2+cx* |- 2d +b3dx3’/2—3abcdx3/2—abzex3/2+2a2cex3/2+b2cdx7/2—2ac2dx7/'2—abcex7//2
a2\/x a’ (-b?+4ac) (a+bx?+cx*)
+
(_FX>3/2

2 2

70dx* [b-+[b2-4ac +2cx2| [b++/b?-4ac +2cx| AppellFi[>, =, 1, 7, - 2<X 2cx
ppellF1[ =, =, =, =, ,
4’2" 2" a b++vb?-4ac -b++b2-4ac

2 ¢ x2 2 ¢ x2
, - s + X

7 7 1 3 11
z b+\/mJ AppellFl[—, —s T
4 pi+b2-4ac -b+b2-4dac 4 2

2 ¢ x2 2 ¢ x2 7 3 1 11 2 ¢ x2 2 ¢ x2
_ }+(b—x/b2—4ac]AppellF1[—, -, =, —, - }]]J‘
2 2
C

2

b+vb2-4ac -bsbl-4a 4 4" bbb dac -bibP-dac
(Zlabcdx3 b-~/b2-4ac +2cx?| |[b++/b?-4ac +2cx? AppellFl[z, 1, 1, Z,— 2cx? s 2cx? ] /
4 2 2 4 pi+b2-4ac -b+Vb2-4dac
[(—b2+4ac) (b— 4ac) [ 4ac) (fx)*? (a+bx?+cxt)’?
7 2 ¢ x? 2 ¢ x?

2

3 1
7aAppellF1[ -
4 2

N |

- ] +x

4 b+Vb2-4ac -b+ -4ac

7 1 3 11
b++/b*-4ac J AppellFl[Z, s T T

2

2 ¢ x? 2 ¢ x? 7 3 1 11 2 ¢ x? 2 ¢ x?
_ s }+(b—«/b2—4ac]AppellF1[* — Ty T - s })]J‘
b++vb%2-4ac -b++Vb?2-4ac 4 2 2 4 b+vb%2-4ac -b++b?-4ac
3 1 1 7 2cx? 2cx?
7ab%ex? (b—x/b2—4ac +2cx2) b++/b?-4ac +2cx?| AppellFl|[ =, =, =, —, - , ]/
4’2" 2" 4 b+vb2-4ac -b++yb2-4ac

[3 (-b2+4ac) (b— b2—4ac] (b+x/b2—4ac) (Fx)3/2 (a+bx2+cx“>3/2
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3 1 1 7 2cx? 2cx? 7 1 3 11
—7aAppellF1[—, IR } x2 b+m) AppellFl[—, —y Ty T,
4 2 2 4 b+\/b2—4ac b+ -4ac 4 2 2 4

N
[N)
»

2cx? 2cx? 7 3 1 11 2cx? 2cx?
, }+(b—x/b2—4ac]AppellF1[—, 2 4 }]]J

b+vb2-4ac -b+y/b%2-4ac b+\/b2—4ac -b+vVb2-4ac

5 3 3 5 2 5 31 1 7 2cx? 2 cx?
14a’cex’® |b-+/b*-4ac +2cx?| [b++/b*-4ac +2cx?| AppellFl[~, =, =, —, - B ] /
4 2 2 4 pi+/p2-4ac -brb2-4ac

[3 (-b?+4ac) (b— b2—4ac] (b+x/b2—4ac) (1Cx)3/2 (a+bx2+cx4>3/2

31 1 7 2 ¢ x? 2 ¢ x? [ 7 1 3 11
77aAppe11F1[7) IR } JrX2 b+ b274a C J AppellFl[f, —y Ty T,
2’2" 24" 4. P gac -bs ~4ac 4 2 2 4

I
N

2 ¢ x? 2 ¢ x? 7 3 1 11 2 ¢ x? 2 ¢ x?
}+(b—«/b2_4ac]Appe11F1[f, g, - —, - , }]]JJr

- B
b+vb2-4ac -b+i/b%*-4ac 4 b+vb?2-4ac -b+i/b%*-4ac
7 11 2 ¢ x2 2 ¢ x2
b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx? - - s /
4’2" 2" 4 b+vb2-4ac -b++yb2-4ac

7 (-b*+4ac) (b—x/b2—4ac] (b+x/b2—4ac) (Fx)3/2 (a+bx2+cx“>3/2

AppellFi| -,

(99 b2 cdx®

7 1 1 11 2 cx? 2cx? 11 1 3 15
-11aAppellFi[~, =, =, —, - | +x2 ( b++/b’-4ac ) AppellFl|[—, =, =, —,
4 2 2 4 b+\/b2—4ac -b++vb2-4ac 4 2 2 4

2 c x? 2 cx? 11 3 1 15 2cx? 2 c x?
, }+(b—x/b2—4ac]AppellF1[—, =, s =, - s ]]J]
4 2 2

+vVb2-4ac -b++vb2-4ac 4 b+vb2-4ac -b++vb2-4ac

7 11 2 cx? 2 c x?
b-+/b?-4ac +2cx? (b+xlb2—4ac +2cx? - - /

4’ 4 b+ b2—4ac’ -b++/b2-4ac
7(—b2+4ac) (b—xlb2—4ac] (b+xlb2—4ac) (-Fx)3/2 (a+bx2+cx4>3/2

AppellFl[

(33@ ac’dx®

1
INE)
2

7 1 1 11 2 ¢ x? 2 ¢ x? e 11 1 3 15
[_113Appe11F1[_J I > } +X2 b + b2 -4ac J AppellFl[—, —y, T, T,
4 2 2 4 pi+p2-4ac -b+Vb -4ac 4 2 2 4
2 c x? 2 c x? 11 3 1 15 2 c x? 2 ¢ x?
- , }+(b—x/b2—4ac]AppellFl[—, =, =, =, - s ]]J]_
b+vb2-4ac -b++yb2-4ac 4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2 ¢ x2 2 ¢ x2
(33abcexS b-+/b>-4ac +2cx?| |b+y/b®-4ac +2cx?| AppellFl[~, =, =, —, - s ] /
4 2 2 4 b+vVb2-4ac -b++vb2-4ac

7 (-b?+4ac) (b—w/b2—4ac] (b+x/b2—4ac) (1Cx)3/2 (a+bx2+cx4>3/2

7 11 2 ¢ x? 2cx? 11 1 3 15
~11aAppellFil[—, =, =, =, - | +x2 ( b++/b>-4ac ) AppellFl|—, =, =, —,
2’2" 2" 4’ p.yp-zac bs ~4ac 4 2 2 4
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2 cx? 2cx? 11 3 1 15 2cx? 2 c x?
- ]+(b—x/b2—4ac]Appe11F1[—, =, =, ]]J
4 2 2

b+vVb2-4ac -b+vb%2-4ac 4 b+rvVb2-4ac -b+vb>-4ac

Problem 223: Result is not expressed in closed-form.

dx

j(fx)m (d+ex?)

a+bx2+cxt

Optimal (type 5, 194 leaves, 3 steps):

ey -2cd-be ] £ x) " Hypergeometric2F1[1, Lm, 3m o zex e -2cdbe J £ x) " Hypergeometric2F1[1, kM, m o 2ext
' N/ b*-4ac ( ) & [ T2 2 b-+/b%-4ac ] \/b?-4ac ( ) & { T2 2 b++/b%-4ac }
+
(b—\/b2—4ac)f(1+m> (b+\/b2—4ac>f<1+m)

Result (type 7, 316 leaves):

H tric2F1|-m,-m,1-m,- 2 LI
d (£x)" RootSun[a + bu1? + ¢ gt g, "PerEeemerricrlm o min 5] [ T gy
brl+2cn1? .
2m
1 1
e (fx)mRootSum[a+bn12+c1:tl4&, —(mx2+m2x2+2mxnl+m2xttl+
2m (1+m) (2+m) bl +2cn1
. 71 X "o . 71 X o
2 Hypergeometric2F1[-m, -m, 1-m, - ) 1112 + 3 m Hypergeometric2F1[-m, -m, 1-m, - | ( 112 +
X -H1 X - #1 X - #1 X - H1
2 . =1 X noy X\
m? Hypergeometric2F1[-m, -m, 1-m, - J 712+ m (—) w12 &|
X -1 X -H1 71

Problem 224: Result unnecessarily involves higher level functions.

j(fx)m (d+ex?)

(a+bx2+cx4)2

dx

Optimal (type 5, 392 leaves, 4 steps):
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(_FX>1+m (bzdfzacdfabeJrc (bd—Zae) X2>
2a(b?-4ac)f(a+bx?+cx?t)

(c [b [4ae+x/b2—4ac d(1-m)|-2a (x/b2—4ac e(l1-m)+2cd(3-m)

1+m 3+m 2 ¢ x2

Hyper‘geometr‘icZFl[l, , , - }]/ (Za (b274ac>3/2 (bf b2 _43ac ] £ (1+m)
2 2 b-vb2-4ac

[c [b (4ae—«/b2—4ac d (1—m) +2a («/b2—4ac e (1—m) -2cd (3—m)

1+m 3+m 2 c x?
Hypergeometric2Fi|1 - }]/ (Za (b>-4ac)®? (b+x/b2—4ac ] f(1+m)
27 2 b+vb2-4ac

+

+b? (d-dm) | (fx)*"

(_FX)1+m

+b2d (1-m)

Result (type 6, 692 leaves):
1

4c (3+m) (a+bx2+cx4)3

1+m 3+m 2 cx? 2 cx?
ax (fx)" |b-+/b>-4ac +2cx? (b+x/b2—4ac +2cx2) [d (3+m)2AppellF1[;, 2, 2, : , - B })/
2 2 b+vb2-4ac -b+vVb2-4ac
1+m 34m 2 ¢ x? 2 ¢ x? 3+m 5+m
[(1+m) a (3+m) AppellF1[=——, 2,2, =, - , ]—ZXZ( b+x/b2—4acJAppellF1[;, 2,3, 21,
2 b+vb?2-4ac -b+i/b%*-4ac 2 2
2 ¢ x2 2 ¢ x2 34m 5+m 2 ¢ x2 2 ¢ x2
- B ]+[b—w/b2—4ac)Appe11F1[L, 3, 2, : , - B ]]J]+
b+vb2-4ac -b++vb2-4ac 2 2 b+vb2-4ac -b++b%2-4ac
5 34m 5+m 2 ¢ x2 2 ¢ x2 3+m 5+m
e (5+m) x? AppellFl[——, 2, 2, , - B ] / a (5+m) AppellFl| ——, 2, 2, B
2 2 b+rvVb2-4ac -b+vb*-4ac 2 2
2 cx? 2cx? 5+m 7+m 2cx? 2cx?
- , }-2x2( b+«/b2—4ac)AppellF1[;, 2,3, 220 , ] +
b+vVb2-4ac -b+vb%2-4ac 2 2 b+rvVb2-4ac -b+vb2-4ac

5+m 7+m 2 ¢ x? 2 ¢ x?
(b—x/b2—4ac]AppellF1[;, 3,2, 212 , ]
2 2 b+vb2-4ac -b++yb2-4ac

Problem 225: Result more than twice size of optimal antiderivative.

j(fx)m <d+ex2) (a+bx2+cx4)3/2d1x

Optimal (type 6, 319 leaves, 6 steps):
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+ + + 2 2
ad (£x)"Va bl e Appellf1[L, 1, 3 e ol tex
b—\/b -dac b+Jb2—4ac
+
f(1+m) 1+ —2X 14 —2X
b-/b%*-4ac b+/b%-4ac
ae (fx)>"Va+bx2+cxt AppellFl[ —3, 5”“,— D S p—1S &

b-+/b%-4ac b++/b%-4ac
3(3+m) 1+ 2cx? 1+ 2cx*
b-+/b>-4ac b+ b24ac
Result (type 6, 2559 leaves):

[a (b—«/b2—4ac] (b+x/b2—4ac ) d(3+m)x (fx)"

b-+/b®*-4ac +2cx2)

1+m 1 1 3+m 2cx? 2cx?
(b+x/b2—4ac +2cx?| AppellF1| - e - s - s ]]/
2 2 2 2 b+vVb2-4ac -b++yb2-4ac
1+m 1 1 3+m 2 ¢ x? 2 ¢ x?
8c? (1+m)+Ja+bx*+cx* |2a (3+m) AppellF1| : y ——y ——, : - , |+
2 2 2 2 b+vVb2-4ac -b++vb*-4ac
3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
x2 b+x/b274acJAppellF1[;,7—, =, 222 s |+
2 2 2 2 b+vb2-4ac -b+yb2-4ac
3+m 1 1 5+m 2 ¢ x? 2cx?
[b—x/b2—4ac)AppellF1[ ! s —s - — . s - , J] +
2 2 2 2 b+vVb2-4ac -b++b2-4dac
(b[bx/bz4ac)[b+«/b24ac)d(5+m)x3(fx)m b-+/b>-4ac +2cx?| |[b++/b?2-4ac +2cx?
3+m 1 1 5+m 2 cx? 2cx?
AppellF1| s s~ s - s ] /
2 2 2 2 b+vb2-4ac -b++yb2-4ac
5 2 a 3+m 1 1 5+m 2cx? 2cx?
8¢ (3+m)+Ja+bx*+cx* |2a (5+m) AppellF1| , -, =, - , |+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
, +m 1 1 7+m 2 ¢ x? 2 ¢ x?
X b+ 4ac]AppellF1 —_—, -, = > — B ]+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
+m 1 1 7+m 2 ¢ x? 2cx?
[bf -4ac AppellFl —, —, - — > B } +
2 2 2 2 b+vVb2-4ac -b++yb2-4ac
([ -4/b 4ac)[ +1/b?2-4ac (5+m) x> (fx)" |[b-+/b*>-4ac +2cx*| [b+y/b*-4ac +2cx?
3+m 1 1 5+m 2cx? 2 ¢ x?
AppellFl[i, e >~ > ] /
2 2 2 2 b+Vb2-4ac -b+vb%2-4ac
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5 2 a 3+m 1 1 5+m 2cx? 2 ¢ x?
8¢ (3+m) \Ja+rbx?+cx 2a(5+m)AppellF1[—,——,——, s - , }+
2 2 2 2 b+vVb2-4ac -b++vb?-4ac
5+m 1 1 7+m 2 ¢ x? 2 ¢ x?
x? b+x/b2—4acJAppellF1[;,f—, -, - y - s ]+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
S5+m 1 1 7+m 2 ¢ x? 2 cx?
[bfx/b274ac)AppellF1[ ’ s T - i > - > ] ]*
2 2 2 2 b+vVb2-4ac -b++/b2-4ac

((bxlb24ac b-+/b?-4ac +2cx?| |b++/b*>-4ac +2cx?

[b+\/b2—4ac

d (7+m) x> (fx)"

5+m 1 1 7+m 2cx? 2 ¢ x2
AppellFl[ > T Ty T T y - ) ] /
2 2 2 2 b+Vb2-4ac -b++b2-4ac
2 2 5+m 1 1 7+m 2 ¢ x2 2 ¢ x2
8c (5+m)Ja+bx?+cx* |2a (7+m) AppellFl| -, ==, , - s |+
2 2 2 2 b+vVb2-4ac -b+b2-dac

9+m 2 ¢ x? 2 ¢ x?
3 - ) ]+

7+m 1 1
b+x/b2—4ac)AppellFl[;,——,—
2 2 2 2 b+vVb2-4ac -b+b2-dac
7+m 1 1 9+m 2 ¢ x? 2 cx?
[b7«/b274ac)AppellF1[;, -, ., 20 , - s }]]
2 2

2 2 b+rvVb2-4ac -b+vb2-4ac
(b [b7«/b274ac) [b+«/b274ac

X2

+

b-+/b>-4ac +2cx?| |[b++/b?>-4ac +2cx?

e (7+m) x> (fx)"

5+m 1 1 7+m 2 cx? 2 c x?
AppellFl[ P T >~ > /
2 2 2 2 b+vb2-4ac -b++yb2-4ac
5 2 a 5+m 1 1 7+m 2 ¢ x2 2 ¢ X2
8¢ (5+m)m 2a (7 +m) AppellF1| s ——y =, > - , |+
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
7+m 1 1 9+m 2 ¢ x2 2 ¢ x2
X2 b+x/b2—4acJAppellF1[L,——, - : y - s ]+
2 2 2 2 b+vVb2-4ac -b++b2-4ac
7+m 1 1 9+m 2cx? 2cx?
[b—«/b2—4ac)Appe11F1[L, — -, : - s }]]]Jf
2 2 2 2 b+vVb2-4ac -b++vb2-4ac

b-+/b?>-4ac +2cx?

e (9+m) x (fx)"

((b—«/b2—4ac)(b+x/b2—4ac b++/b>-4ac +2cx?

7+m 1 1 9+m 2 cx? 2 c x?
Appe:l-lFl[i) T T T y - K] /
2 2 2 2 b+vb2-4ac -b+Vb2-4d4ac
2 2 7+m 1 1 9+m 2 cx? 2 ¢ x?
8c (7+m) Ja+bx?+cx 2a<9+m)AppellF1[ s ——y —— , - s |+
2 2 2 2 b+vVb2-4ac -b++b2-4ac

X2

9+m 1 1 11+m 2 ¢ x? 2 ¢ x?
b+x/b2—4acJAppellF1[%,—g, -, . s - ] +

2 2 b+vVb2-4ac -b++vb%2-4ac
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—

9+m 1 1 11+m 2cx? 2cx?
(b—«/b2—4ac)Appe11F1[;, L s ]])
2 2 b+vb2-4ac -b++vb2-4ac

N
N

Problem 226: Result more than twice size of optimal antiderivative.
J(-Fx)m (d+ex?) \/mdlx

Optimal (type 6, 317 leaves, 6 steps):
d (Fx)¥"Varbx?+cxt AppellFi[e, 1, 1 2m 20 - 2cx

2 2 b—\/b2—4ac b+\/b2—4ac

+

2cx? 14 2cx?

b-~/b*-4ac b++/b2-4ac
2 2
e (fx)*"Va+bx?+cxt AppellFl[%",—i,—l, Sﬂ, e

b\/b2 4ac b+\/b2—4ac

2
3(3+m) 1+ 2¢X 1+ 2cx?
b-+/b%*-4ac b+ b2 4ac

Result (type 6, 755 leaves):

-F(1+m) 1+
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1

b—x/b2—4ac) [b+x/b2—4ac x(-Fx)'“ b-+/b?-4ac +2cx?
8 c2 (3+m)x/a+bx2+cx4
1+m 1 1 3+m 2 cx? 2 cx?
[b+\/b2—4ac +2cx? (d (3+m)2Appe11F1[;,— , -, : , - s

2 2 2 2 b+vVb2-4ac -b++b2-4ac

1+m 1 1 3+m 2 ¢ x2 2cx?

(1+m) 2a(3+m)Appe11F1[7,—*,—*, y - s +
2 2 2

2 b+rvb%2-4ac -b+b’-4ac

5 5+m 2 ¢ x2 2cx?

) )

3+m 1
b+m) AppellFl[;, -5, - ’ ]+
2 2 2 b++Vb2-4ac -b++b%>-4ac

1
2
| E— 3+m 1 1 5+m 2 cx? 2cx?
(b— b2—4ac]App611F1[ : y Ty T T - F k) ]]]J-F
2 2 2

2 b+rvVb2-4ac -b++vb>-4ac

X

2

3+m
e (5+m) x? AppellF1l| —, -
2

5+m 2 c x? 2 c x?
> ) +

2 b+vVb2-4ac -b+vb>-4ac

) )

1 1 5+m 2cx? 2 cx? ]/
22 2 b+rvVb2-4ac -b++vb>-4ac
3+m 1 1
2a (5+m) AppellFl[i - = —
2 2 2

5+m 1 1 7+m 2cx? 2 c x?
x2 (b+\/b274ac)AppellF1[ ’ 3 =T T . 5 B ]*
2 2 2 2 b+vVb2-4ac -b+Vb2-4ac
5+m 1 1 7+m 2 c x? 2 cx?
b forane |mpperea[ 20, 1, 70 , il
2 2 2 2 b+vVb2-4ac -b+Vb’-4ac

Problem 227: Result more than twice size of optimal antiderivative.

J(-Fx)m (d+ex?)
Vva+bx?+cx?

dx

Optimal (type 6, 317 leaves, 6 steps):

2 2 2 2

‘FX 1+m 14 2cx 14+ 2cx AppellFl[lzm, ;; i) 3;m, _ 2cx , - 2cx
b-+/b2-4ac b+/b%-4ac b-+/b%-4ac b+\/m

+
f(l+em)Va+bx?+cx?

2 2 2 2

e (_FX>3+m 14+ o 2cxt 2cx AppellFl[B';m, i, i, Szm, _ 2cx , - 2cx
b-+/b%*-4ac b+x/b2—4ac b—\/b2—4ac b+\/bZ 4ac

3 (3+m) Va+bx?+cx?t
Result (type 6, 728 leaves):

1)/
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1

2¢ (3+m) (a+bx2+cx4)3’/2

1+m 1 1 3+m 2cx? 2cx?
X (fx)" [b-+/b>-4ac +2cx?®| [b++/b?>-4ac +2cx? d (3 +m)?AppellF1 ;, = =, : , - ,
( pp
2 2 2 2 b+vVb2-4ac -b+Vb2-4ac
1+m 1 1 3+m 2cx? 2 cx? 3+m 1 3
[(1+m) 2a (3+m) AppellF1| : , =, =, : , - , | -x2 b+«/b2—4ac)Appe11F1[L, =, =,
2 2 2 2 b+Vb*-4ac -b+vb2-4ac 2 2 2
2 ¢ x? 2 ¢ x? 3+4m 3 1 5+m 2 ¢ x? 2 ¢ x?
- s ]+[b—«/b2—4ac)AppellF1[ 22, s, 220 s
b+Vb2-4ac -b+\Vb-dac 2 2 2 2 b+vVb2-4ac -b+Vb2-4ac
, 3+m 1 1 5+m 2 c x? 2 c x? 3+m 1 1 5+m
e (5+m) x? AppellF1]| , =, =, , - s / -2a (5+m) AppellF1| = s
2 72727 2 b+vVb2-4ac -b+Vb2-4ac 2 2 2 2
2

2
2CcXx )

5+m 1 3 7+m 2 ¢ x? 2 c x?
| +x b+«/b274ac]AppellF1[ - s T T i ’ - B ] +
2 2 2 2 b+vVb2-4ac -b++/b2-4ac

3
+Vb2-4ac -b+yb%2-4ac

b
5+m
(b—x/b274ac]AppellF1[ L
2

7+m 2 cx? 2 cx? ]
3

3 1
) - )
2 2 2 brvb2-4ac -b++vVb2-4ac

Problem 228: Result more than twice size of optimal antiderivative.

J (Fx)™ (d+ex?) x
(

a+bx2+cx4)3/2

Optimal (type 6, 323 leaves, 6 steps):

-Fx 1”“\/ 2cx? J1+ 2cx? AppellFl[l”", 3,3, 3;", - —2exd > - —

b-+/b%*-4ac b2 4ac 2 272 b-+/b*-4ac b+/b%-4ac
af (1+m) Va+bx?+cx?

e (-F x)3+m 14 —2c¢ 14 —2c¢ AppellFl[%", 3

3 5m _
b-~/b%-4ac b+/b%*-4ac 272 2 beb274ac ’ b+\/b274ac
af3 (3+m) Va+bx?+cx?

Result (type 6, 728 leaves):

1)/

5+m

)))-
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1

2¢ (3+m) (a+bx2+cx4)5/2

1+m 3 3 34+m 2cx? 2cx?
ax (fx)" b—\/m+2cx2 (b+\/m+2cx2) [d (3+m)2Appe11F1[L, 5,2, s ]/
2 2 2 b+vVb2-4ac -b++vb2-4ac
1+m 3 3 34+m 2cx? 2 cx?
(1+m) [2a (3+m) AppellF1[——, =, =, ) - s ] -
2 2 2 b+vb?-4ac -b++b2-4ac

3 x?

3+m 3 5 5+m 2cx? 2cx?
b+x/b2—4ac)Appe11F1[ 22,2, 220 , N
2 2 2 2 b+vVb2-4ac -b+Vb2-4ac

3+m 5 3 5+m 2cx? 2cx?
(bfx/b274ac]Appe11F1[;, 202,222 }])]Jr
2 2

Bl
2 2 b+vVb2-4ac -b++vb2-4ac

5 3+4m 3 3 5+m 2cx? 2cx?
e (5+m) X AppellFl[i, — >~ » /
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
3+4m 3 3 5+4m 2cx? 2cx?
2a (5+m) AppellFl[ s T T >~ ’ ] -
2 2 2 2 b+vb2-4ac -b+vb2-4ac
5+m 3 5 7+m 2 ¢ x? 2 ¢ x?
352 b+x/b2—4ac)AppellF1{;, z, 2, ==, , +
2 2 2 2 b+vb2-4ac -b+Vb2-4ac

5+m
(b—x/b2—4ac]Appe11F1[ ML
2

5 3 7+m 2 ¢ x2 2cx? ]]]
) ) k)
2 2 2 b++Vb2-4ac -b++b%>-4ac

Problem 259: Result unnecessarily involves imaginary or complex numbers.

2

J X dx
(1+X2) 1+ x4

Optimal (type 4, 70leaves, 4 steps):

V2 2 1ex? . . 1
) Ar‘cTan[ﬁ] (1+x?) | o) EllipticF [2ArcTan[x], 2}

+

22 41 +x4
Result (type 4, 40 leaves):

(-1)** (~EllipticF [i ArcSinh[(-1)**x], -1] + EllipticPi[- 1, i ArcSinh[(-1)**x], -1])



Problem 260: Result unnecessarily involves imaginary or complex numbers.

J(lxz;m o

Optimal (type 4, 70leaves, 4 steps):

ArcTanh[ 2% (1.x2) [ EllipticF[2ArcTan(x], %]
m (1+X2) 2

2+/2 4+/1+x4
Result (type 4, 36 leaves):

(—1)1/4 (EllipticF[Ji Ar‘cSinh[(—l)l/“x] , -1] - EllipticPili, Ar‘cSinH—l)s“‘x] s —1”

Problem 265: Result unnecessarily involves imaginary or complex numbers.

J<1+x2)xvﬁdlx

Optimal (type 4, 74 leaves, 4 steps):

1ex?
2

ArcTanh|[ 2] (1+x?) E

_1-x4 ( *
- +

22 4~/-1-x*
Result (type 4, 60 leaves):

EllipticF [2ArcTan[x], ﬂ

(-1)**V1+x* [-EllipticF[iArcSinh[(-1)**x], -1] + EllipticPi[-i, i ArcSinh[(-1)**x], -1])

V-1-x*

Problem 266: Result unnecessarily involves imaginary or complex numbers.

2

X
J dx
(1-x2) V-1-x*

Optimal (type 4, 74 leaves, 4 steps):

Ar‘cTan[@] (1+x?) | ﬁ EllipticF[2ArcTan([x], ﬂ
1oy +X

22 4~/-1-x*
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Result (type 4, 56 leaves):
(-1)**"/1+x* (EllipticF [ ArcSinh[(-1)*x], -1] - EllipticPi[i, Arcsin[(-1)**x], -1]]

V-1-x4

Problem 310: Result is not expressed in closed-form.
1

Jm (d+ex2) (a+bx2+cx4)

dx

Optimal (type 3, 866 leaves, 19 steps):

c3/4 (2cd N (b_\/m) e) ArcTan[ ( ji;ﬁ ]
-b-+/b%-4ac VE

214467 ~4ac (-b-\b?-4ac | (cd? bde-ae?)

c3/4 (ch— (b+\/ b2-4ac ) e) ArcTan | 2t ] e .
/ 7/4 e/ X 7/4 V2 e/ A fx
“beafb2aac | /F e’/4 ArcTan|[1 - b:dm . ] e’/4 ArcTan|[1 + e ]

- +
21/4\/m(—b+\/m)3/4(cdz—bde+ae2)\/? V2 d¥% (cd?-bde+ae?) /f 2 d¥* (cd’-bde+ae?)/f

/4 (2 cd- (bf\/m) e) ArcTanh | [ 2hc/t ;f"‘ | e (2 cd- (b+ \/m) e) ArcTanh | ( 2ot 5;‘/4 ]
-b-/b2-dac | f “bifb2dac | F

21/4+/p2 _4ac (7b—\/b2—4ac )3/4 (cd?-bde+ae?) NE O 2v4p2 —4ac (7b+\/b2—4ac )3/4 (cd?-bde+ae?) VE

e”4Log[Vd VF +e V/f x-2 dV4el4/fx | e”*Log[Vd VF +e Vf x+2 dV4el4 A/ fx |
+
22 d** (cd’-bde+ae?) \/f 2+/2 d¥* (cd’-bde+ae?) \f

Result (type 7, 267 leaves):

\/7 [\/? e’/4

7 el/4 2 el/4
—2Ar‘cTan[1—M} +2Ar‘cTan[1+M] —Log{\/?—\/?dl/4e1/4\/;+\/?x] +Log[\/?+\/7d1/4e1/4\/;+\/?x}J -

d1/4 d1/4

2d%* RootSum|a + b #1* + c 118 &,
b 13+ 2 cnul?

~cdLog[v/x -11] +belog[Vx -#H1] + celog[Vx -u1]n1* &]]J/ (4d3/4 (cd?+e(-bd+ae)) m)
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Problem 316: Result unnecessarily involves imaginary or complex numbers.
Jx4\/1+2x2+2x4

34+2x2

dx

Optimal (type 4, 424 leaves, 17 steps):

1 5 2 B 109 x V1 +2x2+2x4
—fx(13—6x>«/1+2x 2%+ +
60 60ﬁ(1+ﬁx2)

109 (1+\/7x2) 1202 E11ipticE[2ArcTan[2Y4x], L (2—\/7)}
3 (172 %) !
— 15 Ar‘cTan[ ] - +
16 V1+2x2+2x4 60  23/4~/1+2x2+2x4

ﬁ
X

(-7042632 | (1442 x2) [ 252X EllipticF 2 ArcTan[2Y4x],

(1+ﬁx2)2 (27\/?)]

1
4

60 23/ (-2+3\/7) Vit2x2+2x

15 (3442 (1472 22| /% EllipticPi[ L (12-11V2 |, 2ArcTan[2V4x], 2 (2-V2 )]
1+V/2 x
16 2% (2-3V2 | Vi+2x2 <2

Result (type 4, 209 leaves):

! ~52x-80x% ~56x° +48x” ~218 i V1 i [1+ (1-i)x* [1+ (1+i)x? EllipticE[i ArcSinh[v1-1 x], i] -
2401+ 2x2+ 2%

(199-417 i) VI-1 /1+ (1-1) %2 \[1+ (1+1i) x> EllipticF[iArcSinh[vV1-i x|, i]+

225 (1-1)%2 [1+ (1-1) % \[1+ (1+1) X EllipticPi[ =+ —, i ArcSinh[vI 1 x|, i
3

w

Problem 317: Result unnecessarily involves imaginary or complex numbers.
JXZ\/1+2x2+2x4

3+ 2x2

dx

Optimal (type 4, 417 leaves, 13 steps):
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ﬁ
X

1 7xV1+2x2+2x* 1
Txafle2x2i2x4 - * * - =+/15 ArcTan| ————— ] +
6 62 (1+\/2 xz) 8 Vii2x2+2x4

7

1442 %) ﬁ Elliptick[2 ArcTan[2V/%x],  (2-+/2 ]

6 234~ 1+2x2+2x*

(—4+17 \/7) (1+\/7x2) % EllipticF[2ArcTan[2V/4x], i (2—\/7)]
1+4/2 x

6 23/4 (72+3\/2 ) Vi+2x2+2x

5

3442 (1442 ) ﬁ Ellipticpi[ 2 (12-11v2 |, 2ArcTan[2Y4x], 1 (2-v2 |]

g 23/4 (2-3\/?) Vit2x2+2x

Result (type 4, 204 leaves):

! Ax+8x>+8x°+143i\1-1 ([1+ (1-i)x® \[1+ (1+1)x® EllipticE[iArcSinh[vV1-1 x], i] +
24+/1+2x%+2x4

(13-274) VI f1+(1-1) % 1+ (1+1)x® EllipticF[iArcSinh[vV1-1 x], i] -

15 (1-)¥2 1+ (1-1) % (J1+ (141) 2 EllipticPi[ S+ =, i Arcsinh[vI=1 x], i]
33

Problem 318: Result unnecessarily involves imaginary or complex numbers.
J\/1+2x2+2x4

34+2x2

dx

Optimal (type 4, 381 leaves, 7 steps):
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[s & (142 2] [ 2252 EllipticE[2ArcTan[2V4x], 1 (2-V2 )]
A/ 2 4 3 14/2 %2 4
XV1I+2x°+2X +1 EAr‘cTan[ }_ ( ) s
V2 (1“/ ) 4\ 3 Vii2xZi2x 23/4~/1+2x2 12X

2 x?
224 (1442 %) /ﬁ EllipticF [2ArcTan[21/4x], * (2-V/2 |]

(—2+3\/2 ) Vit2x2+2x

+

5(3+v2 ) (1442 %) ﬁ EllipticPi[ L (12-11+2 |, 2ArcTan[24x], 2 (2-V2 )]
+ X

12 23/4 (2-3\/7) Vit2x2+2x

Result (type 4, 127 leaves):

- 1 \/1+(1—i)x2 \/1+(1+1)x2
6V1-i Vi+2x2i2x4

[(3+31’1) EllipticE[iArcSinh[v1-1i x|, i] - (3+6i) EllipticF[iArcSinh[v1-1i x|, i]+51i EllipticPi[1+ L iArcSinh[vV1-1 x|, i]
33

Problem 319: Result unnecessarily involves imaginary or complex numbers.
J\/1+2x2+2x4

x2 (3+2x2)

dx

Optimal (type 4, 399 leaves, 8 steps):
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5
= X
V1+2x2+2x* /2 xV1+2x2+2x* 1 5 \ 3
- + -= [ = ArcTan[———
3 x 3(1+\/2 x2) 6\ 3 Vie2x2+2x4

214 (142 %) ﬁ EllipticE [2 ArcTan[21/4x], L (2-V/2 |]

3vV1+2x2+2x4
(3+\E) (1+\/7X2) lﬁ EllipticF[ZAr‘cTan[Zl/“x}, i (27\/?)]
21 2V4A/1+2x2+2 x4

5(3+v2 )" (1442 %) % EllipticPi[ L (12-11V2 |, 2ArcTan[2V4x], ¥ (2-V2 )]
+ X

252 214+/1+2x2+ 2%
Result (type 4, 208 leaves):

! 6-12x2-12x* -6 i VI & x~/1+ (1-3)x? \[1+ (1+1) x> EllipticE[iArcSinh[vVI- 1 x], i]+
18xV1+2x%+2x4

(9-31)VI-1 x~/1+(1-i)x? \[1+ (1+1)x? EllipticF[iArcSinh[vVI -1 x], i] -

5 (1-1)>2x 1+ (1-i)x? \[1+ (1+i) %2 Ellipticpi[ >+ =, i Arcsinh[vI -1 x], i]
303

Problem 320: Result unnecessarily involves imaginary or complex numbers.
J\/1+2X2+2X4

x* (3+2x2)

dx

Optimal (type 4, 360 leaves, 7 steps):
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(1442 %] ﬁ ELlipticF [2 ArcTan[21/4x], L (2-/2 ]

- +

ﬁ
X

vi+2x2+2x* 1 |5
— 0+ — —Ar‘cTan{
91 3

93 Vie2xT<2xt 9 241 2xT 2%
5 (3472 (1+V2 2] | 2252 EllipticF[2ArcTan[214x], I (2-4/2 )]

(1+\/7XZ)
63  21/4/1+2x%2+2x4

3:32)7 (14v2 %) ﬁ EllipticPi[ L (12-11v2 |, 2ArcTan[2V4x], 3 (2-V2 )]

5

378 2VA+1+2x2+2x4
Result (type 4, 154 leaves):

- ! 3+6x2+6x*+3 (1-1)¥2x3[1+ (1-1) % \[1+ (1+1)x* EllipticF[iArcSinh[vV1-1 x|, i] -
27x3V1+2x2+2x4
1

)32 3\/1+ - 1) \/1+ (1+1) x* EllipticPi[— +

, LArcSinh[vV1-1 x|, i]

w
w||=!-

Problem 321: Result unnecessarily involves imaginary or complex numbers.
JV1+2X2+2X4

x6 (3+2x2)

dx

Optimal (type 4, 546 leaves, 13 steps):
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Viv2x2i2xt 41 2x2+2xh 41e2x2i2x* 442 xA/1r2x2 2%t
+ - + -

15 x> 135 x3 45 x 45 (1+\/7X2)
5 x 4 294 (142 ) [ 2225 EllipticE [2ArcTan[2V4x], § (2-V/2 ]
2 5 3 (14—\/?)(2) 4
— | = ArcTan]| - +
27 3 V1+2x2+2x4 451 +2x%+2x4

524 (5-3V2 ) (1442 %) ﬁ EllipticF [2ArcTan[2V/%x],  (2-V/2 |]

1891 +2x2+2x*

2V4 (19-2+2) (142 2] ﬁ EllipticF [2 ArcTan[21/%x],  (2-/2 ]

1351 +2x%2+2x4

5 (3472 )" (1442 2 ﬁ EllipticPi[ L (12-11V2 |, 2ArcTan[2V4x], I (2-V2 )]
1+/2 X

567 < 21/4+/1+2x%+2x4

Result (type 4, 224 leaves):

- ! 27 +42x2+66x* +48X° +72x% +36 1 \/1- 1 x®\[1+ (1-1)x? \[1+ (1+1) x? EllipticE[iArcSinh[vVI-i x|, i] -
405 x°> V1 +2x%+2x*

(12+241) VI3 x*[1+ (1-1)x® 1+ (1+i)x? EllipticF[iArcSinh[v1-1 x], i] +

50 (1-4)¥2x%\[1+ (1-i)x? \[1+ (1+i) %2 EllipticPi[ >+ =, i Arcsinh[VI I x], j})
303

Problem 327: Result unnecessarily involves imaginary or complex numbers.

sz (1+2x2+2x4)3/2 4
X

3-2x2

Optimal (type 4, 463 leaves, 19 steps):
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213 27 2211 xV1+2x2+2x4 1
2 Jteaxieaxt - e [1eaxiiax - 22X S 122,
70

140 14072 (142 x2) 14

17 2211 (142 2| | 22522 EllipticE[2ArcTan[2V4x], I (242 )]
17 { 3 (1+\/7X2) 4
— /51 ArcTanh
16

+ —

V1+2x2+2x4 140 - 23/4+/1+2x2+2x*

3 (514427172 ) (142 x2) [ B2 EllipticF[2ArcTan[2V4x], 1 (2-V2 ]
(1+\EX2)Z 4

140 23/4 (2+3\/2 ) Vi1+2x2+2x

289 (37\5) (1+\/?x2) ﬁ Ellipticpi[ 1 (12+11 ﬁ), 2 ArcTan[2V4x], 2 (27\5)]
+ X

16  23/4 (2+3ﬁ) Vit2x2+2x

Result (type 4, 214 leaves):

! 892 x - 2080 x> - 2456 X* - 752 %7 - 160 x° + 44220 V1 -1 ~[1+ (1-1)x? [1+ (1+1i)x? ELlipticE[iArcSinh[VI-1 x|, i] -
560 \/1+2x%+2x*

(9669 - 5247 i) VI - 1+ (1-1)x® \/1+ (1+1)x® EllipticF[iArcSinh[v1-1 x], i]+

10115 (1-3)¥2 1+ (1-1)x® [1+ (1+1) %2 EllipticPi[- - =, i Arcsinh[vVI=1 x], 1]]
303

Problem 328: Result unnecessarily involves imaginary or complex numbers.

(1+2x2+2x4)%2
J dx

3-2x2

Optimal (type 4, 428 leaves, 12 steps):
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1 103 xV1+2x2+2x4
——X<9+2X2)\/1+2X2+2X4— +

10 102 (1+\/7x2)

17 103 (1+2 2| /(1*2;:7*“)"2 E1liptick [2 ArcTan[2V/4x], * (2-V/2 ]

3 1++/2 x2
17 117 Ar‘cTanh[ ] + -
8 3 Vi+2x2i2x4 10 23/4+/1+2x2+2x4

(66+383 \/7) (1+\/7x2) % EllipticF[2ArcTan[2V/4x], i (2—\/7)}
1++/2 x?

10 23/4 (2+3x/2 ) Vit2x2+2x

289 (3-V/2 | (142 %) ﬁ EllipticPi[ (124112 |, 2ArcTan[2V/%x], I (2-V/2 ]
" X

24 23/4 (2+3ﬁ) Vit2x2+2x°

Result (type 4, 209 leaves):

! ~108x - 240 X* - 264 x° - 487 + 618 1 \/1 -1 [1+ (1-i)x? \[1+ (1+1)x® EllipticE[iArcSinh[v1-1 x], i] -
1201+ 2x2+ 2%

(1371-7534) V1 -1 \/1+ (1-i)x? \[1+ (1+1)x? EllipticF[i ArcSinh[vI-i x], i] +

1445 (1-1)%2 1+ (1-i) %2 \[1+ (1+i) %2 EllipticPi[- = - =, i Arcsinh[vVI=1 x], i]]
3 3

Problem 329: Result unnecessarily involves imaginary or complex numbers.

dx

(1+2x2+2x4)3/2
J x2 (3—2x2)

Optimal (type 4, 722 leaves, 13 steps):
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(1+x?) VI+2x2+2x"  17x/1+2x2+2x% V2 x/1+2x2+2x4
- + +
3x 3ﬁ(1+ﬁx2) 3(1+ﬁx2)

+ —

V1+2x2+2x4 3234 J1+2x%2+2x4

12

17 17 (1472 %) % Elliptick [2 ArcTan[21/%x],  (2-V2 ]
3 142 x?
AN ArcTanh |
\ 3

2V4 (1442 x2) [ B252X EllipticE[2AncTan[2V4x], 1 (2-V2 )] (1442 %) /ﬁ EllipticF[2ArcTan[2V/4x], 2 (242 )]

(1+\/7X2)
+ +
3vV1+2x2+2x 323441 +2x2+2x4
289 (3-2 | (142 %) ﬁ EllipticF [2 ArcTan[2V/%x],  (2-V/2 ]

84 2V4\[1+2x%2+2x4

17 (5+\/7) (1+\/7x2) /ﬁ EllipticF[2 ArcTan[2V/4x], % (2-\/7)}
+ X

12 21441 4+2x2+2x4

289 (11-6V2 ] (142 x?) /ﬁ EllipticPi[ L (124112 |, 2ArcTan[2V4x], 2 (2-V2 )]
504  21/4+/1+2x2+2x4

Result (type 4, 213 leaves):

! ~12-36x>-48x* - 24x°+90i V1 1 x:/1+ (1-i)x? \[1+ (1+i)x? EllipticE[iArcSinh[vI-i x|, i] -
36 xV1+2x%+2x

(255-1654) VI-1 x+/1+ (1-1)x \[1+ (1+1)x® ELlipticF[iArcSinh[vI-1 x|, i+

289 (1-1)%2x 1+ (1-1) % \[1+ (1+1) EllipticPi[ = - -, i ArcSinh[vI- 1 x|, i]
33

Problem 330: Result unnecessarily involves imaginary or complex numbers.

dx

J(1+2x2+2x4)3/2

x4 (3—2x2)

Optimal (type 4, 625 leaves, 13 steps):
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2vV/1+2x7+2x% (1-8x3) V1+2x2+2xt /2 x142x2+2x
+ +

x 9% 9(1+\/2 xz)

18

17 2V4 (1442 ) [ 22 EllipticE[2ArcTan[2V4x], 2 (2-V2 ]
17 17 3 (1“/2 xl) 4
= | = Ar‘cTanh[ ] -

3 Vi1i+2x2i2x4 9+/1+2x2+2x4

289 (3-V/2 | (142 2] | 2252 EllipticF[2ArcTan[2V4x], I (2-V/2 ]

(1+ﬁxz)
126 2V4+/1+2x2+2 x4

17 (5+\/7) (1+\Ex2) /ﬁ EllipticF[2ArcTan[214x], * (27\5)}

18 21/44/1+2x%2+2x4

2V4 (94542 ) (142 5] [ 22E2C EllipticF[2ArcTan[2V4x], b (2-V/2 )]
(1+\/7x2)2 4

9+/1+2x%+2x*

289 (11-6V2 ] (142 x?) /ﬁ EllipticPi[ L (124112 |, 2ArcTan[2V4x], 2 (2-V2 )]
756 21411 2x2 12X

Result (type 4, 219leaves):

! ~6-72x2-132x* - 120x° - 61 VI -1 x*[1+ (1-1)x? \[1+ (1+1)x® EllipticE[iArcSinh[vV1-1 x], i] -
54x3V1+2x%+2x4

(195-201i) VI-1 x*~/1+ (1-i)x? /1+ (1+1i)x? EllipticF[iArcSinh[1-1i x], i] +

289 (1-1)%23 1+ (1-1) % \J1+ (1+1) % EllipticPi[ — - -, i ArcSinh[vI -1 x|, i]
3 3

dx

J(1+2x2+2x4)3/2

X6 (3—2x2)

Optimal (type 4, 553 leaves, 15 steps):



74/1+2x2+2x%  262V1+2x2+2x*  (3+40%%) V1+2x2+2x* 26242 xV/1+2x242x4
- - + +

135 x3 135 x 45 x° 135 <1+\5X2>

17
27

17 262 2V4 (1442 2] [ M2 EllipticE[2ArcTan[2V4x], T (2-V2 )]
17 3 (1+\/7x2> 4
= ArcTanh| ] -
3 Vis2x2+2x4 135/1+2x2+2x4

85  23/4 (3—\/7) (1+ﬁx2) /ﬁ E1lipticF[2ArcTan[21/x], (27\5)}

189 V1 +2x2+2x*

224 (3742372 ) (142 %) /ﬁ EllipticF [2ArcTan[2V/4x], * (2-V/2 ]

135vV1+2x2+2x*

289 (11-62 ] (142 2| /ﬁ EllipticPi[ 1 (124112 |, 2ArcTan[2V4x], 2 (2-V2 )]
1134 2V41:2x2 < 2%

+

Result (type 4, 224 leaves):
1
405 x° V1 +2x%+2x4

27 +192x% + 1116 x* + 1848 x° + 1572 x® + 786 i VI - i x*[1+ (1-i)x? \[1+ (1+1)x? EllipticE[i ArcSinh[vVI-1 x], i] +

(543 -1320i) VI-1 x®\[1+ (1-i)x? \[1+ (1+i)x? EllipticF[iArcSinh[vVI-i x|, i] -

1445 (1-1)22x5\[14 (1-1) %% [1+ (1+1) X Ellipticpi[ - - =, i Arcsinh[VI 1 x], i]
303

Problem 337: Result unnecessarily involves imaginary or complex numbers.

4

j X dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 418 leaves, 4 steps):
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ww
x
—

(142 2] [ 2252 EllipticE[2ArcTan[2V4x], 1 (2-V2 )]

3.[2 (3-V2 ) ArcTan|
XV1+2x2+2x4 16 12 x2e2x8

(1+ﬁxz)
2v2 (142 %) 4(2-3+2] _ 2 2241 2x7 2 )
(1-3V2) (1+v2 %) ﬁ EllipticF [2ArcTan[21/%x],  (2-V2 ]

2 23/4 (273ﬁ) Vit2x2+2x

3

3442 (1442 ) ﬁ EllipticPi[ % (12-11+2 |, 2ArcTan[2V%x], I (2-/2 ]

g 23/4 (2-3\/?) Vit2x2+2x

Result (type 4, 127 leaves):
1

1+ (1-1) % (J1+ (141) %2

4+/1-1 V1r2x2+2x4

[(1+:1) EllipticE[iArcSinh[+/1-1 x|, i] - (1+41i) E1lipticF|[iArcSinh[+/1-1 x|, i]+31 Ellipticpi[1+ L iArcSinh[v/1-1 x], i]
3 3

Problem 338: Result unnecessarily involves imaginary or complex numbers.

X2
J dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 247 leaves, 3 steps):

1+2x2+2 x4 s ot 1
. \/Ex (3+\/7) (1+\/7x2) (1+%x2x)2 EllipticF[2ArcTan|[2V4x], " (Z—ﬁ)]
-— - Ar‘cTan[ - +
4\ 5 Niv2x2i2xt 14 23/4~/112x2+ 2%

(3+v2 )" (1442 2 ﬁ EllipticPi[ L (12-11+2 |, 2ArcTan[2V4x], I (2-V2 )]

56 21/4+/1+2x2+2x
Result (type 4, 99 leaves):

! (1-4)22 10 (1-4) 5 1+ (1+4) X

4+1+2x%2+2x4

EllipticF|iArcSinh[vV1-1i x|, i] - Ellipticpi[1+ : iArcSinh[v/1-1 x|, 1]
3 3
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Problem 339: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 245 leaves, 3 steps):

ArcTan[L} (3+ﬁ) (1+ﬁx2) /ﬁ EllipticF[2 ArcTan[2V/4x], 1 (2-ﬁ)}

A 1+2x% 2
N _
215 14 2V4 /17 2x7 2%
(3+72 )" (1+v2 ) [ 22424 Enlipricpi L (12-11v2 |, 2ArcTan[244x], L (2-v2 )]
(1+\/7X2)2 24 4

84 241+ 2x%*+2x4
Result (type 4, 80 leaves):

_1J1+ (1-i)x \J1+ (1+1) x? EllipticPi[2+ %, i ArcSinh[vV1-1i x], i]

3v1-i V1i+2x2i2x4
1

sz (3+2x2) V1+2x2+2x4

dx

Optimal (type 4, 399 leaves, 6 steps):

s
Ar‘cTan[L} 21/4 (1+\/7x2) lﬁ EllipticE[2ArcTan|[2V/4x], 1— (2—\/7)}

V1+2x2+2x4 V2 xvV1+2x2+2x4 142 X242 x4
- + - - +
3 x 3(1+\/2 x2) 3+/15 3vV1+2x2+2%

(5-3V2) (1472 %) % ELlipticF [2 ArcTan[21/4x], 1 (2-/2 |]
1472 %2

21 234142 x%+2 x4

(3+v2) (1+v2 %) ﬁ EllipticPi[ % (12-11V2 |, 2ArcTan[2V%x], I (2-/2 ]

126 - 2V4+/1+2x% ¢ 2 x4
Result (type 4, 147 leaves):
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- 1 il-31(1+2x+2x4) «+/1-1 x\/1+(1—j1>x2 \/1+(1+]1)x2
9I9xV1+2x2+2x4

(3 EllipticE[iArcSinh[v/1-1i x|, i] -3EllipticF[iArcSinh[v/1-1i x], i|- (1+1) Ellipticpi[l L1, i ArcSinh[vV1-1 x|, i]

3 3

Problem 341: Result unnecessarily involves imaginary or complex numbers.
1

Jx4 (3+2x2) V1+2x2+2x4

dx

Optimal (type 4, 422 leaves, 7 steps):
Nit2x2i2xt 2+/1e2x2+2xr 242 x1r2x2 2%t
. _
95 3 3 (1442 %)

2 ox 2 4
ZAchan[LS |22 (1+\/2 x2) | 122X E1ipticE[2 ArcTan[2V/4x], L (24/2 )]
1+\/7 2 4
v . (1v2 %)

142 x2+2 x4

+

915 3vV1+2x2+2x4

(1+19V2 ) (1472 %] /ﬁ EllipticF [2ArcTan[2V/4x], * (2-/2 ]

63 21/4/1+2x2+2x*

(3+v2 ) (142 %) ﬁ EllipticPi[ L (12-11V2 |, 2ArcTan[2V4x], & (2-V2 )]

189  21/4+/1+2x2+2x?
Result (type 4, 219leaves):

! ~3+12x%+30x* +36x° + 180 VI i x>\[1+ (1-1) %2 \[1+ (1+1i)x* EllipticE[iArcSinh[vV1-i x|, i] -
273V 1+2x2+2x4

(3+15i) VI-& x3/1+ (1-1)x2 [1+ (1+1)x® EllipticF[iArcSinh[vV1-i x|, i]+

2 (1-1)%253 1+ (1-1) % [1+ (1+1) X Ellipticpi[ >+ =, i Arcsinh[vI-1 x], i]
303

Problem 348: Result unnecessarily involves imaginary or complex numbers.

X8
dx
J<3+2x2) (1+2x2+2x4)3/2

)
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Optimal (type 4, 449 leaves, 10 steps):

x3 (1-2x?) 1 5 . XV1+2x2+2x
+ — X\/1+2XxX°+2X" +
20

.
1:2x2:2x% 20 19\/?(1+\/?x2)
|5 (1+\/7x2) % EllipticE[2ArcTan[2"*x], & (Z—W)]
3 1+/2 x?
27 3Ar‘cTan[ ]f +
80\ 5 V1+2x212x% 10 23/4~/1+2x212%x4

(-2+7V2 ) (1+V2 %) % EllipticF [2ArcTan[2V/4x], 1 (2-/2 ]
14/2 x?

g 234 (-2+3\/7) Vit2xZ+2x4

27 (3+\/7) (1+\/7x2) ﬁ Ellipticpi| L (12-11\/?), 2 ArcTan[2V4x], (2-\/7)}

80 23/4 (2—3\/2 ) Vi+2x2+2x

Result (type 4, 199 leaves):
! Ax+12%* -43iVI-1 ([1+ (1-i)x® \/1+ (1+1)x EllipticE[iArcSinh[v1-1 x], i] -

1+2x2+2x4
(29-334) VI-d /1+(1-1) 1+ (1+1)x® EllipticF[iArcSinh[vV1-1 x], i] +

27 (1-1)>2 1+ (1-1) % (J1+ (1+1) %2 EllipticPi| >+ =, i Arcsinh[VI -1 x], i]
303

Problem 349: Result unnecessarily involves imaginary or complex numbers.

6

j X dx
(3+2x%) (1+2x2+2x%)%2

Optimal (type 4, 423 leaves, 8 steps):



394 | 1.2.2 Quartic.nb

5 1++/2 x2| | 222X Eiy4pticE[2 ArcTan[2V4x], + (2-+/2
X(1*2X2) XV1+2x2+2x4 9 3 \/?X ( )m [ [ } 4( )}
- — | = ArcTan| ]
\| 5

.
20/1+2x2+2x4 10\/7(1+\/7x2) 40 Vi+2x22x 10 23/4~1+2x2+2%4
(2044 22%) (142 x2) [ 2225 EllipticF[2ArcTan[2V4x], 1 (2-V2 ]
(1+\Exz) 4

8 (—2+3ﬁ) Vit2x2+2x

9 (3+72 ) 1+V2 %) ﬁ EllipticPi[ L (12-11+2 |, 2ArcTan[24x], 2 (2-V2 )]
+ X

49  23/4 (2-3\/7) Vit2x2+2x

Result (type 4, 199 leaves):

! 2x-4x*-2i\1-1 \[1+(1-1)x® \[1+ (1+1)x® EllipticE[iArcSinh[vVI-1 x], i] +
401 +2x%+2x4

(8-61) VI-1 /1+(1-i)x? \/1+ (1+1i)x? EllipticF[iArcSinh[vVI-1 x|, i]-

9 (1-1)%2 1+ (1-d)x? J1+ (1+i) %2 EllipticPi[ >+ =, i Arcsinh[VI % x], i]
303

Problem 350: Result unnecessarily involves imaginary or complex numbers.

4

J X dx
(3+2x%) (1+2x2+2x4)%2

Optimal (type 4, 422 leaves, 8 steps):
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5
= X
x (2+x2) XxV1+2x2+2x4 3 |3 \ 3
- + +— | = ArcTan| ————| -
10V1+2x212x%  10+/2 (1“/2 xz) 20\ 5 Vi1+2x2+2x

(1432 %] ﬁ Elliptick[2 ArcTan[2V/%x], 1 (2-/2 ]

10 23/4+/1+2x?+2x4

(2+\/7) (1+\/7x2) lﬁ EllipticF[2ArcTan[2V/4x], i (2—\/7)]

4 23/4 (72+3\/2 ) Vi+2x2+2x

+

3

3+72 ) (142 %) ﬁ Ellipticpi[ 2 (12-11v2 |, 2ArcTan[2Y4x], 1 (2-v2 |]

20 23/4 (2-3\/7) Vit2x2+2x

Result (type 4, 199 leaves):
1

1+2x%2+2x4

4x+2x3+iVI -1 A1+ (1-1) % 1+ (1+1)x® ElLipticE[iArcSinh[vVI-1 x|, i]+ (1-21) VI-1 J1+ (1-1)x? \[1+ (1+1)x?

EllipticF [iArcSinh[VI-1 x|, i] -3 (1-1)%2 /1+ (1-i)x? \[1+ (1+1) %2 EllipticPi[ S+ =, i Arcsinh[vI-1 x], ]1])
303

Problem 351: Result unnecessarily involves imaginary or complex numbers.

2

J . dx
(3+2x2) (1+2x2+2x4)°"?

Optimal (type 4, 423 leaves, 8steps):
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|+

5
= X
x (3+4x2) V2 xvV1i2x2i2xt 1 |3 \ 3
- — APCTan{—
10V1+2x212% 5(1+\/?x2) 181\ 5 Vit2x2+2x

214 (142 %) /ﬁ EllipticE [2 ArcTan[21/4x], L (2-V/2 |]

5v1+2x%+2x4

(2174 + 23/4) (1+\/7x2) 7(1112\2*;")42 EllipticF[2ArcTan[2V/4x], i (2—\/7)]

4(72+3ﬁ) Vit2x2+2x

(3472 (1+V2 %) /% EllipticPi[ % (12-11+2 |, 2ArcTan[214x], I (2-4/2 ]
1+ 2 X
10 2% (2-3v2 | Viv2x2 2t

Result (type 4, 199 leaves):

! 6x+8x*+4i\I 1 \[1+(1-1)x® \[1+ (1+1)x® EllipticE[iArcSinh[vV1-1 x], i] -
201 +2x%+2x4

(1+33) VI-1 /1+ (1-4i)x? /1+ (1+i)x? EllipticF[iArcSinh[vVI- i x|, i] -

2 (1-4)*2 1+ (1-d) %2 1+ (14d) %2 EllipticPi[> + =, i Arcsinh[vI=1 x], i]
303

Problem 352: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(3+2x%) (1+2x2+2x%)%2

Optimal (type 4, 422 leaves, 8 steps):
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2 x 2.5 44
ArcTan LS 3(1+v2 x| [ 2222 EllipticE[2ArcTan[2V4x], 2 (2-+/2)]
X (1+3x2) X IxV1+2x2+2x%4 . [ M2tz J i ( ) (142 %) 4 ( )

5V1+2x2+2x 5\/?(1+\/7x2) 5+/15 5 234+\/1:2x2+2x4

(2472 (1472 %) /ﬁ EllipticF [2ArcTan[21/4x], * (2-V2 |]

2 23/4 (72+3\/2 ) Vi+2x2+2x

(3472 (1+V2 %) /ﬁ EllipticPi[ % (12-11v2 |, 2ArcTan[21%x], I (2-4/2 ]
1+/2 X
15 2% (2-372 | Viv2x2 o2

+

Result (type 4, 199 leaves):
! ~6x-18%x% 931 -1 \[1+(1-i)x? \[1+ (1+i)x? EllipticE[iArcSinh[VI-i x|, i]+

1+2x2+2x4
(6+31) VI-1 /1+ (1-i)x? \[1+ (1+i)x? EllipticF[iArcSinh[vVI-i x|, ]+

2 (1-4)%2 1+ (1-d) %2 1+ (14d) %2 EllipticPi[ > + =, i Arcsinh[VI_ % x], i]
303

Problem 353: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x? (3+2x2) (1+2x2+2x“)3/2

Optimal (type 4, 468 leaves, 15 steps):
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X 2x (1+3x?) Vis2x2+2xd 242 xV1+2xFe2xt
_ N _ N _
3+/1+2x2+2x8  15V1+2x2+ 2% 3 x 15 (1472 X2

5
2Ar‘cTan[L] 2. 2t (1+\/7X2) lﬁ EllipticE[2ArcTan|[2V4x], i (27\/?)]
A 1+2x%+2 x4 Ve X
- +
15+/15 151 +2x2+2x4

(-7+3V2 ) (1+V2 %) % EllipticF [2ArcTan[2V/4x], L (2-V/2 |]
14/2 x?

3 23/ (-2+3\/7) Vit2xZ+2x4

21/4 (3+\/7) (1+\/7x2) ﬁ Ellipticpi| L (12-11 \/7), 2 ArcTan[2V4x], (2-\/?)}
+ X

45 (2—3x/2 ) Vit2x2+2x

Result (type 4, 211 leaves):

! “123 V11 x+/1+ (1-1) %% \[1+ (1+1)x* EllipticE[iArcSinh[vI-1 x], i] -
99 xV1+2x%*+2x4

(27-394) VI-& xy/1+ (1-i)x? \[1+ (1+i)x? EllipticF[iArcSinh[vVI-i x|, i] -

2 (15+39x2+12x4+2 (1-1)22x f1+ (1-1) % (J1+ (1+1) % Ellipticpi[> + -, i Arcsinh[vI -1 x], i]

3 3

Problem 361: Unable to integrate problem.
Jx“ Vd+ex?

a+bx?+cx?

dx

Optimal (type 3, 390 leaves, 10 steps):

)
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\/ch[bxlbzzlac]e X
2 _ 24 p3
[bcdb2e+ace bied 2acd b 5*3‘“’”} ArcTan[

xVd+ex? bt-ac b-/b?-4ac +/diex?

2c¢C
c2\/b-+/b2-4ac \/ch (b—\/b274ac ) e

2.4 24 13
[bcdb2e+ace+b cd-2acdb e+3abce]Ar‘cTan[

\/ch[bmlbzzlac ] e x
NS ] (cd-2be) ArcTanh[@]

b/ b*-4ac +/d+ex? die x?
2c2+/e

c2\b+vb?-4ac \/ch (b+\/b274ac ) e

Result (type 8, 31 leaves):
Jx“ Vd+ex? 4

a+bx?+cx?

X

Problem 362: Unable to integrate problem.
sz Vd+ex?

a+bx?+cx?

dx

Optimal (type 3, 324 leaves, 9steps):

e X

e x \/ch(b+w/b24ac
2
] {cdbe+4b‘db e+2ace]Ar-cTan[
b*-4ac

2
(cdbe MJ Ar‘cTan[
b2-4ac

} /e ArcTanh [ ﬂ}

JZ cd- (b—x/ b?-4ac
b-+/b?-4ac /d+ex? b/ b?-4ac +/diex? \/m
+ +

b-+Vb2-4ac \/ch(b\/b24ac)e cvyb+Vb%2-4ac Jch(b+\/b24ac)e

C

Result (type 8, 31leaves):
sz Vd+ex?

a+bx?+cx?

dx
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Problem 363: Unable to integrate problem.
J \Vd+ex?

a+bx?+cx?

dx

Optimal (type 3, 240leaves, 11 steps):
\/ch[b\/b24ac J e x
[

b-+/b?-4ac  d+ex?

X

\/2cd[b+x(b24ac e
4| b+y/b*-4ac +/d+ex?

Jch—(b—\/b2—4ac)eAr‘cTan ]

] \/2cd—(b+\/b2—4ac)eAr‘cTan[

Vvb2-4ac \yb-+vVb%2-4ac Vb2-4ac \b+Vb%2-4ac
Result (type 8, 28 leaves):
[ Viex
a+bx?+cx?

Problem 364: Unable to integrate problem.
J Jdrex?
X2 (

a+bx2+cx4)

dx

Optimal (type 3, 291 leaves, 8 steps):

\/ch[bxlbzllac]e X \/2cd[b+\/b24ac e x
b-+/b*-4ac +/d+ex? b/ b?-4ac  d+ex?

ayb-+vb2-4ac \/ch(b\/b24ac)e a\/b+vb2-4ac chd(b+\/b24ac)e

]

c (d + M] ArcTan|

\b*-4ac

] c [d - M] ArcTan|

\b*-4ac
Vd+ex?

ax

Result (type 8, 31leaves):
J \Vd+ex?
x?

a+bx2+cx4)

dx

Problem 365: Unable to integrate problem.
J Jdrex?
x4 (

a+bx2+cx4)

dx
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Optimal (type 3, 373 leaves, 12 steps):

vd+ex? 2e+d+ex? (bdfae)\/m

+ + +
3ax3 3adx a%dx

\/ch[bxlb24ac]e X Jch(b+\/bz4ac e x
c[bdae+b2dz"’”dabe]Ar‘cTan[ ] c(bdaebzd“‘“jabeJAr‘cTan[ }
b-aac b-v/b%-4ac +/d+ex? biaac biy/b’-4ac +/drex?
+

a’\b-+vb?-4ac chd— (b—\/b2—4ac ) e a?\/b++vb2-4ac Jch— (b+\/b2—4ac ) e

Result (type 8, 31 leaves):
Vd+ex?
Jx“ (

a+bx2+cx4)

dx

Problem 366: Unable to integrate problem.
J Vd+ex?
X6 (

a+bx2+cx4)

dx

Optimal (type 3, 512leaves, 15steps):
Vd+ex? 4e+/d+ex2 (bd-ae)Vd+ex?

+ +
5ax° 15adx3 3a2dx3

g8e?\/d+ex? 2e(bd-ae)Vd+ex?

15ad? x 3a2d?x

sz[bm]e )

] ArcTan | ]
b-+/b%*-4ac +/d+ex?

al\/b-+vb%-4ac \/ch(b\/b24ac)e

C [bzdacdabeJr b®*d-3abcd-ab’e+2a’ce
b2-
(bzd—acd—abe)\/d+ex2 Voaac

a’dx

JArcTan[JZCd[bdm]e X]

b+\/m ) d+e x?

a’\b+vb2-4ac Jch(b+\/b24ac)e

34 _ 2 2
C [bzdacdabebd3ade ab’e+2a’ce

\b*-4ac
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Result (type 8, 31leaves):
Vd+ex?
Jx‘; (

a+bx2+cx4)

dx

Problem 371: Unable to integrate problem.

dx

Jx“ (d+ex2)3/2

a+bx?+cx?

Optimal (type 3, 595 leaves, 17 steps):

Jm[bm]e .

\/ch—(b—\/b2—4ac)e bcd—b2e+ace—bZCd'zaczd'bBe*“bce]Ar‘cTan[ ]
Jo2-
(3cd-4be) xVd+ex? x(d+ex2)3/2 bihac bofbrdac drex?
. _
2
8¢ 4c 2c3\b-+vb%2-4ac

\/ch—[bﬂ/bz—Aac]e X
] e X
N e d(3cd-4be) Ar‘cTanh[—\LdH”2 ]

+

2
2c3\b+vVb%2-4ac gc’e

\/2cd(b+\/b24ac)e

2.4 24 13
bcd-b2e+ace cd2acdbd e+3abce]ArcTan[

\/b%-4ac

Ve

2 q 24 13 P 24 13
bcd—b2e+ace—bCd“cdbe*“bce]Ar‘cTanh[—\Lx | Ve |[bcd-bleraces edacidbiesabee| pperanp| e X |

\b*-4ac \b*-4ac A d+e x?

2¢3 2¢3

d+e x?

Result (type 8, 31leaves):

Jx“ (d+ex2)3’/2
a+bx?+cx?

Problem 372: Unable to integrate problem.

dx

dx

sz (d+ex2)3/2

a+bx?+cx?

Optimal (type 3, 491 leaves, 16 steps):
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sz[bm]e )

\/ch(bm)e ]

cdbem] ArcTan|

\/b%*-4ac

exVd+ex? b-\/b*-4ac +d+ex?
+ +
2c¢C
2c2\b-+vb2-4ac

\/2cd(b+x(bz4ac ] e x

Jch—(b+\/b2—4ac)e

d-b bcdb2e+23ce]A T
c e reTan| } d\EAPcTanh[Lex ]

b2-4ac
b+ b*-4ac +/d+ex? [diex?
+ +
2c
2c2\b+vb2-4ac

Ve

cdbew] ArcTanh[—\&] e (cdbe+w)Ar‘cTanh[&}
\/b%*-4ac b%-4ac

2c? 2c?

d+e x? d+e x?

Result (type 8, 31 leaves):

sz (d+ex2)3/2

a+bx?+cx?

dx

Problem 373: Unable to integrate problem.
J <d+ex2)3/2

a+bx?+cx?

dx

Optimal (type 3, 487 leaves, 13 steps):
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Jm[bm]ex
b-+/b%*-4ac +/d+ex?
Vb aac o Vb ac [2ca- [b- VBT Aac) o

2c2d2+b(b7\/b274ac)ezfzce(bdfx/b274ac d+ae))Ar‘cTan

]

e X

Jch(bM/bZAac
b+\/b*-4ac + drex?
cvVb?-4ac \/b+Vb*-4ac Jch(b+\/b24ac)e

2c2d?2+b (b+x/b274ac ) e2_2ce (bd+x/b274ac d+ae))Ar~cTan[ ]

\/?(BCd—(b—\/bz—4ac)e) Ar‘cTanh[@] \/?(3cd—<b+\/b2—4ac)e) ArcTanh[ﬂ]

d+e x? d+e x?

2c/b?-4ac 2cvb?-4ac
Result (type 8, 28 leaves):

d 2\3/2
JH i

a+bx?+cx*

Problem 374: Unable to integrate problem.
J (d+ex2)3/2 x
X2 (

a+bx2+cx4)

Optimal (type 3, 260 leaves, ? steps):

\/ch[bmlbzzlac J e x

A b+y/b*-d4ac +/d+ex?

( . \/ch[bxlbzzlac ) e x
2cd—(b—x/b2—4ac)e) Ar‘cTan[

] (2cd—(b+m) e)3/2ArcTan[

]

- - +

ax Vb2 -4dac (b—\/b2—4ac)3/2

\Vb2-4ac (b+\/b2—4ac )3/2

Result (type 8, 31leaves):
(d+ex?) 3/2
J dx
X2 (

a+bx2+cx4)
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Problem 375: Unable to integrate problem.
J4(<d+exz)3/2 ix

a+bx2+cx4)

Optimal (type 3, 523 leaves, 19 steps):

Jm[bm]ex]
(bd-ae)Vd+ex? (d+ex?) Jbo/b2aac Jdext

- + +

X 3ax3
2a2+\b-+vb2-4ac

\/2cd(b\/m)e
3/2

2d- _
bd-aes 2d2acdabe abe] ArcTan |
\/b%-4ac

a2

Jm(mm]e ;
} _Ve x
Jﬁm \E(bd—ae)APcTanh[W}

- +

a
2a2\b+vb%2-4ac

Jch—(b+\/b2—4ac)e

bd—ae—w] ArcTan|

\/b*-4ac

2

Ve

bdaebzdzaCdabe]Ar‘cTanh[J@] \/g(bdae+b2dzac‘ja“)Ar‘cTanh[ﬂ}

b’-4ac d+e x? b?-4ac d+e x?

+
2 a? 2 a2

Result (type 8, 31 leaves):

(d +e XZ) 3/2
J dx
x4 (

a+bx2+cx4)

Problem 381: Unable to integrate problem.
J X T-x2

a+bx?+cx?

dx

Optimal (type 3, 325leaves, 9steps):
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NITE
x/1-x2  (2b+c) ArcSin[x] baac bfbrdac 1

+ — —

2¢ 2¢?
cz\/b—\/b2—4ac \/b+2c—\/b2—4ac

[bzac+bc+MJ Ar-cTan[ mx ]
\Jbi o2 -aac \Jbizci b2 aac

Result (type 8, 31 leaves):
J X1 K

a+bx?+cx?

dx

Problem 382: Unable to integrate problem.
J x2 /1 - x?

a+bx?+cx?

dx

Optimal (type 3, 263 leaves, 8 steps):

b+c-
ArcSin(x] Vbr-aac o fbranc 10 Joraac b/ aae Jio
- + +
c c\b-vb2_2ac Jbsr2c-vboI_dac c\bsvVbE_dac Jbr2cVbP_dac

Result (type 8, 31leaves):
f T xE

a+bx?+cx?

dx

Problem 383: Unable to integrate problem.
J Vi-x2

a+bx?+cx?

dx

Optimal (type 3, 220 leaves, 9 steps):
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\/b+2c—\/m ArcTan| [ br2cybidac X} x/b+2c+\/m ArcTan |  br2cybidac X]

b-+/b?-4ac +/1-x? b+y/b2-4ac +/1-x?
Vb?-4ac \b-+b2-4ac \/b2—4aC\/b+— Vb%2-4ac
Result (type 8, 28 leaves):
V1-x?
J SR gk
a+bx?+cx?

Problem 384: Unable to integrate problem.
J Vi-x*
x2 (

a+bx2+cx4)

dx

Optimal (type 3, 265 leaves, 8steps):

c (1+ 2a+b ]Ar‘cTan[ \[ b+2c-1/b?-4ac x } c [1 2ash ]Ar‘CTan[ A/ b+2c+y/b%-4ac x ]
1-x2 b-y/b’-4ac /1-x b-dac b+y/b*-4ac +/1-x?
ax a\b-vbZ-dac Jbs2c-vVboI-d4ac  ab+vVbZ-dac bs2cs Vbl _dac

Result (type 8, 31 leaves):
V1-x?
sz (

a+bx2+cx4)

b?-4ac

dx

Problem 385: Unable to integrate problem.

x2/1-x2
Ji dx
—1+x2+ x4
Optimal (type 3, 96 leaves, 8 steps):
l(1+V?) X l(—1+\/?) X
1 2 1 2
-ArcSin[x] + — (2+\/?) Ar‘cTan[ } - | = (—2+\/?) Ar‘cTanh[ ]
5 1-x? 5 1-x?

Result (type 8, 27 leaves):
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JXZW

~1+x%2+x4

dx

Problem 386: Unable to integrate problem.

x8

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 479 leaves, 17 steps):

e X

d-[b-~/b2-

b3Zabcb4“""t’zc*za‘zcz)Ar‘cTan[\/2C ( o ]
\/ b2-4

3dxvVd+ex? bxVd+ex? x3Vd+ex? °¢ b-+/b2-dac  diex?

+ — —

8ce? 2c%e 4ce
c3\b-+b?*-4ac 2cd—(b—\/b2—4ac)e

e X

\/2 cd- [b+\/ b*-4ac

b 2ab b"aachuaZcZJA T
[ abc+ rcTan| ] 3d2Ar‘cTanh[LeX ] bdAr‘cTanh[—\&] (bz—ac)Ar‘cTanh[—\&

b2-4ac be\/m [dee x2 \/d+e—x2 [dee x2 \/ d+e x? ]
+ + +
8 ce®? 2c2e¥? e

c3b+vb*-4ac \/ch— (b+\/b2—4ac ) e

Result (type 8, 31 leaves):
X8

J\/d+ex2 (a+bx2+cx4)

dx

Problem 387: Unable to integrate problem.

x6

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 366 leaves, 13 steps):
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e X

\/ 2¢d- (b—\/m
x\/d+ex? \/m b-y/b*-4ac +/ drex?

+ +

2ce
c2\/b-+/b?-4ac J2cd(b\/b24ac)e

[b2 —ac- M) ArcTan |

e X

J 2ca(oofiaae
] Jex Jex
N swerai e dAr‘cTanh[ - } bAr‘cTanh[ o }

2ced/? c2e
c2\b+vb2-4ac chd (b+\/b274ac ) e

[b2 —ac+ M) ArcTan |

b?-4ac

Result (type 8, 31 leaves):

X6

J\/d+ex2 (a+bx2+cx4)

dx

Problem 388: Unable to integrate problem.

x4

J\/d+ex2 (a+bx2+cx4>

dx

Optimal (type 3, 298 leaves, 10 steps):

(b - bP2ac J ArcTan|
b2-4ac

- \/ch[bﬂ/bzAac]ex
-2ac
) (b ' ] ArcTan| } Ar‘cTanh[Le X

\/ch[bw/bzz‘lac ] e x
b-+/b*-4ac +/d+ex? bi-4ac b/ b?-4ac /d+ex? m]
- +
cVe

cvyb-+Vb%2-4ac Jch(b\/b24ac)e c\b+vb2-4ac \/2cd(b+\/b24ac)e

Result (type 8, 31leaves):

X4

J\/d+ex2 (a+bx2+cx4)

dx
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Problem 389: Unable to integrate problem.

x2

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 240 leaves, 6 steps):
e x \/ch(bﬂ/bZAac]ex

\/ch[b\/bZAac
\/b-+b2-4ac ArcTan| | Ab+Vb2-4ac ArcTan|
A b-A/b?-4ac /d+ex? \[ b/ b?-4ac d+ex?
+

Vvb2-4ac \/ch (bfx/b274ac ) e Vvb2-4ac Jch (b+\/b274ac ) e

]

Result (type 8, 31leaves):

XZ

J\/d+ex2 (a+bx?+cx?)

dx

Problem 390: Unable to integrate problem.

1

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 243 leaves, 5steps):

\/2cd(bxlb24ac e x \/2cd[b+x/bz4ac]e X
2 c ArcTan | ] 2 c ArcTan | ]
b-+/b?-4ac /d+ex? biy/b*-4ac -/ d+ex?

Vvb2-4ac \b-+vVb%2-4ac Jch (b—\/b274ac ) e +Vb%2-4ac \/b+vb%2-4ac Jch (b+\/b274ac ) e

Result (type 8, 28 leaves):
1

J\/d+ex2 (a+bx?+cx?)

dx
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Problem 391: Unable to integrate problem.

1

Jx2\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 280 leaves, 9 steps):

\/2 cd- (b+w/ b?-4ac

\/ch[b\/bzllac]ex e x
c (1 ¢ —2 J ArcTan | |« [1 e — ] ArcTan | ]
\/m b-ac b-/b?-4ac +/d+ex? bi-dac b/ b?-4ac /d+ex?

b-b?-4ac \/2cd(b\/b24ac)e a\/b+b2-4ac chd(b+\/b24ac)e

Result (type 8, 31leaves):
1

szx/d+ex2 (a+bx?+cx?)

dx

Problem 392: Unable to integrate problem.

1

Jx“\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 341 leaves, 11 steps):

Jch(b\/bZAac e x \/ch(bM/bZAac e x
c [b+—bzzac )ArcTan[ ] c [b — ]APCTa”[ ]
vd+ex? b+d+ex? 2e~d+ex? (bi-dac b-\/b2-4ac +/drex? bi-4ac biy/b2-4ac +fdrex?
- + + + +
3adx3 a%dx 3ad?x
a’\b-+vb*-4ac \/ch(b\/b24ac)e az\b++vb2-4ac \/2cd(b+\/b24ac)e

Result (type 8, 31 leaves):
1

Jx“\/d+ex2 (a+bx?+cx?)

dx
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Problem 393: Unable to integrate problem.

1

stx/dJrexZ (a+bx2+cx4)

dx

Optimal (type 3, 443 leaves, 14 steps):

Vd+ex? bvdiex? 4de~d+ex? (bz—ac)'\/d+ex2 2bevd+ex? 8e%2+/d+ex?
_ N + B _ _ _

5adx° 3a2dx3 15ad?x3 aldx 3a2d%x 15 ad3 x

e X

\/ch(bw/bzélac e x \/2cd(b+w/b24ac
2
[ | ¢ [bz—ac—M) ArcTan |
b-+/b2-4ac -+ drex? Jb»fi N b?-4ac + drex?

C [bz—ac+ M] ArcTan ]

b?-4ac

b2-4ac
al\b-+vb%2-4ac \/ch(b\/b24ac)e al\b+vb%2-4ac \/2cd(b+\/b24ac)e

Result (type 8, 31leaves):
1

Jx5\/d+ex2 (a+bx2+cx4)

dx

Problem 394: Unable to integrate problem.

6

J X dx
(d+ex2)3/2 (a+bx2+cx?)

Optimal (type 3, 350 leaves, 14 steps):

e X

\/ch(b\/m

2

5 [bz Cacl MJ ArcTan |

. Joraac b/b*dac \Jdext

.
elcd?-bderae’) Vdrex® b b2 aac (2cd-[b- o7 sac)e)’”

]

+

e X

\/2 cd- (b+\/ b?-4ac
} Ve x
bt/ b%2-4ac +/drex? ArcTanh [ [die x2 }

+

cyb+Vb2-4ac (ZCd*(t”m)e)”Z 32

2 [bz —ac+ MJ ArcTan |

b?-4ac
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Result (type 8, 31leaves):
X6

J(d+ex2)3/2 (a+bx2+cx?)

dx

Problem 395: Unable to integrate problem.

x4

J(d+ex2)3/2 (a+bx2+cx?)

dx

Optimal (type 3, 360 leaves, 8 steps):

\/ch[b\/b24ac ] e x
[bd—ae—w]Ar‘cTan[ ]

d x bi-4ac b-v/b%-4ac +/d+ex?
cd?’-bde+ae?) Vd+ex?
( " ) " \b-+vb2-4ac \/ch—(b—\/b2—4ac)e (cdz—bde+ae2)

\/2cd[b+\/b24ac e X
b+y/b%-4ac +/d+ex?

\Jb+vVb2-4ac \/2cd—(b+\/b2—4ac)e (cdz—bde+ae2)

2d- _
(bd_ae+ MJ ArcTan|
b?-4ac

]

Result (type 8, 31 leaves):

x4

J(d+ex2)3/2 (a+bx?+cx?)

dx

Problem 396: Unable to integrate problem.

2

J X dx
(d+ex2)3/2 (a+bx2+cx?)

Optimal (type 3, 333 leaves, 8steps):
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c (d bd-2ae

b?-4ac
e X

J ArcTan |

\/ch[bw/bzzlac ) e x
b-+/b%*-4ac +/d+ex?

]

Jch[b+xlb24ac ] e x
biy/b*-4ac +/d+ex?

]

c [d + M] ArcTan|

\/b*-4ac

\Jb+vVb2-4dac \/2cd(b+\/b24ac)e (cd*>-bde+ae?)

Result (type 8, 31 leaves):

X2

J(d+ex2)3/2 (a+bx2+cx?)

dx

Problem 397: Unable to integrate problem.

1
J(d+ex2)3/2 (a+bx2+cx?)

dx

Optimal (type 3, 341 leaves, 8 steps):

cle-

b*-4ac
2

es X

2cd-be

] ArcTan

[sz(bmJe )

b-+/b?-4ac  d+ex?

.
d2-bd 2) /d 2
(cd® bderael] Vdiext m%cd(bm)e(cdzbdewez)

]

d d2-bd 2) +/d 2
(C evae’) rex \b-+vb2-4ac Jch—(b—\/b2—4ac)e (cdz—bde+ae2>

Jch[b+«/b24ac ] e x
b/ b>-4ac +/d+ex?

ey —2cd-be ] ArcTan |

b*-4ac

C

]

\Jb+vVb2-4ac \/2cd—(b+\/b2—4ac)e (cdz—bde+ae2)

+
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Result (type 8, 28 leaves):
1

J(d+ex2)3/2 (a+bx2+cx4>

dx

Problem 398: Unable to integrate problem.

1
sz (d+ex2)3/2 <a+bx2+cx4)

dx

Optimal (type 3, 339 leaves, 12 steps):
e(cd-be)x -d-2ex?

+ —

ad(cd2+e(—bd+ae>)\/d+ex2 ad?x+d+ex?

Jm[bm)ex Jm[mm)ex

b-/b>daac [diex’ bi/b>dac [diex’
ab-+vb%2-4ac (ch—(b—\/b2—4ac)e)3/2 ayb+vb%2-4ac (2cd—(b+\/b2—4ac)e)3/2

]

2c? (1+ b} Ar‘cTan[

] 2c? [1 - b) Ar‘cTan[
b2-4ac

b*-4ac

Result (type 8, 31leaves):
1

sz (d+ex2)3’/2 (a+bx2+cx?)

dx

Problem 399: Unable to integrate problem.

1
Jx4 (d+ex2)3/2 <a+bx2+cx4)

dx

Optimal (type 3, 419leaves, 15steps):
1 3bd+4ae 2e (3bd+4ae)x e(bcd-b’e+ace)x

- + + - +

3adx3vVd+ex? 3a2d?x+/d+ex? 3a2d3®V/d+ex? azd(cd2+e(—bd+ae))\/d+ex2

[chd(bm]e . Jm[mm]e .

b/b?>aac [dex? bi/b> dac [diex?
+
a?\/b-+vb*-4ac (ch—(b—\/bz—llac)e)s/2 a’\/b+vb2-4ac (2cd—(b+\/b2—4ac)e)3/2

]

2¢2 [b + M] ArcTan

] 2¢2 (b— M] ArcTan]|
b2-4ac

\/b%-4ac
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Result (type 8, 31leaves):
1

Jx4 (d+ex2)3/2 <a+bx2+cx4)

dx

Problem 400: Unable to integrate problem.

fx)" (d+ex?)
J( x)" (d+ex?) i
a+bx?+cx?
Optimal (type 6, 243 leaves, 6 steps):
2¢ (Fx)5" (d+ex?)? (1+22) T appellFa[Lm, 1, g, 2m, 20 exX
(Fx)7" (d+ex?)? {1+ ) "app 5 Y eaac "]_
Vb?-4ac (b—\/b2—4ac)f(1+m>
1+ 2\ -9 1+ 34 2 cx? 2
¢ (F) (0 ext] (10 %) appelira[E2, 1, g, 2, - e, ek

Vvb2-4ac (b+\/b2—4ac ) f(1+m)

Result (type 8, 31 leaves):

J('Fx)’" (d+ex?)?

a+bx?+cx*

dx

Problem 405: Unable to integrate problem.
J (d+eX2)q dx
X (@+bx?+cxt)

Optimal (type 5, 262 leaves, 8 steps):

2c (d+ex?) ]

2cd—(b—x b?-4ac ] e

c (1 + —2 J (d + e x?)**9 Hypergeometric2F1[1, 1+q, 2 +4,
b*-4ac

+

2a (chf(bfm> e) (1+q)

c [1— b ] (d +ex2)1+q Hypergeometric2F1[1, 1+q, 2+q, 2¢ (drex?) ,
Jb2aac 2cd-[bi/b>4ac ) e (d +ex2)1+q Hypergeometric2F1[1, 1+q, 2+q, 1+ %]
2a(2cd—(b+\/b2—4ac)e) (1+q) 2ad (1+q)

Result (type 8, 29leaves):



(d+ex2)q

Jx (a+bx2+cx4)

dx

Problem 407: Unable to integrate problem.

dx

st (d+ex?)1

a+bx?+cx?

Optimal (type 6, 339 leaves, 12 steps):

b2 -ac- 222l )y (giex)9 (1422} TappellF1[t, 1, -q, 3, - 22  ex
( b2-4ac ( ) ( d ) [2’ T2 feiaac d )
2(b—\/b2—4ac)
b2_ac+ 223acl |y g ex2)d (14 &2 Y appellF1[L, 1, -q, 3, - —2X  _exX
[ b2-4ac ( ) ( d ) {2, T2t feiaac . d ]

c? (b+\/b2—4ac)

bx (d+ex?)° (1+ e’sz)fq Hyper‘geometr‘icZFl[i, -4q, 3,

ex? 3 2\q ex2) 4 . s s e
- ] +x (d+ex?) (1+ p ) Hyper‘geometr‘lczFl[z, -a, %, -

c2

Result (type 8, 29 leaves):

JXG (d+ex?)d

a+bx?+cx?

dx

Problem 408: Unable to integrate problem.

dx

Jx“ (d+ex?)?

a+bx?+cx?

Optimal (type 6, 273 leaves, 10 steps):

b

b?-2ac

\/b%*-4ac

x (d+ex?) 9 (1+2%) appellF1[2, 1, -

3¢

3 2cx? ex?
9, ;)’ y = ]

b-+/b%*-4ac d

c (b—\/b2—4ac)

b?-2ac

\/b%*-4ac

x (d+ex?)? 1+ 2%) " appellF1[l, 1, -

[b+

2cx? 2

3 ex
qJ;)’ > -

b++/b%*-4ac d

] x (d+ex?) (1+ ediz)fq Hyper‘geometr‘icZFl{%, -q, %, _ex
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C (b+\/m)

+
C
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Result (type 8, 29 leaves):

Jx“ (d+ex?)?

a+bx?+cx?

dx

Problem 409: Unable to integrate problem.

X2 (d+ex?)1
Jidlx
a+bx?+cx?
Optimal (type 6, 162 leaves, 6 steps):
210 (1, ex2| 14 g 3 __2c@ _ext 210 (1, ext)|d 14 g 3 _2ce _ext
x (d+ex?) (1+ d) AppellFl[z,l, 4 >, T d] x (d+ex?) (1+ d) AppellFl[z,l, 4 2s T d]
- +

Result (type 8, 29 leaves):

sz (d+ex?)1

a+bx?+cx*

dx

Problem 410: Unable to integrate problem.
J (d+ex?)d i

a+bx?+cx?

Optimal (type 6, 190 leaves, 5 steps):

2\ 4 ex? | 1 4 3 2cx? _ex? 2\ 4 &)‘q 1 4 3 2cx? _ex?
2cx (d+ex?) (1+ ; ) Appellfi[?, 1, -q, 2, e ] 2cx (d+ex?) (1+ ) Y appellFi[t, 1, -q, 2, e ]
b2-4ac-b+/b%2-4ac b2-4ac+b+/b%2-4ac

Result (type 8, 26 leaves):
(d+ex?)?
——— 1 —dx
Ja+bx2+cx4
Problem 411: Unable to integrate problem.
J (d+ex?)? ax
x2 (a+bx?+cx?)

Optimal (type 6, 264 leaves, 10 steps):
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x (d+ex?)1 (1+ :iz)ﬂAppellFl[%, 1, -q, i, -2 | _ex)

b-+/b%-4ac

a(bfx/b274ac)

_ b 2\4 ﬂ)’q 1 g 3 ___2c¥ _ext _
¢ [1 [o? aac X (d+ex ) (1+ d AppellFl[z, L-a, o b+\/m’ d ] (d+ex2)q (1+ edi) qHypergeometricZFl[—i, -, i, —6;2]
a(b+\/b274ac) ax

Result (type 8, 29leaves):
(d+ex?)?
dx
sz (a+bx?+cx?)
Problem 412: Unable to integrate problem.
(d+ex?)1 5
X
Jx“ (a+bx?+cx?)

Optimal (type 6, 328 leaves, 12 steps):

c [b+ b2ac |y (d+ex?)? (1+ i)ﬂAppellFl[l, 1, -q, 3, - —2<X | —ﬁ]
b%-4ac d 2 2 b-+/b%-4ac d
N
a? (b—\/b2—4ac)
b>-2ac 2\4 ext )4 1 3 2¢x ex?
c|b- x (d+ex?)9 1+ AppellF1[%, 1, -q, 2, - , -]
\/b%-4ac d 2 2 b+ b%-4ac d

a? (b+\/b2—4ac)

2
edx]

2\ q ) 2 2\ -q )

(d+ex?)® (1+ eTX) Hyper‘geometr‘1c2F1[7§, -q, 7i, 7e;‘ ] b(d+ex?)? (1+ eTX) Hypergeometr'chFl[fi, -q, i, -
+

3ax3 a

2 x

Result (type 8, 29 leaves):

<d+eX2)q
J dx
x4 (a+bx2+cx4)
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Test results for the 111 problems in "1.2.2.5 P(x) (a+b x"2+c x*4)"p.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
d+ex
Ji dx
1+x2+x4

Optimal (type 3, 92leaves, 15 steps):

dAr‘cTan[%} dAr‘cTan[lgx] eAr‘cTan[l*z"z]

- + + V3 7ldLog[1fx+x2}+1dLog[1+x+x2}

2+/3 2+/3 V3 4 4
Result (type 3, 98 leaves):

\6-61i/3 d ArcTan |

— 1

(7j+\/?>x]7\/6+611\/? dAr‘CTan[l(]1+\/?>X]+21\/?EAPCT3H[ V3 ]

2 1+2x?

N |

Problem 16: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?
Jidlx
1+x2+x4

Optimal (type 3, 104 leaves, 14 steps):

(d+'F> Ar‘cTan[ﬂ] (dJr'F) Ar\cTan[w] eAr‘CTan[1+2X2]
V3 3 V3

— + + —

23 23 V3
Result (type 3, 121 leaves):
(21’1d+ (—]'].+\/?) f) Ar‘cTan[i (—i+\/?) x| (—21‘1d+ <i+\/?) f) Ar‘cTan[i (J‘H\/?) x| eAr‘cTan{—\i]

142 %2
+ _

1
=t
4

(d-f) Log[1-x+x?] (d-f) Log[1+x+x?]

FNQUPN

6+61+3 6-61i+3 V3

Problem 17: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx3
J dx

1+x2+x4

Optimal (type 3, 127 leaves, 15 steps):



) (d+f) Ar‘cTan[%] ) (d+f) Ar‘cTan[%} ) (2e-g) Ar‘cTan[l*}—Xz] )

2+/3 2/3 23
Result (type 3, 150leaves):

(d-f) Log[1-x+x?] +1

FNQUFN

28/2-213 (2id+ (-1+V3 ) f) Ar‘cTan[i(—jJr\/?) x] +

8+/3

2

V3

1+2x2

24213 (—21’1d+ (]'].-%—\/?) f) Ar‘cTan[l (]l+\/?) x| + (-4e+2g) ArcTan | ]+\/?gLog[1+x2+x4]

2

Problem 18: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3+hx?
J dx

1+x%+x4
Optimal (type 3, 136 leaves, 17 steps):
(d+f-2h) ArcTan[+2*]  (d+f-2h) ArcTan[+2]
/3 G

hx - + 2 +
2+/3 2+/3
(2e-g) Ar‘cTan[il*zxz]
EN (d-F) Log[1-x+x?] +l (d-F) Log[1+x+x?] +lgLog[1+x2+x4}

243 4 4 4
Result (type 3, 165leaves):
L 24hx+4((31’1+\5)d+(—3j+\5)f—2\gh)ArcTan[l(—J’l+\/?) x| +
24 2

4((—31‘1+\/?) d+ (31’1+\/?) F—Z\/?h) Ar‘cTan[% (]'].-%—\/?) x| —8\/?eAr‘cTan[ \/?2] +4\/?gAr‘cTan[ V3

1+2x% 1+2x?

Problem 19: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3+hx*+1ix®
J dx

1+x%+x4

Optimal (type 3, 151 leaves, 19 steps):
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(d-F) Log[1+x+x?] +lgLog[1+x2+x4}
4

| +6gLog[1+x?+x]
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. ixt (d+-F—2h)Ar‘cTan[%] ) (d+F—2h)Ar‘cTan[%] )
2 2+/3 2/3
(2e-g-1) Ar‘cTan[M}
V3 7£(df-F)Log[17x+x2]+1(df-f‘)Log[1+x+x2}+l(gfi>Log[1+x2+x4}

243 4 4 4
Result (type 3, 187 leaves):
= Jex (2h-ix)+ (1-5V3 ) (293 d- (35433 ) F- (313 | h) ArcTan[ > (~i+V3 ) x] «
12 2

(1+\E) (721\Ed+(3+1\/?)f+1 (31+\/?) h) ArcTan| — (1+\E) x}—Z\/?(Ze—g—l) ArcTan | 2]+3(g71) Log[1+x?+x*]
2 1+2x

Problem 31: Result unnecessarily involves imaginary or complex numbers.
d+ex
— dXx
J<1+X2+X"'>2

Optimal (type 3, 140leaves, 17 steps):

2
dx (1-x2 1422 dArcTan[*2*] dArcTan|¥2*| 2eArcTan|+2*]
X< 2X>4 + e( +ZX)4 - V3 + V3 + V3 —ldLog[17x+X2 +ldLog[1+x+x2}
6(1+X +X) 6<1+X +X> 34/3 34/3 34/3 4 4

Result (type 3, 146leaves):

ev2exd (x-x3) (-1111+\/?)dAr‘cTan[§(—i+\/?)x] (1li+\/?)dArcTan[i(i+\/?)x] 2eArcTan| 2]

142 x2

6 (1+X2+X4>

66+6i3 6/6-61i3 33

Problem 32: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?
Jidlx
<1+X2+X4>2

Optimal (type 3, 165leaves, 16 steps):
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e(1+2x2) x(d+f-(d-2f)x2) [4d+F)ArcTan[Z2x]

6(1+x2+x4)+ 6 (1+x%+x4) _ 12+/3 )
(4d+f) ArcTan[ 222X ] 2eAr‘cTan[—1*2xz] 1 1
VENEI = (2d-f) Log[1-x+x?] + = (2d - f) Log[1 +x + x?]
12+/3 343 8 8

Result (type 3, 186 leaves):

1 6 (e+2ex2+x (d+'F—dX2+2'FX2>) ((—111’1+\/?) d-2 (—21’1+\/?) 'F) Ar‘cTan[% (—J'l+\/?) x]

36 1+x2%+x4

YR

V3

1+2x?

[[112+V3 ) d-2 (24 +V3 ] f] ArcTan[ (i +V3 ) x]

78\/?eAr‘cTan[

]
o)

Problem 33: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3
j dx

(1 + X%+ X4) 2
Optimal (type 3, 179leaves, 15 steps):

X (d+f-(d-2f) x?) e-2g+(2e-g)x? (4d+'F)Ar'cTan[%]

6 (1+x2+x4) i 6 (1+x%+x*) i 12+/3 )
(4d+f) ArcTan[ 22X]  (2e-g) Ar‘cTan[l*“z]
V3 . 3 —E(Zd—ﬂ Log[l—x+x2]+l(2d—f> Log[l+x+x2]
12+/3 33 8 8

Result (type 3, 200 leaves):
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1|6 (er2ex2 g (2:x) +x(def-dx@+2Fx2)) [([(-118+V3 | d-2(-2i+3)F)ArcTan[} (-i+/3 ) x]

36 1+x2+x4

{(3143]

([124+v3 ) d-2(2i+V3 | f] ArcTan[ 2 (i +V3 ) x] NeS

—4+/3 (2e-g) ArcTan |

]

1 1+2x2
g(l—]l\/?)
drex+fx2+gx®+hx*
J dx
<1+X2+X4)2
Optimal (type 3, 187 leaves, 15 steps):
e_2g+(2e_g) X2 X(d+'F—2h—<d—2'F+h) X2> (4d+‘F+h) Ar‘cTan[%}
* - +
6 (1+x*+x*) 6 (1+x%+x*) 12+/3
(4d+f+h) ArcTan [ 22X | (2e-g) Ar‘cTan[M]
B : —E(Zd—FJrh)Log{l—x+x2]+l(2d—f+h)Log[1+x+x2}
12+/3 343 8 8

Result (type 3, 234 leaves):

1 6(g(2+x?) —e(1+2x?) +x (d(-1+x?) +h (2+x?) -F (1+2x?)))

36 1+x%+x4

([-128+V3)d-2(-28+V3 | f+ (5243 ) h)ArcTan[? (-i+V3 ) x]

o)

V3

1+2x2

((122+v3)d-2(28+v/3 ) f+ (56473 ] h)arcTan[? (i ++/3 ) x]

-4+/3 (2e-g) ArcTan]
TR
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Problem 35: Result unnecessarily involves imaginary or complex numbers.

Jd+ex+fx2+gx3+hx4+ix5
X

(1+X2+X4)2
Optimal (type 3, 194 leaves, 16 steps):
x(dif-2h (d-2f+h)x?) e-2g+i+(2e g i)x2 (4d+F+h]ArcTan[>2x]
+ - +
6 (1+x%+x%) 6 (1+x%+x4) 12+/3
(4d+f+h) ArcTan[ 22 ] <2e—g+zi)Ar‘cTan[1*2xz]
¥ -, V3 —l(Zd—f+h)Log[l—x+x2]+l(2d—1‘:+h>Log[1+x+x2]

12+/3 343 8 8
Result (type 3, 243 leaves):

1 |6(e+i+dx+fx-2hx+2ex?-ix2-dx®+2fx>-hx*-g(2+x?))

36 1+x%+x4

([-128+V3)d-2(-20+V3 | f+ (5243 ) h)ArcTan[2 (-i+V3 ) x]

2

o)

((123+V3)d-2(28+V3 ) f+ (56+V3 ] h)arcTan[? (i++/3 ) x] J3

1+2x?

-4+/3 (2e-g+21i) ArcTan|

o)

Problem 47: Result unnecessarily involves imaginary or complex numbers.
J d+ex
——dXx
<1+X2+X4>3

Optimal (type 3, 185leaves, 19 steps):
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dx (1-x?) e (1+2x?) dx (2-7x?) e (1+2x?)
+ + +

12<1+X2+X4>2 12(1+X2+X4)2 24(1+X2+X4> 6<1+X2+X4>_

13dAr‘cTan[%] 13 dAr‘cTan[%] 2eAr‘cTan[—1;23_Xz}
+

—idLog[l—Xerz] +idLog[1+x+x2}

N
48+/3 48+/3 33 32 32
Result (type 3, 186 leaves):
1 [6(dx(2-7x?) +e (4+8x%)) 12 (e+2ex?+d (x-x3))

N _
144 1+x2+x4 (1+x2+x4)?

(-47i+7+3 ) darcTan[L (=i ++/3 ) x] (47i+7+/3 ) dArcTan[? (i3] x]

- 732\/?eAr'cTan[

s (1riv3) P (1-iv3)

V3

1+2x2

Problem 48: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?
Jidlx
(1+X2+X4>3

Optimal (type 3, 223 leaves, 18 steps):

e(1+2x)  x(d+f-(d-2F)x2) e(1+2x2) x(2d+3f-7(d f)x2) (13d+2F)ArcTan[Z2x]

+ + + - +
12 (142 + x4)? 12 (142 + x4)? 6 (1+x*+x*) 24 (14 %%+ x*) 48+/3
(13d+2 ) ArcTan| 2] 2eArcTan| 22X ] 1 1
¥s -, V3 -—(9d-4f) Log[1-x+x*| + — (9d-4F) Log[1+x+x?]
48+/3 343 32 32

Result (type 3, 235leaves):
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1 |6 (2dx+3fx—7dx3+7fx3+e (4+8x2)>
e +

144 1+x%2+x4

12 (e+2ex?+x (d+f-dx+2Fx)) ((-471+7ﬁ) d+ (171—7ﬁ) f) ArcTan[ 2 (-J'H\/?) x|

YR

(1+X2+X4)2

([472+7V3 ) d- (175+7/3 ) f] ArcTan[ 2 (i +V/3] x] J3

1+2x2

-32+/3 eArcTan]

Hrei3)

Problem 49: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx3
J dx

(1 + X2+ X4) 3
Optimal (type 3, 243 leaves, 17 steps):

X(def-(d-26)x) e-2g:(2e-g)x [2e-g) (102X x[2d+3F-7(d ] (13d+2f) ArcTan[ 22%]

- +

12 (1+X2+x4)2 12<1+X2+X4>2 12(1+x2+x4) 24<1+X2+x4) e
(13d+2f) ArcTan[22%]  (2e-g) ArcTan| 22X ]
2 22 (9d-af) Log[t-x+x2]+ — (9d-4f) Log[1+x+x]
483 34/3 32 32

Result (type 3, 259 leaves):
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1 |6(2dx+3Ffx-7dx*+7fx>-2g (1+2x?) +e (4+8x%))

144 1+x%2+x4

+

12 (e+2ex?-g (2+x?) +x (d+f-dx?+2fx?)) ((—47i+7\/?) d+ (171—7\/?) 'F) Ar‘cTan[% (—i+ﬁ) x|

(1+X2+X4)2 )

Y

([472+7V3 ) d- (175+7/3 ) f] ArcTan[ 2 (i +V/3] x] J3

1+2x2

~16+/3 (2e-g) ArcTan]

]
{(a-13)

Problem 50: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx®+hx*
J dx

(1 + X2+ X4) 3
Optimal (type 3, 263 leaves, 17 steps):

e 2g+(2e g x> x(d+f-2h-(d-2f+h)x) (2e-g) (1:2x2) x(2d+3f h_(7d-7f+4ah)x2) (13d+2fh)ArcTan[Z2%]

+ + + - +
12 (1+x2+x4)2 12(1+x2+x4)2 12 (1+x2 +x4) 24 (1+x2+x4) 48+/3
(13d+2f+h) ArcTan[ 22X]  (2e-g) ArcTan [ 22X ]
VENR, & —i(9d—4f+3h) Log[l—x+x2]+i(9d—4f+3h) Log[1 +x +x?]
48+/3 3+/3 32 32

Result (type 3, 303 leaves):
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1 6 (-4e(1+2x%) +g (2+4x?) +x (-2d-3Ff+h+7dxX®-7Ffx*+4hx?)) 12 (e+2ex?-g(2+x?) +x (d+f-dx2+2fx*-h (2+x?)))
— | = + -
144 1+x>+x? (1+X2+X4)2

([-478+7V3)d+ (174-7+/3 ) f+2(-78+2/3 ) h] ArcTan[ (- +/3 ) x]

e
((472+7V/3 ) d-(178+7/3 ) f+2 (78«23 | h| ArcTan[3 (i ++/3 ] x] 6T (2e-g) APCTan[l\/?J
Ha-iv3) -

Problem 51: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx®+hx*+ix®
J dx

(1+X2+X4)3

Optimal (type 3, 269 leaves, 18 steps):
x(d+f-2h-(d-2f+h)x?) e-2g+i+(2e-g-i)x* (2e-g+i) (1+2x?)
+ +

12 (1+x2+x4)? 12 (1+x2+x4)? 12 (1+x2+x%)
X (2d+3f-h-(7d-7F+ah) ) (13d+2f+h)Ar‘cTan{%] ) (13d+2f+h>Ar‘cTan{%] )
24 (1+x2+x%) 48+/3 48+/3

(2e-g+1) ArcTan | 22 ] 1 1
B = (9d-4f+3h) Log[1-x+x?| + — (9d-4f+3h) Log[1+x+x?]

3+/3 32 32
Result (type 3, 325leaves):
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1 |12 (e+i+dx+fx-2hx+2ex?-ix?-dx®+2fx3-hx3-g (2+x?))
.

144 (1+X2+X4)2

6 (2i+2dx+3Ffx-hx+4ix2-7dx®+7Ffx>-4hx>-2g (1+2x?) +e (4+8x?))

1+x2+x4

([-478+7V3)d+ (174-73 ) f+2(-7i+2V3 ) h] ArcTan[ (- +/3 ) x]

o)

((472+7+3)d- (17:+7V3) f+2(73+2+3 ) h] ArcTan[L [i++/3 ] x] J3

1+2x?

~16/3 (2e-g+1i) ArcTan|

-]

Problem 103: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(d+ex+fx2+gx3) (a+bx2+cx4)3/2d1x

Optimal (type 4, 717 leaves, 12 steps):
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(18b*cd-144abc?d-8b*f+57ab?cf-84a2c?f) xVa+bx?+cx* 3 (b’-4ac) (2ce-bg) (b+2cx?) Va+bx?+cx?

- - +

315 ¢5/2 (ﬁ+\/?x2) 256 c?
X (9b?’cd+90ac’d-4b>f+9abcf+3c (9bcd-4b2f+14acf) x?) Va+bx?+cx?
.
315 c?
(2ce-bg) (b+2cx?) (a+bx2+cx4)3/2 X (3(3cd+bf)+7cfx?) (a+bx2+cx4)3/2
+ +
32¢? 63 C
3(b2-4ac)?(2ce-bg) ArcTanh| —b2exXt
L 1
+ +
10c 512¢’/2 315c4+/a+bx?+cx?
a+bx?+cx? c4x, 1 b
a'/* (18b°cd-144abc?d-8b f+57ablcf-84alc2f) (Va +v/c x?| |~ EllipticE[2ArcTan[~—~], ~ 2]}
(\/?M/?xz) a 4 Va Ve
1
al/4 (18b3cd 144abc2d-8b*f+57ab?cf - 84a? f+ﬁ%(9b2cd—18@ac2d—4b3f+24abcf>)
630 c/4a+bx?+cx?
a+b 2 4 1/4 1 b
(\/?+sz) L*CXZ EllipticF[zArcTan[C14X], = 2—]]
(ﬁ+ﬁx2) at/ 4 Va o
Result (type 4, 2588 leaves):
o [— (a+bx?+cx*) (-945b*g+2b>c (945 +x (512F +315gx) ) -
161280c72 | —<— Jaibx2icx* b+b?-4ac
b+ b24ac

12b%c 525ag+cx(192d+105ex+64-Fx +42gx°)) -8bc* (3a (525e+256fx+147gx?) +2cx® (1152d+945ex + 800 f x> + 693 gx?) ) -
16 c? (5e4a g+2c®x> (360d+7x (45e+40fx+36gx*)) +acx (2160d+7x (225e+16x (11f+9gx))))) +

b+Vb2-4ac +2cx? 2 c x?
23041’1\5b3c3/2(b—x/b2—4ac)d : : 14— =%
+Vb%2-4ac b-+Vb%2-4ac

C b+vb2-4ac C b+vb%2-4ac
EllipticE[i ArcSinh[V/2 x|, — ] -EllipticF[iArcSinh[v/2 |———— x|, +—] N
b+Vb2-4ac b-Vb2-4ac b+vVb2-4ac b-vVb2-4ac
b+Vb2-4ac +2cx? 2 cx?
184321‘1\/7abc5/2(—b+ b2—4ac]d : i 14y —"-=
b+vb2-4ac b-vVb%2-4ac
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b+vb2-4ac c b+vb2-4ac
EllipticE[i ArcSinh[V/2 x|, : | - EllipticF[i ArcSinh[vV2 | ———— x], +—]
Vb2 -4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
+Vb2-4ac +2cx? 2 c x?
72961’1\Eab2c3/2( ~/b? 4ac] : L —
+Vb%2-4ac b-+Vb%2-4ac
Vb2-4ac C b+vVb2-4ac
E11lipticE [i ArcSinh[+/2 , — | - EllipticF[i ArcSinh[vV2 | ————— x|, — "]
+Vb%2-4ac b-+Vb%2-4ac b+Vb2-4ac b-+b2-4ac
+vbZ-4ac +2cx? 2 ¢ x2
1024 i V2 b*+/c ( +/ b2 4ac) : 1+ —
+vb2-4ac b-+vb2-4ac
Vvb%-4ac c b+vb2-4ac
ElllpthE[l ArcSinh \F X\, ! }—EllipticF[j Ar‘cSinh[\E R x}, +—]
b2 _4ac b-+vb2-4ac b+Vb2-4ac b-+vb?-4ac
10752 i /2 a? 52 (7 +/b 4ac) b*-4ac x2cx® J,  2ext
b++vb2-4ac b-+/b2-4ac
c b++vb%2-4ac c b++Vb%2-4ac
EllipticE[iAr‘cSinh[ﬁ x|, : }—EllipticF[iAr‘cSinh[\/? — x|, SN mRas ]
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
Vvb2-4ac +2cx? 2 cx? c Vb2-4ac
2304 /2 ab2c%2d | — - 1+ """ EllipticF[i ArcSinh[/2 x|, — ] -
b+Vb%2-4ac b-+vVb%2-4ac b+Vb%2-4ac b-+Vb2-4ac
Vvb2-4ac +2cx? 2 cx? c Vb%2-4ac
460801 2 a?c’/2d | - 1+ —————— EllipticF|i ArcSinh[v/2 x|, — ] -
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+vb2-4ac +2cx? 2 ¢ x2 c b+vb2-4ac
10241 /2 ab3c¥2f * * 1+ ——M EllipticF[iAr‘cSinh[\/? x|, i |+
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+vb2-4ac +2cx? 2 ¢ x2 c b+vb2-4ac
61441 /2 a’bc*? f : : 1+ ——————— EllipticF[i ArcSinh[v/2 x|, : ]+
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
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Vvb2-4ac

C
1899b4c\/— eJa+bx?+cx? Log[b+2cx2+2\/?«/a+bx2+cx4 | -
b+

Vb2-4ac

15120ab2c2\/c erJa+bx?+cx? Loglb+2cx?+2+/c \Jarbx?+cx? |+
b+

c
302402 c® | ————— e+Ja+bx?+cx* Log[b+2cx?+2+/c yJa+rbx?rcxt | -
b+vb2-4ac

c
945b5\/ ga+bx?+cxt Loglb+2cx?+2+/c \Jarbx?+cx? |+
b+vVb2-4ac

c
756Oab3c\/— ga+bx?+cxt Log[b+2cx?+2+/c 1Jarbx®+cx? | -
b+

Vvb2Z-4ac

c
15120a2bc2\/— g\a+bx?+cx* Log[b+2cx?+2v/c 1Jarbx®+cx? |
b++Vb%2-4ac

Problem 104: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(d+ex+fx2+gx3) Ja+bx?+coxt dx

Optimal (type 4, 505 leaves, 10 steps):
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(5bcd-2b2f+6acf)xVa+bx?+cx* (2ce-bg) (b+2cx?) Va+bx?+cx?

+ +

15 ¢3/2 (\/?Jr\/?xz) 16c?

x (5cd+bf+3cfx?) Vatbx®+cxt gla+bx?+cxt)?? (b*-4ac) (2ce—bg>Ar‘cTanh[zrjb/*zcxzz 4]
c \Ja+bx?+cx

+ — —

15 ¢ 6c¢C 32¢/?
1/4 _2b2f f 2) [ —abxeex®  pyyipticE[2 ArcTan| ox], L (2 —»
a4 (5bcd-2bf+6ac )(\/a_+\/?x) oo ) ipticE[2Arc an[am},“( ﬁﬁ)] .
+
15c’/*a+bx?+cx* 30c’/*\a+bx?+cxt
a+bx?+cx? c4x. 1 b
a* [b+2+va V| (scd-2bF+3va Ve ) (Va +vc ) | " EllipticF[2ArcTan[ =], = 2]]
(\/;Jr\/?xz) at/ 4 a o
Result (type 4, 1534 leaves):
ﬁ 6bce-3b2g+8acg (5Cd+bf)x (6ce+bg) X2 £x3 g x4
a+bx +cx + + + + +
48 c? 15c¢ 24 c 5 6
2cx? 2cx? c
201’1\/7bC(—b+«/b2—4ac)d 1- 1- EllipticE[iArcSinh[V2 |- x],
240 c? -b-+Vb2-4ac -b++Vb2-4ac -b-+/b2-4ac
-b-+/b%2-4ac c -b-+/b%-4ac C
| - EllipticF[i ArcSinh[v2 |- x|, ] / - Ja+rbx?ecoxt | -
-b++/b%2-4ac -b-+/b2-4ac -b++Vb2-4ac -b-+/b%2-4ac
2cx? 2 ¢ x? C
8i+/2 b? [—b+x/b2—4ac]f 1- 1- EllipticE[i ArcSinh[V/2 |- x|,
-b-+b?>-4ac -b++vb%-4ac -b-+b?>-4ac
-b-+/b?-4ac c -b-+/b?-4ac c
| - EllipticF[i ArcSinh[V/2 |- x|, ] / - Ja+bx?+iext |+
-b++vb%>-4ac -b-+b?-4ac -b++/b?-4ac -b-+b?>-4ac
2cx? 2cx? C
241‘1\/7ac(—b+ b2—4acJ1c 1- 1- EllipticE[iAr‘cSinh[ﬁ - x|,
-b-+b?-4ac -b++vb?-4ac -b-+b?-4ac

-b-+/b%2-4a -b-+vb%2-4a
] -EllipticF[i ArcSinh[v2 |- < x|, . / - : Jarbx®icxt |-
-b++vVb%-4ac -b-+/b%-4ac -b++Vb%-4ac -b-+/b%2-4ac
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2 2 2 2 -b-+/b%2-4
80i/2 actd |1- <X 1- <X E1lipticF[i ArcSinh[/2 |- : x|, 2t /
-b-+b2-4ac -b+vb%-4ac -b-+b%2-4ac -b+vb2-4ac

c
{\/ \Ja+rbx?+cx?

+

-b-+/b%-4ac

2cx? 2cx? C -b-+/b%2-4ac
8iv2 abcf [1- 1- EllipticF[i ArcSinh[+/2 |- x|, ] /
-b-+/b%2-4ac -b++/b2-4ac -b-+/b%2-4ac -b++/b%2-4ac

C
- \Ja+bx?+cx? —15b2\/?eLog[b+2cx2+2\/?x/a+bx2+cx4}+
-b-+b?-4ac

15b3glog|/b+2cx?+2+c Va+bx?+cx*
60ac3/2eLog[b+2cx2+2\/?x/a+bx2+cx4]+ [ ]—

2+/c
30ab+/c glog[b+2cx?+2+/c yJa+rbx®+cx? ]

Problem 105: Result unnecessarily involves imaginary or complex numbers.

dx

Jd+eX+'FX2+gX3
Vva+bx?+cx?
Optimal (type 4, 359 leaves, 8steps):

b+2cx?

2+/c +Jatbx2icx?

(2ce-bg) ArcTanh|

gva+bx?+cx*  fxva+bx?+cxt
+ +
2¢ v (ﬂ/a +/c x2) 4c3/2

al’4 f (\EJr\Exz) li(j;’j;i)z EllipticE[ZAr‘cTan[%], i (2— ﬁbvc_)}
N

c34a+bx?+cx?

1/4 [c d 2 a+b x?+c x* . . ctAx 1 B b
a ( o +F) (\/?Jf\/?x ) ,7(V?+sz)z EllipticF|[2ArcTan| e ] " (2 ﬁﬁ)]
2c34a+bx?+cx?

Result (type 4, 526 leaves):
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1
4c¢32 | ——— Ja+bx2+cx?
b++/b%*-4ac
C b+vb%-4ac
] : | -iv2 Ve (2cd+(—b+x/b2—4ac)f)

EllipticE[iArcSinh[vV2 | ————— x|, ——————
b+vb2-4ac b-+vb2-4ac

b-+vb2-4ac +2cx? b+vbZ-4ac +2cx?
Ji\/?\/?[—b+w/b2—4ac]f recx * recx
b-+vb2-4ac b+vb2-4ac

b-+vb?>-4ac +2cx? b+vVb%2-4ac +2cx? L. ) . C b+vb2-4ac
E111pt1cF[1 Ar‘cSmh[xE x},
b-+/b2-4ac b+Vb2-4ac b+Vb2-4ac b-+b2-4ac

\/; (Zx/?g(a+bx2+cx4)+<2ce—bg) Ja+bx?+cx® Log[b+2cx?+2+/c \Ja+rbx?+cxt |

+

b+vb2-4ac

Problem 106: Result unnecessarily involves imaginary or complex numbers.

dx

Jd+ex+'FX2+gX3

(a+bx2+cx4)3/2

Optimal (type 4, 447 leaves, 7 steps):
x (b’d-2acd-abf+c(bd-2af)x?) be-2ag+(2ce-bg)x? \/?(bd—Za-F)X\/a+bx2+cx4
- - +

a(b2—4ac)m (b2—4ac)m a(b?-4ac) (\/;+\/?x2)

c¥/4 (bd-2af) (\/?+V?x2) \/%EllipticE[zArcTan[%], (2— ﬁbﬁ)}

a*% (b?-4ac)Va+bx?+cx?

(\/?d‘\/?f) (\/?+\/?X2) \/7%EllipticF[ZAr‘cTan[‘;j‘:a"],
a+yc X /

2334 (b—Z\/?\/?) cl/4a+bx2+cxt

B |=

B
N
|
4
o
4

Result (type 4, 513 leaves):
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1
4a<b2—4ac) —<—— Ja+bx?+cxt
b++/b%*-4ac
c
4 | ——MMM (—Zazg—bdx(b+cx2)+2acx(d+x(e+fx))+ab(e+x(f—gx>))+1’1(—b+\/b2—4ac](bd—2af>
\/b+\/b24ac
2 _ 2 _ 2 _ 2 2 _
b++vVb*-4ac +2cx 2b-2+Vb*-4ac +4cx EllipticE[ler‘cSinh{\/? C X}’b+\/b 4ac]_
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb?-4ac

b+vVb%2-4ac +2cx? 2b-2+b%2-4ac +4cx?
j[—b2d+4acd+bx/b2—4ac d-2a+/b2-4ac f)\/ : : \/ :

b+vVb2-4ac b-+Vb%2-4ac
c b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, : ]
b+vb2-4ac b-+vb2-4ac

Problem 107: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx3
J dx

(a+bx2+cx4)5/2

Optimal (type 4, 680 leaves, 9 steps):
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x (b?d-2acd-abf+c(bd-2af)x?) be-2ag+ (2ce-bg) x? 4 (2ce-bg) (b+2cx?)
- + +
3a(b?-4ac) (a+bx2+cx4>3/2 3 (b2-4ac) (a+bx2+cx4)3/2 :-3(b2—4ac>2\/a+bx2+cx4

x (2b*d-17ab’cd+20a*c*’d+ab’f+4a’bcf+c (2b*d-16abcd+ab’f+12a’cf) x?)
302 (b2-4ac)2varbxlscn® 7
Ve (2b*d-16abcd+ab2f+12a%cf) xVa+rbx?+cx*
3a2 (b2-4ac)? (\/?Jr\/?xz)

+

b 2 4 1/4 1
cl/4 (2b3d—16abcd+ab2f+12a2cf) (\/?Jr\/?xz) _axpxrrex EllipticE[ZArcTan[c X], Zl2-
(\EJr\EXZ)Z a1/4 il
(3a7/4(b2—4ac)2x/a+bx2+cx4 -
b 2 4
¢4 (2b7d-3/a byc d-10acd abf6a>?/c f| (Va +3/c x| | =2 — EllipticF[2ArcTan]
(\/?+\/?x2)

(6a7/4 (b—Z\/;\E) (b>-4ac)/a+bx*+cx

Result (type 4, 598 leaves):

cl/4

al/4
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1

-4a(b’-4ac) (-2a%g-bdx (b+cx?) +2acx (d+x (e+fx))+ab(e+x (f-gx))) +4 (a+bx?+cx?
12 a? (b274ac)2(a+bx2+cx4)3/2 ( A ( ) ( ( /) ( < 1) ( )

(2b°dx (b+cx?) +abx (-17bcd+b*f-16c?dx*+bcfx?) +4a* (-b>g+c®x (5d+x (4e+3fx))+bc(2e+x (f-2gx))))+

+Vb%2-4ac +2cx? 2 cx?
1\F * 1+ — a+bx2+cx4>
Vb2 -adac b-+Vb%*-4ac
b+/b%-4ac
C b+vb?-4ac
_[- 4ac] (2b>d-16abcd+ab?f+12a?cf) EllipticE[i ArcSinh[~/2 x|, . ] +
-4ac b-+vb?-4ac

-2b%*d+ b3[ 2+/b%2-4ac d—af) +4abc (74\“92743(: d+af] +ab? (18cd+x1b2—4ac F] +4a%c (—10cd+3«/b2—4ac f)]

c b+Vb%2-4ac
EllipticF[i ArcSinh[v2 | ———— x|, — |
b+vb2-4ac b-+vb2-4ac

Test results for the 145 problemsin "1.2.2.6 P(x) (d x)"m (a+b x"2+c x"4)p.m"

Problem 40: Result is not expressed in closed-form.

(dx)" (A+Bx+Cx?)
J dx
a+bx?+cx?
Optimal (type 5, 368 leaves, 8 steps):
(C+ M] (dx)**"Hypergeometric2F1[1, =", ", —L] [C— M) (dx)**" Hypergeometric2F1[1, ", ", —A}
\/b%-4ac 2 2 b-+/b*-4ac \/b*-4ac 2 2 b+/b*-4ac
+
(b—\/b274ac)d(1+m) (b+\/b274ac)d(1+m)
2Bc (dx)2"Hypergeometric2F1[1, Zm 4m __2¢x 1 5pc (dx)2"Hypergeometric2F1[1, Zm, 4m _ 2cx
(dx) [ 2?2 bfm] (dx) [ 27 2 bdm}

Vb2-4ac (b—\/b2—4ac ) d? (2+m) Vvb2-4ac (b+\/b2—4ac ) d? (2+m)
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Result (type 7, 438 leaves):

1 Hypergeometric2F1[-m, -m, 1 -m, —n—ll} ( X1>7m
(dx)™ [A (2+3m+m?) RootSum|a +b11® + c 1% &, X8 X8 &] +
2m (1+m) (2+m) bal+2cald
2 4 1
B (2+m) RootSum|a+bw1?+crl® &, ——————
brl+2cnld
. #1 X -m X =1 X -m
mx + Hypergeometric2F1[-m, -m, 1-m, - ] ( 1 + mHypergeometric2F1[-m, -m, 1-m, - ] ttl) &] +
X - #1 X -#H1 X - 71 X - H#1
2 4 2 2,2 2 : H1 X a2
CRootSum[a+b#1? + ¢ #1% &, ———————|mx? +m?x? + 2mx &1 + m* x 11 + 2 Hypergeometric2F1[-m, -m, 1-m, - w12+
brl+2cnld x-m1" \x-m
. ol X -moo,
3 mHypergeometric2F1[-m, -m, 1-m, - ( w12+
X - #1 X - H#1
2 . iy X -m 5 X -m 2
m Hyper‘geometr‘1c2F1[—m, -m,1-m, - — ( 71 +m 7) a1 &]
X - 71 X - #1 =1

Problem 41: Result unnecessarily involves higher level functions.

dx

J(dx)m (A+Bx+Cx?)

<a+bx2+cx4)2

Optimal (type 5, 685leaves, 10 steps):
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B (dx)z”" (b2—2ac+bcx2) (dx)l*m (A (b2—2ac) —abC+c (Ab—ZaC) x2>
2a (b2—4ac) d? (a+bx2+cx4) 2a (b2—4ac) d(a+bx?+cxt)

(c (Zac{Zb—xlb2—4ac (l—m) +A(b2 (1—m)+b\/b2—4ac (1—m)—4ac(3—m)
1+m 3+m 2 ¢ x2
Hyper‘geometr‘icZFl[l, , , - }]/(2a(b24ac>3/2 (bf /b274ac]d(1+m)
2" 2 b b dac
(c [2aC[2b+x/b2—4ac (1—m) +A(b2 (1—m)—bx/b2—4ac (1—m)—4ac(3—m)

2
1+m 3+m 2cx /(Za(b2—4ac>3/2(b+m]d<l+m>

Hypergeometric2F1[1, s y - ]
Bc (4a c(2-m)+b (b+4/b2 “Jdac ) m) (dx)*™Hypergeometric2F1[1, ", *", 7#}

+

(dx>1+m

(dx>1+m

2 2 b+Vb?-4ac
2 2 b-+/b%*-4ac

+

2a (b2—4ac)3/2 (b—\/b2—4ac ) d? (2+m)

Bc (4ac (2-m) +b (b—\/ b2-4ac ) m) (dx) %" Hypergeometric2F1[1, Zm, T, —%}

2 2 b+/b%*-4ac

2a (b274ac)3/2 (b+x/b274ac ) d? (2+m)

Result (type 6, 999 leaves):
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1

4c (a+bx2+cx“)3

b-+/b?>-4ac +2cx?
((1+m)

ax (dx)"

)

2 b+vb2-4ac -b+y/b%2-4ac

(b+x/b2—4ac +2cx2)

1+m 34m 2 ¢ x2 2 ¢ x2

3+m 5+m
, 2,2, , - }—sz(b+\/b2—4acJAppellF1[;, 2, 3, i s
2

2 b+vb2-4ac -b+y/b%2-4ac 2

2cx? 2 c x? 3+m 5+m 2cx? 2 cx?
- B ]+[b—x/b2—4ac)AppellF1[T, 3, 2, , - ]])]+

b+rvVb2-4ac -b+vb:-4ac 2 b+rvVb2-4ac -b+vb*-4ac

1+m 34m 2 ¢ x2 2 ¢ x2
A (3+m) AppellFl[—2 , 2,2, - ] /

a (3+m) AppellFi|

2+m 4+m 2 ¢ x? 2 ¢ x?
X | |B (4+m) AppellFl|——, 2, 2, , - s /
2 2 b+vb2-4ac -b++vb2-4ac

4+m 2 cx? 2 c x?
3

- 2
2 b+vVb?2-4ac -b+vb%2-4ac

]—sz

{<2+m>

2+m
a (4+m) AppellFl|——, 2, 2,
2

4 +m 6+m
b++/b2-4ac ) AppellFl[%, 2,3, /=%,

2 c x? 2 cx? 4+m 6+m 2 c x? 2 cx?
- , ] + b—\/b2—4ac]AppellF1[;, 3,2, —% , }]]J+
b+vb2-4ac -b+vb2-4ac 2 2 b+vb2-4ac -b+vb2-4ac
3+m 5+m 2cx? 2 ¢ x?
C (5+m) xAppellF1[ —, 2, 2, , - s ]/
2 b+vb?2-4ac -b+i/b%*-4ac
3+m 5+m 2 ¢ x2 2 ¢ x2 5+m 7+m
[(3+m) a(5+m)AppellF1[;, 2, 2, : , - , | -2x? (b+x/b2—4ac)Appe11F1[L, 2, 3, i s
2 2 b+vb2-4ac -b++b2-4ac 2 2

2cx? 2cx? 5+m 7+m 2cx? 2cx?
- s ]+(b—xlb2—4ac]AppellFl[L,B,z, : , - s }]]J]]
b+vb2-4ac -b+vb2-4ac 2 2 b+vb2-4ac -b++vb2-4ac

Problem 105: Result unnecessarily involves imaginary or complex numbers.
J4+X2+3X4+5X6

X
X (3+2x2+x4)2

Optimal (type 3, 66 leaves, 8 steps):

14x2
25 (1_)(2) +89Ar‘cTan{\ﬁ;(} +4Log[x] 71Log[3+2x2+x4]
24 (3+2x% + x4 72~/2 9 9

Result (type 3, 93 leaves):
1 300 (-1+x2)

288 3+2x2+x4

+128Log[x] - V2 (891 +16V2 | Log[1-iV2 +x*] +V/2 (89i-162 | Log[1+iV2 +x?]
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Problem 106: Result unnecessarily involves imaginary or complex numbers.

44+x2+3x*+5x®
J dx

X3 (3+2x%+x4)?

Optimal (type 3, 71leaves, 8 steps):

25 (5 4 x2 71 ArcTan [ Lox? ]
_ 2 - < +X) - el 713L0g[X] +£Log[3+2x2+x4]
9x% 72 (3+2x%+x4) 216 /2 27 108

Result (type 3, 97 leaves):
1 192 300 (5+x?)

x2 3+2x%+x4

~416Log(x] + V2 (711 +52v2 | Log[1-iV2 «x*] +V/2 (-711+522 | Log[1+iV2 ]

864

Problem 107: Result unnecessarily involves imaginary or complex numbers.
J4+X2+3X4+5X6

dx
x> (3+2x2+x4)2

Optimal (type 3, 80leaves, 8 steps):

1 13 25 (7 +5x?) 125 ArcTan[}ﬂ 13 Log [X]
+

13
+ + ——Log[3+2x2+x4]
9x* 54x* 216 (3+2x*+x*) 216 /2 27 108

Result (type 3, 105leaves):
1 96 208 100 (7+5x?)

T T =L alelog(x] -2 (12584522 | Log[1-iV/2 +x?] +\/2 (1258 -52V/2 ) Log[1+i/2 «x?]

864 X x2 3+2x%+x4

Problem 108: Result unnecessarily involves imaginary or complex numbers.
J4+x2+3x4+5x6

dx
x7 (3+2x2+x4)2

Optimal (type 3, 87 leaves, 8 steps):

1+x?
2 13 13 25 (1-7x2) 1237A‘"CT3”[W] 61Log[x] 6
+

1
- + - + - - ——Log[3+2x%+x*]
27x®  108x* 54x% 648 (3+2x%+x*) 1944 /2 243 972

Result (type 3, 110leaves):
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1 ( 576 936 1872 300 (-1+7x2
— =, - - ( )+1952Log[x]+ﬁ(1237i-244\/7) Log[l—i\/?+x2]—\/?(12371’1+244\/7) Log[1+i+/2 +x?]
7776 x® x4 x? 3+2x2+x4

Problem 109: Result unnecessarily involves imaginary or complex numbers.

st (4+x2+3x4+5x6) ;
X

<3+2X2+X4>2

Optimal (type 3, 248 leaves, 12 steps):

19x3 17x> 5%’ 25X(3+5X2 2(71+\E) -2x

+ + iJ 262771 + 618291 \E) ArcTan | |-
16

3 5 7 8(3+2x2+x4
2(1+\/?)

38 X +

1

1
= J = (262 771+618291+/3 | ArcTan|
2

16

N |

(-262771+618291ﬁ) Log[/3 - 2(-1+ﬁ) x+x?] +

2 (143 v2x
ﬁ o

1
—J—( 262771+618291x/3 Log[/3 “14/3 ) x4 %
2

32

Result (type 3, 1451eaves):

3524 +1339+/2 | ArcT x ~3521i +1339+/2 | ArcT x
say, 19X 175X 25x (345X 521+ ) arcTan| Tlﬁ] (-352i ) ArcTan] /—1+1‘L\/T]
+ - + + -

3 5 7 8(3+2x2+x4)

16+/2-21+2 16~/2+21+v2

Problem 110: Result unnecessarily involves imaginary or complex numbers.

st (4+x2+3x4+5x6) 4
X

<3+2X2+X4>2

Optimal (type 3, 237 leaves, 12 steps):
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2 (—1+\/?) -2X
\/% (‘8569+5011 \/?) ArcTan | I-

2(1+\/?)

3 8<3+2x2+x4)+16

2(71+\/?) +2X
3\/z(8669+5911ﬁ) ArcTan | ]

w [2 (1443

\/3(8669+5011\E) Log[V3 - [2(-1+V3 ) x+x] - ° \/3(8669+5011\E) Log[V3 + [2(-1+V3 | x+x?]
321 2 2

32

Result (type 3, 132leaves):

9 (90i+31+/2 | ArcTan X 9 (-901i +31+/2 | ArcTan X
173 25x (-3+x2) [+ ) : - | of-s0i | [m

+

16~2-21+2 16+/2+21+2

Problem 111: Result unnecessarily involves imaginary or complex numbers.

3 8<3+2x2+x4)

JX4 (4+x2+3x4+5x5) ;
X

<3+2X2+X4>2

Optimal (type 3, 232 leaves, 12 steps):
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2(-1+/3] -2x
—17X+£—M—i\/l(14395+26499\/?) ArcTan | | ) ]+
3 8(3+2x2+x*) 16\ 2
2 (1+3)
[2(-1+V3) +2x
116\/2(14395+26499\5) ArcTan| }312\/;(14395+26499\E) Log[vV3 - [2(-1+V3 ) x+x?] +
2 (143
1\/1(14395+26499\/?) Log[V3 + [2(-1+V3 ) x+x?]
321 2

Result (type 3, 129 leaves):

-3561+127 V2 | ArcT 2 3561 +127 2 | ArcT X
17 x 5 x3 25 x (3+X2) ( v ) " an{xmﬂn/z ] ( o ) " an[\/lﬂl\/Z
- — - +

+

3 2 4
8 (3+2x%+x) 16~/2-2i+2 16~/2+2i2

Problem 112: Result unnecessarily involves imaginary or complex numbers.

sz (4+x2+3x4+5x5) ;
X

<3+2X2+X4)2

Optimal (type 3, 225leaves, 12 steps):

2(71“5) “2x

25x (1+x2) 1 |1 1 |1 2(71+\/? +2X
+
SX+ = (19291 +12899v/3 | ArcTan| ] - = (19291412899 V/3 | ArcTan|
8 (3+2x2+x*) 161 6 16\ 6
2 (1++3) [2 (1443
1\/1(19291+12899\/?) Log[V3 - [2(-1+3) x+x2]+1\/1(19291+12899\/?) Log[V3 + [2(-1++/3) x+x?]
321 6 321 6

Result (type 3, 121 leaves):
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(-341+111V2 | ArcTan[—>*——] (341+111V2 | ArcTan[—*—]|

Sy 25 (X+X3> B Vi-ive © Vi1si2

2 4
8 (3+2x7+xt) 16~/2-2i2 16~/2+2i2

Problem 113: Result unnecessarily involves imaginary or complex numbers.

4+x2+3x*+5x8
J dx

<3+2X2+X4)2

Optimal (type 3, 224 leaves, 10 steps):

25X<1?X2) ) ) 2(—1+\/?) -2X

—\/l(—11567+12897\/?> ArcTan| ]+i\/l(—11567+12897\/?) ArcTan| ]+
6 6

24 <3+2x2+x4) 48 48
2 (1+\/?)

1

—\/1(11567+12897\/?) Log[V3 - [2(-1+V3) x+x2]—l\/l(11567+12897\/?) Log[vV3 + [2[-1+V3 ) x+x?]

96 6 96 6

Result (type 3, 115leaves):

95144 i /2 | ArcTan X 95 _44 i ~/2 | ArcTan X
1 _50x<—1+x2) . ( ) [\/Liﬁ ] . ( ) [\/1+iﬁ ]
48 3+2x%2 x4

1-i1+2 1+1+2

Problem 114: Result unnecessarily involves imaginary or complex numbers.

4+x2+3x*+5x°
J dx

x2 (3+2x2+x4)2

Optimal (type 3, 229 leaves, 12 steps):
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4 25x(5+x2)

- ) v iJE (-965+ 6993 | ArcTan| -965+699/3 | ArcTan|
48\ 6

9x 72 (3+2x2+x4

2173 -
T

_\/%(965+699\/?) Log[v3 - [2(-1+V3 ) x+x? QLJ (9656993 | Log[V3 + [2(-1+V3 | x+x?]

96

|

Result (type 3, 126 leaves):

261 +19+2 | ArcT X -261+19+v2 | ArcT X
_i_ 25x(5+x2) ( 1+ \ﬁ) rc an[ 1,jﬁ} ( i+ \/7) rc an[ s

2, 4
9x 72 (3+2x2+x*) a8[2-2iv2 48+/2+21i+2

Problem 115: Result unnecessarily involves imaginary or complex numbers.

44+x%2+3x*+5x°
J dx

x4 (3+2x2+x4)2

Optimal (type 3, 238 leaves, 12 steps):

4 13 25x(7 5x2

1
s —\/ 6073 + 56673 /3 | ArcTan | ]+
432

27x3 27X 216(3 2x2+x4

2( 1+\/?) +2X

1

1
— J = (6073 + 56673 V— ArcTan |

4321\ 6
/2(1+\/—

1

1
—J—( 6073+56673\/3 Log[v/3 1443 ) x+x?
6

864J§(-6973+56673\/?) Log[V3 - [2(-1+V3 ) x+x] -

864

Result (type 3, 131 leaves):
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2 (229 V2 2 (229 - 12 X
1[4 ( 96+ 2082+ 3510 4 229 ] ( +461V—) ArcTan | ] ( 461\/—)Ar‘cTan[ ]

1 . \1-i+/2 . \1+in2
864 X3 (3+2x2+x4) 1_iv2 1riv2
Problem 116: Result unnecessarily involves imaginary or complex numbers.
4+x2+3x*+5x8
J dx
x8 (3+2x2+x4)2
Optimal (type 3, 245leaves, 12 steps):
2 (-14/3
\/i ( 1139381 + 688419\/— ArcTan | 7)) =
4 13 13 25x (1-7x?) 2 (173 )
- + - +
45x>  81x% 27x 648 (3+2x%+x*) 1296
2 (-14+/37) +2x
\/1 (—1139381+688419\E) ArcTan| ( )
6 2 (17 1 (11393814 6884193 | Log[V3 - [2(-1+V3) x+x?]
- +
1296 2592
J; (1139381 + 6884193 | Log[V/3 + [2(-1+/3 ] x+x?]
2592
Result (type 3, 1401leaves):
10 (-487 144752 | ArcTan[ x } 101 (487 1+475/2 ) ArcTan[ x }
4 (864-984 x2+3928 x*+2475 x®+2435 x8) B iz N iz
x® (3+2x2+x*) 1ivT eivT
12960

Problem 117: Result unnecessarily involves imaginary or complex numbers.

x1@ (4+x2+3x4+5x6)
J dx
(3+2x2+x4)3

Optimal (type 3, 243 leaves, 13 steps):
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8% 9% 15O 25x (15 +7 x?) X (3305 + 252 x?)

16 <3+2x2+x4>2 64 (3+2x2+x4) "

z(-1+\/?) “2x 2(-1+ﬁ) £ 2x

3 3
—_ /8595619 + 7678611 /3 ArcTan | }-—\/-8595619+7678611«/3 ArcTan | |+
256 256

/2(1+\/?) 2(1+\/?)

> [8595619+ 76786113 Log[V/3 - 2 (-14+/3] x+x2] - —— /8595619 + 76786113 Log[\/3 + 2 (14437 x+x]
512

512

Result (type 3, 156 leaves):

3 (4795 i +148 \/?) ArcTan X 3 (74795 i +148+/2 | ArcTan X
B x 93 1 25x (15+7 x2) +x(33@5+252x2)+ t [«/17]'1\/T] o ) [ 14i V2

.
2 4)2 24 x4
16 (3+2x2 +x*)* 64 (3427 ) 1284/2-21+2 1284/2+2i 2

Problem 118: Result unnecessarily involves imaginary or complex numbers.

x8 (4+x2+3x4+5x6)
j dx
(3 +2x2+ X4> 3
Optimal (type 3, 242 leaves, 13 steps):
5 x3 25 X <3+5x2) X (1468+835x2)

-27 X + + _ _

3 16 (3+2x2+x4)7 64 (3+2x7+x*)
» 2 (14437 -2x ” 2 (1443 +2x
22 34271227213 ArcTan | }+—J34271+22721ﬁ ArcTan| ] -
256 256

2(1+\/?) /2(1+\/?)

2L [ 3427142272143 Log|/3 - 2 (-14V/3) xex?] 4 2L [ 382714227213 Log[/3 + 2 (-144/37) x+x]

512 512

Result (type 3, 155leaves):

21 (*1751'1+137 ﬁ) ArcTan | 1 Xﬁ ] 21 (175]1+137 \E) ArcTan[JlfT]
- +1

+

128+/2-21+2 128+/2+21 2

5x3 25X (3+5x?)  x (1468 + 835 x?)

+

-27 X + _
3 16(3+2x2+x4)2 64(3+2x2+x4)
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Problem 119: Result unnecessarily involves imaginary or complex numbers.

x® (4+x2+3x4+5x6)
J dx
<3+2X2+X4>3

Optimal (type 3, 235leaves, 13 steps):

25x (3-x2) 7x (11+58x?) 2(-1+3]) -2x
- +
5X + + +i\/827621+1176531\/? ArcTan| ] -
16 (3+2x2+x*)% 64 (3+2x>+x*) 256 2(1 \/?)
"
2(-14+/37) v2x
i\/827621+1176531\/? ArcTan| ]_i\/_827621+1176531\/? Log[V/3 - 2(-1+\/?) X+ x| +
256 512

2(1+\E)

[ 8276211176531 /3 Log[V3 + 2 (1437 xox]

512

Result (type 3, 138 leaves):

i (-26441+185V2 | ArcTan[—>*——] i (26441 +185/2 | ArcTan|—*—]
1 |4x(3411+5112 x> + 4089 x* + 1686 X° + 320 x*) Jiiva Jiiva
e - +

256 <3+2X2+X4)2

1-i1+2 1+12

Problem 120: Result unnecessarily involves imaginary or complex numbers.

Jx“ (4+x2+3x4+5x6) 4
X

<3+2X2+X4>3

Optimal (type 3, 238 leaves, 11 steps):
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, a2 2 (1437 -2x
25x (3+%%)  x(238-59x) _i\/3(_48835+32827\/?) ArcTan | ]+
16 (3+2x>+x*)% 64 (3+2x*+x*) 256 ( \F)
2 (1++3

. [2(-1+V3) +2x

3 (-48835+32827/3 | ArcTan| ]+
256

2 (143

3 (48835328273 | Log[V3 - [2(-1+V3) x+x2]512J3(48835+32827ﬁ) Log[V3 + [2(-1+V3 | x+x?]

512

Result (type 3, 129leaves):

3 (174 +1331+/2 | ArcTan X 3 (174 -1331 /2 | ArcTan X
2 prerenl ! 2 ) preten

1-i+2 1+i+2

1 |4x (414+199x2+120x4—59 x6)

256 (3+2x2+x%)?

Problem 121: Result unnecessarily involves imaginary or complex numbers.

sz (4+x2+3x4+5x6) ;
X

<3+2X2+X4>3

Optimal (type 3, 246 leaves, 11 steps):



25x (1+x2) x (353 + 88 x?) 1 2(_1+\/?) -2
S o2 (32wt 76813 -1825 + 1089 V/3 | ArcTan| ]+

16 (3 +2x%+x4 +2x%+X

< + 242X +X> 2(1+\/?)

2( 1+\E) £ 2x

11 |1

\/(1825+1089\ﬁ ArcTan |

768 \| 3 \/7

11\/%(1825+1089\/? Log[V3 - [2(-1+V3 ) x+x?] 11\/%(1825+1089ﬁ) Log[V3 + [2(-1+V3 ) x+x?]

1536 1536

Result (type 3, 133 leaves):

11 (-161i+31V/2 | ArcTan[—*——] 11i (16 +31V2 | ArcTan[—*—]

1 4x (759 + 670 x? + 529 x* + 88 x°) Jiivz Jiivz

— | - - +

2 4\ 2
768 (3+2x%+x*) 1-i+/2 1+i+2

Problem 122: Result unnecessarily involves imaginary or complex numbers.

J4+X2+3X4+5X6
X

<3+2X2+X4)3

Optimal (type 3, 248 leaves, 11 steps):
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25 x (1—x2) X (64+51x2) 1
+ =

48 (3+2x2+x4)? 192 (3+2x%+x*) 256

-1291+1619/3 | ArcTan| ]+

@
w |
=
+
|
N
x

2(,1+\E) +2X
\/1(1291+1919\E) ArcTan| ] +

2(1+ﬁ)

1J1(1291+1e19\/?) Log[V3 - [2(-1++3) x+x2}1\/1(1291+1919\5) Log[V3 + [2(-1+V3 | x+x?]
512 | 3 512 \[ 3

Result (type 3, 129 leaves):

3 (34+211+2 ) ArcTan x 3 (34-211+/2 | ArcTan X
4+ 221+2] N | 2] N

+ +

2, y4)2
768 (3+2x%+x4) 1-iv2 1+i+2

1 |4x (292+181x2+166x4+51 x6)

Problem 123: Result unnecessarily involves imaginary or complex numbers.

44+x2+3x*+5x®
j dx

x2 (3+2x2+x4)3

Optimal (type 3, 253 leaves, 13 steps):
4 25 (5+x?) X (325 + 242 x?)

7% 144 (3+2x2+x4)2 1728 <3+2x2+x4)

{2 71+W 2( 1+ﬁ) +2x
(59 711 + 55161 /3 Ar'cTan 59 711 + 55161 /3 ArcTan
1+\/_

2304 2304

\/:(59711+55161\E) Log[v3 - [2[-1+V3 | x+x?] \/;(59711+55161\/?) Log[V3 + [2(-1+V3 ) x+x?]

+

4608 4608

Result (type 3, 140leaves):
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31 (332 i+7 ﬁ) ArcTan[ x } 3i (7332 i+7 ﬁ) ArcTan[ x }
12 (768+1849 x?+1412 x*+611 X°+166 x°) viva 12
X (3+2 x2+x“)2 1T vz
6912

Problem 124: Result unnecessarily involves imaginary or complex numbers.

44+x2+3x*+5x®
J dx

x4 (3+2x2+x4)3

Optimal (type 3, 262 leaves, 13 steps):
4 7 25x (7 +5x?) X (1474 + 1025 x?)

+ + + -

C81x3 27 432<3+2x2+x4>2 5184(3+2x2+x4)

2 (-1+4/3 ) -2 2 (-1+4/3 ] +2
Ji (10004741 + 11246451 /3 | Ar‘cTan[@] \/§ (10004741 + 11246451 /3 | ArcTan | ) .

[2 (1”/?) 2 (1+ﬁ)

+ +

20736 20736

\/; (719094741+1124e451ﬁ) Log[/3 - 2(71“5) X+ x| \/; (719094741+1124e451ﬁ) Log[/3 + 2(71“5) X+ x?]

41472 41472
Result (type 3, 139 leaves):
(4738127 i V2| ArcTan| —* | (4738-127 i V2| ArcTan | ]
4 (-2304+9024 x*+20090 x*+19 939 x°+8644 x®+2369 x1°) N 12 N 12
X3 (3+2x24x4)? 1-iv2 1412
20736

Test results for the 42 problemsin "1.2.2.7 P(x) (d+e x"2)"q (a+b x"2+c x"4) p.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

dx

(A+Bx?) (d+ex?)?
J
Varcoxt

Optimal (type 4, 453 leaves, 15 steps):
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e (218cd2+21Acde—5aBe2>xx/a+cx4 e? (3Bd+Ae) x*Va+cx?

+ +
21 c? 5c
Be3x®*Va+cx* (5Bcd®+15Acd?’e-9aBde?-3aAe’) xVa+cxt 1
+ _
7c¢ 5c3/2 (\/?+V?X2) 5c7/4+/a+cxt
a+rcx?t ct4x, 1
a4 (5Bcd’+15Acd’e-9aBde’-3aAe?) (\E+\Ex2) —— ———, EllipticE[2ArcTan[— =], ~]
(\/?Jr\/c_xz) a 2
1
105Ac?d®+25a2Be’-105acde (Bd+Ae) -63a%%+/c e? (3Bd+Ae) +105/a c*/?d? (Bd+3Ae))
210 at/4 c®/4+Ja+cx?
a c 4 C1/4 1
(\/?+V?x2) _oarex EllipticF[2ArcTan| X] =]

(Va /e )’ att 2
Result (type 4, 323 leaves):

1

105 J‘—Q_E c2va+cxt
a

21+a Ve (-5Bcd®-15Acd*’e+9aBde’+3aAe?)

a

Problem 2: Result unnecessarily involves imaginary or complex numbers.

dx

J<A+BX2) (d+ex2)2
Va+cxt

Optimal (type 4, 367 leaves, 12 steps):
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e(ZBd+Ae)xx/a+cx4 Be2x3+/a+cx? (SBcd2+1@Acde—3aBe2)X\/a+cx4

+ + -

3¢ 5c¢ 5 c3/2 (\Eﬂ/?xz)
al’4 (5Bcd?+10Acde-3aBe? a 2 __arex*  E17ipticEl2 ArcTan| €4x 1
(5Bcd?+ c ) (r+\ﬁx) e ipticE[2Arc [aw] 2} )
.
5c74/a+cxt 39at4c74a+cxt
4 1/4 1
(15Ac3/zdz_9a3/zse2_5a\/?e (2Bd+Ae) +15+a cd (Bd+2Ae)) (\/?H/?xz) _a+rext EllipticF[zArcTan[c x]’ 1,
(ﬁJr\/?Xz)z al/a 2
Result (type 4, 260 leaves):
1
15 | e 324aicx®

4

ive
JVa

CcX
1+

Ve ex (1eBd+5Ae+3Bex?) (a+cx?) ~3+/a (-5Bcd’-10Acde+3aBe?)

c x*
1+
a

(-151Ac3/2d2+9a3/23e2+5ja\/?e (2Bd+Ae) -15+/a cd (Bd+2Ae))

Problem 3: Result unnecessarily involves imaginary or complex numbers.

dx

J<A+BX2) (d+ex?)
Va+cxt

Optimal (type 4, 277 leaves, 8 steps):

al’4 (Bd+Ae) (Va +Vc x2 —arext EllipticE |2 ArcTan CI/J *
Bexm <Bd+Ae)X\/a+cx4 ( >( )m [ [31/4]’2}
+

- +

3¢ e (\/a_+\/?x2> c34arext
al/4 (3\5 (Bd+Ae) + 73“%”9) (\/?+\Ex2) /7(“_"":;:_4)(2)2 EllipticF[ZAr‘cTan[%], ﬂ
N

Result (type 4, 202 leaves):
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. 4
! B ive ex (a+cx*) +3+/a Vc (Bd+Ae) 1. % EllipticE[i ArcSinh|
ive Va @
3 |2 cva+cext
“a
4 .
i(-3Acd+aBe+3iva Ve (Bd+Ae) 1+ <™ EllipticF[i ArcSinh | 1\/\/_? x|, -1]
a a

Problem 4: Result unnecessarily involves imaginary or complex numbers.
A+ Bx?
J SR ax
Va+cx?
Optimal (type 4, 226 leaves, 3 steps):

al/ép (\gﬁﬁxz) —>X EllipticE[2 ArcTan[ <X ], 1]
BxVa+cx* (Yo e ) -

\/?(\/?Jr\/?xz) c3*Va+cxt
1/4 Ac 2 _asext ipti fixy 1
R ] =
2c¥*Ja+cxt

Result (type 4, 131 leaves):

1 c x*
1+

ive
Va

[ﬁ B EllipticE[i ArcSinh|
a

j‘j_@ Ve Varext
a

Problem 5: Result unnecessarily involves imaginary or complex numbers.

A+ BXx?
J dx
(d+ex2) va+cx?

Optimal (type 4, 369 leaves, 3 steps):

x|, -1] - (\/;B+]'].A\/?) EllipticF|i ArcSinh|
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(Bd-Ae) ArcTan[@} (\/?B—A\/?) (\/?+\/?x2) ,#\/CLAXZ)Z EllipticF[ZAr‘cTan[%], >

d e i a+cx*
- - +
2+d Ve Vcd?+ae? 2a1/4c1/4(\/?d—\/?e)\/a+cx4
2
Je d 2 (\/?d—\ge) cl/4 x

a3/4[ +e

Va

(4c1/4de (cdz—aez) Ja+ex?

Result (type 4, 138 leaves):

(Bd—AE> (\/?Jr\/?xz)\l(\/_:r;ci‘txz)z EllipticPi[— 4~/a A/ de ’ZAPCTan[ al/4 }’ i] /

1 , cx*

. a
[ e devar o
Va

Problem 6: Result unnecessarily involves imaginary or complex numbers.

ive x|, -1] + (-Bd+Ae) Ellipticpi[_@, i ArcSinh]|

Va Ve d Va

[B d EllipticF [i ArcSinh|

A+Bx2
J dx
(d+ex2)2\/a+cx4

Optimal (type 4, 641 leaves, 6 steps):
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(Bcd3—3Acd2e—aBde2—aAe3>Achan[@}
Ve (Bd-Ae)xVarcx! e (Bd-Ae)xVarcxt

) B d Ve +/arcx* B
2d (cd?+ae?) (\E+\Ex2) 2d (cd?+ae?) (d+ex?) 4d>2+Je (cd?+ae?)’?
al/4 c1/4 (Bd—Ae) (\/?+\/?x2) \/%EllipticE[ZArcTan[:’;ﬁ}, i]
+
2d (cd*+ae?) Va+cx?
Acl/4 (\EJr\/?xz) /ﬁ EllipticF[ZAr‘cTan[C;ijax], ﬂ
.
2a1/4d(\/?d—\/?e) Va+cx?
a+cx? (\/?d—\ge)z cl/4 1
(\/?dJr\Ee) (Bcd®>-3Acd?’e-aBde’-aAe’) (ﬁJﬂExz) ————— EllipticPi[- » 2ArcTan | ], =] /
(Vo e ) 4a Ve de atis 2
(Sal/“cl/“dze (ﬁd—ﬁe) (cd®+ae®)yJa+cx?
Result (type 4, 297 leaves):
1 de (-Bd+Ae) x (a+cx*) 1 4 cx*
- i +
2 2 2
2d2va+cxt (cd?+ae?) (d+ex?) ive (cd?e+ae?) )
NEY
iva Vc de (Bd-Ae) EllipticE|1i ArcSinh x|, -1 ++c d cd-i+va e] (Bd-Ae) EllipticF|i ArcSinh x|, 1| +
\ﬁ\ﬁ ]l\/? \/— \ﬁ \/— ]l\/\/—?
3 a
(-Bcd®>+3Acd’e+aBde*+aAe’) EllipticPi[—@,iAr‘cSinh[ iVe x|, -1]
Ve d Va

Problem 7: Result unnecessarily involves imaginary or complex numbers.

A+BXx?
J dx
(d+ex2)3\/a+cx4



Optimal (type 4, 875 leaves, 7 steps):

\/?(SBcd3—9Acd2e—aBde2—3aAe3)X\/a+cx4 e(Bd—Ae)xx/a+cx4 e(5Bcd3—9Acd2e—aBde2—3aAe3)xx/a+cx4
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8d2<cd2+ae2)2<\/?+\ﬁx2) _4d<cd2+ae2) (d+ex2)2 8d2(cd2+ae2>2(d+ex2)

(3Ae (5c2d4+2acd2e2+a2e4> -B (3c2d5—10acd3e2—a2de4))ArcTan[@

d e i/ atcx*

16d5/2 /e (c d2+ae2)5/2

a+cx?t o c4x, 1
at/4c'/* (5Bcd®*-9Acd’e-aBde’-3aAe?) (\/?+\/?x2) ———————— EllipticE[2ArcTan| 1, =] /
(\/?Jr\/?xz)z al/t 2
[Sdz(cd2+ae2)2\/a+cx4 +
4 1/4
cl/4 (4Acd2+\/?\/?d (Bd-Ae) +ae (Bd+3Ae)) (\/?Jr\/c_xz) _arex EllipticF[ZAr‘cTan[C X], 1} /
(\/?+\/?x2)2 at/t 2

(Sal/“d2 (\/?d—\/?e) (cd*+ae’) \Ja+cx?

4
(\EdJr\/?e) (3Ae (5c?d*+2acd*e*+a’e?) -B (3c*d>-10acd’e®-a’de?)) (\E+\Ex2) Lz
(\/?+\/c_x2)
\/?d—\gez 1/4
EllipticPi[—( ) ,2Ar‘cTan[c X}, l] /(32a1/4c1/4d3e(\/?d—\/?e) (cd2+ae2)2xla+cx4
4+/a \Jc de at/4 2

Result (type 4, 453 leaves):

+
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1 de?x (a+cx4> (Zd (Bdee) (cd2+ae2) + <SBcd379Acd2efaBde273aAe3) (d+ex2))

8d3‘e<cd2+ae2)2\/a+cx4 <d+ex2)2

1 , c x*

~i+a c de (-5Bcd’+9Acd’e+aBde’+3aAe®) E1lipticE|i ArcSinh|

(3Ae (5c2d*+2acd’e®+a’e*) +B (-3c?d*+10acd’e’+a’de*)) EllipticPi - ! e, i ArcSinh|

Ve d Va

Problem 8: Result unnecessarily involves imaginary or complex numbers.

dx

J<A+BX2) (d+ex?)?

(a+cx“)3’/2

Optimal (type 4, 912 leaves, 12 steps):
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X (Acd (cd2—3ae2) —aBe (3cd2—ae2> +C (Bcd3+3Acd2e—3aBde2—aAe3) XZ) Be3xVa+cxt €2 <BBd+Ae) x+va+cxt
2ac?vVa+cxt 3c? c3/2(\5+\/?x2)

al’4e2 (3Bd+Ae) (Va +Vc x2| | —=2ext EllipticE |2 ArcTan & 1
(Bcd®*+3Acd?’e-3aBde?-aAe’) xva+cxt | )( ) (ﬁ*ﬁxz)z | [31/4]1 2}
.

2ac3/? (\/a +4/c xz) c”/*a+cx?

(Bcd®*+3Acd?’e-3aBde?-aAe?) (\E+\Ex2) /ﬁ EllipticE[ZAr‘cTan[cl’;—‘tf], ﬂ
a +/c x? a”/

2a3/4c7%a+cxt

ad/4Bed (\/?+\/?x2) ,7(;1?4 i EllipticF |2 Ar‘cTan[icli‘X}, i]
a +/c x av
N

6c®%a+cxt

at/4e? (3Bd+Ae) (\/?+\/?x2) li(ra*crx‘t ) EllipticF[ZAr‘cTan[cli#}, %]
a +\/c x al/*
N

2c”%a+cx?

e(3Bcd’+3Acde-aBe?) (x/a +/ ¢ xz) % EllipticF[ZAr‘cTan[CU#], ]
(\/a +/c XZ) al/* 2
N
2at/4c®*a+cxt

1 Ac*d*+a’Be’-3acde (Bd+Ae) +a¥2+/c e? (3Bd+Ae) ~+Ja ¢¥2¢? (Bd+3Ae))

4354 %4 a+cxt

cl/4 x 1
EllipticF[Z Ar‘cTan[ ], *}

(\/a—+\/?xz)2 a1/4 2

a+cxt

RO

Result (type 4, 351 leaves):
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1 ive

e Va
6a [ Ll vaiox
a

X (3Ac (-ae*(3d+ex?)+cd* (d+3ex?)) +B (5a%e’+3c?d’x*+ace (-9d*°-9dex?+2e*x*))) +

cx? ic

EllipticE|i ArcSinh|

2 Va

(—31’1Ac2d3+5j1a2Be3—911acde (Bd+Ae) ~9a32+/c e? <BBd+Ae) +3+/a c¥2d? (Bd+3Ae))

3va Ve (—Bcd3—3Acd2e+9aBde2+3aAe3) 1+

c x4 ive

EllipticF[i ArcSinh|

2 V2

1+

Problem 9: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx2) (d+ex2)2

(aJrcx“)E‘/2

Optimal (type 4, 694 leaves, 10 steps):
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x (Acd’-2aBde-aAe?+ (Bcd?+2Acde-aBe?) x?) Be2x+/a+cxt

. _
2aca+cx?t c3/2 (\/?+\/?x2)
1/4 g @2 2) | —a<x®  E1lipticE[2ArcTan| 2], L
(Bcd?>+2Acde-aBe?) xVa+cx? : ) (\E+\Ex) (Va e ) ipticE[2arcTan| /A]JZ}
- +
2ac3/? (\/?+V?x2) c74a+cxt
(Bcd*+2Acde-aBe?) (\/?+\/c_x2) % EllipticE[ZAr‘cTan[&}, 2]
(\gﬂﬁxz) al/4 2
.
2a3/4c7/44/a+cx4
al/4Be? (\/?+\/?x2) —awext - EllipticF[ZAr‘cTan[&}, 2]
('\5+'\EX2) 31//4 2
.
2¢74Ja+cxt
o xd . . 1/4
e (2Bd+Ae) (\/?+\/?x2> m E111pt1cF[2Ar‘cTan[:1f:‘], ﬂ )
2at4c54Ja+cxt 433474 Jarcxt
Acd?-2aBde-aAe? 4 1/4
Bcd2+2Acde—aBe27W( < aBde-aAel) (\/?Jr\/?xz) arcx EllipticF[ZAr‘cTan[C X s l}
Va (Va + Ve x)? al/t 2
Result (type 4, 282 leaves):
\ﬁx ~aAe?+Bcd?’x’-aBe (2d+ex?) +Acd (d+2ex?)) +
2a |2l 3243 cxt
4 .
Va (-Bcd?-2Acde+3aBe?) |1+ —— EllipticE[iArcSinh| ive x|, -1] -
a Va
4 .
(iAc3/2d2+3a3/2Be2+ia\/?e<ZBd+Ae)—\/?cd(Bd+2Ae)) 14 & EllipticF[i ArcSinh| ive x|, -1]
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Problem 10: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx2) (d+ex?)

(a+cx4)3/2

Optimal (type 4, 395 leaves, 7 steps):
x (Acd-aBe+c (Bd+Ae)x?) (Bd+Ae)xVa+cx*

.
2acva+cxt Za\/?(\ng\/?xz)
(Bd+Ae) (Va +Ve % /ﬁ EllipticE[2ArcTan[<%], 1] Be (Va +Vc x| /#&“Xz)z ELlipticF[2ArcTan[ </ %], 1]
N + N
(Acd—aBe—\/?\/? (Bd+Ae)) (\/?+\/?x2) /ﬁ EllipticF[ZAr*cTan[Cl’:‘;"], %]
a +/c x? a”/
4a5/4C5/44/a+CX4
Result (type 4, 218leaves):
. 4 .
1 ive x(—aBe+Bcdx2+Ac(d+ex2))—\/?\/?<Bd+Ae) 1. & EllipticE[i ArcSinh| ive x|, -1] +
2a [ cVaicx Va : Va
\/?
4 .
(-iAcd-iaBe+a Ve (Bd+Ae)] 1+ 2 EllipticF[i ArcSinh| l\/\/_? x|, -1]
a a

Problem 11: Result unnecessarily involves imaginary or complex numbers.
A +Bx?
J; dx
(a+cx“)3/2

Optimal (type 4, 262 leaves, 4 steps):
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B (\/a ++/c xz) 2 E11ipticE[2ArcTan| €2X], 1]
x (A+Bx?) BxVa+cx* (Va Ve %) al/s 2
- + -
2ava+cxt  2avc (\/a +/c¢ xz) 2a¥4 ¥4 Va+rcoxt

(VaB-avc) (Va +ve » 7(ra*;f 7 ELLipticF 2 ArcTan[ <X ], 1]
a +VC X /

435434 Jarcxt
Result (type 4, 182leaves):

1
s \/—x A+Bx)—
2a3/2 (%) a+cx4

a

[i ArcSinh|

4 - 4 .
Va B |1+ EllipticE[i ArcSinh| ive x], 1]+ (Va B-iavc)| 1, % ipticF i ArcSi - x|, -1]
a Va a Va

Problem 12: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? dx
(d+ex?) (a+cx4)3/2

Optimal (type 4, 732 leaves, 9steps):
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x(Acd+aBe+c(Bd—Ae)x2> \/?(Bd—Ae)xx/a+cx4
2a (cd®+ae?)Varcx? 2a (cd*+ae?) (\E+\/?x2)

32 (Bd - Ae) ArcTan[ —Lc®=2ex 1 V4 (Bd-Ae) (vVa +c x2 ‘—QﬁﬂL—fElhpULEPArdhnvly],l}
e/2 ( e) Arc an[ﬁﬁ a+cx4] ( ) ( ) (Vave )

N

X -
2d (caraer)? 227 (et ae?] Var ot
ct/4e (Bd-Ae) (\/?+\/?X2) —aex E111pt1cF[2Ar‘cTan[c’ ], 2]
<\/?+\/?x2) al/4 2

2 al/4 (\Ed—\/?e) (cd2+ae2>\/a+cx4

(Acd+aBe—\E\E (Bd—Ae)) (\EJr\/?xz) ﬁ E111pt1cF[2Ar'cTan[C;ZX], ﬂ
a +yc X

4 5/4 cl/4 (cd2+ae2) va+cx?

2

pa-ne) (V3 ) | ey DSR2t 1, /
Va v e’ ava /e de ave 2

(4c1/4d (c?d* - a%e) w/a+cx4)

Result (type 4, 432 leaves):

1
2x+aB
2a ME d (cd2+ae2

dex+

Va+ext

cd?x3 - ive cdex? —\/—\/—d(Bd Ae) 1+ cxt EllipticE[JiAr'cSmh[ jl\/c— x],—1]+
(Vag-iave|d(Ved-ivae) |1+ / 1] v2iaBde |14 %

e,]iAr'cSinh[ ive x|, -1] -2iaAe? 1+CX EllipticPi|[- ij,nAr‘cSmh[

Ve d Va a Ve d Va

EllipticPi|-

x], —1]
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Problem 13: Result unnecessarily involves imaginary or complex numbers.

A +Bx2
J dx
(d+ex2)2(a+cx“)3’/2
Optimal (type 4, 1494 leaves, 15steps):
cx(Acd2+2aBde—aAe2+(Bcdz—ZAcde—aBeZ)xz) Ve e? (Bd—Ae)xx/aJrcx4

+ —

2a(cd2+ae2)2\/a+cx4 2d(cd2+ae2>2(\/?+\/?x2>
3/2 (Bd - A 3¢cd? 2\ ApcT @
\/?(BcdzszcdefaBez)xx/a+cx4 e* (Bd-Ae) xVa+cx® e e) (3cd®rae?) Arc an[ﬁﬁ/awxa}
2a(cd2+ae2)2(\5+\/?x2) 2d(cd2+ae2)2(d+ex2) 4.d3/2 (cd2+ae2)5/2

3/2 2 _ _ 2 _Jedraer x 1/4 ¢1/4 02 (Bd - A 2) __aex*  E11ipticE[2 ArcTan| <£x] 1
e¥2 (Bcd?-2Acde aBe)Ar‘cTan[ﬁﬁ a+cx4] al/t cl/te? ( e) (\E+\Ex '(\E+Wx2)z ipticE[2Arc an[am], 2]

2\/?(cd2+ae2)5/2 2d(cd2+ae2)2\/a+cx4

V4 (Bcd?-2Acde-aBe?) (\H+\Ex2) /ﬁ:“xz)z EllipticE[ZAr‘cTan[%], 7]

2a3/4 (cd2+ae2)2\/a+cx4

cl/4a (Bd—Ae) (\/?Jr\/?xz) \/W?i*CTXZ)ZEllipticF[ZAr‘CTan[c;ﬁf]; %]

2al/4d (\/?dfx/?e) (cd2+ae2) Vva+cxt

cl/4e (Bcd?-2Acde-aBe?) (Va +vc x| /—(ra*;f 7 EllipticF[ZArcTan[‘;ﬁ:‘], 1]
a +\c x /

2 al/4 (\/?d—\/a_e) (cd2+ae2)2\/a+cx4

Ve (Acd2+2aBde—aAe2)

Va

c’*|Bcd?’-2Acde-aBe?-

4 1/4
(\/?Jr\/?xZ) \I ﬁ EllipticF[ZAr‘cTan[C 1/4)(}, 1] /
Va +/c x2 a 2

+

(4a3‘/4 (cd2+ae2)2«/a+cx4
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a4 \/?d—\/;ez 1/4
e (\/?d+\5e) (Bd—Ae) (3cd2+ae2) (\EJr\/?xz)\léch EllipticPi[( ) , 2Ar‘cTan[C x; 1

(Vo v )’ Ve e ae 13/

(Sal/“cl/“d2 (\/?d—\ge) (cd2+ae2)2\/a+cx4

2

+

a4 \/?d—\/?ez 1/4
(Bcd2—2Acde—aBe2) (\/?Jr\/?xz)\lm EllipticPi[< ) ,ZAPcTan[c X

1
(Va +ve x)? aa e de e/

(4c1/4d (cd®*-ae?) (cd2+ae2)2\/a+cx4

Result (type 4, 427 leaves):

1
2a % (cd*+ade?)? (drex?) Va+cx?
ive
[ N d(ae’(-Bd+Ae)x (a+cx?)+cdx (d+ex?) (-aAe’+Bcd’x*+Acd (d-2ex*) +aBe (2d-ex?))) -
a

4
(drext) [1+°%

-+Ja /c d (-Bcd®*+2Acd’e+2aBde’-aAé’) EllipticE|i ArcSinh| ive x|, -1] +
a

i

ae(-5Bcd’+7Acd’e+aBde’+aAe’) EllipticPi[—@, i ArcSinh| ive x|, 1}]]]

Ve d Va

Problem 14: Result unnecessarily involves imaginary or complex numbers.

J A+Bx2 dx
(d+ex2)3 (aJrcx“)”2

Optimal (type 4, 2452 leaves, 22 steps):
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cx (Acd(cd*-3ae?) +aBe(3cd?’-ae?) +c(Bcd®*-3Acd’e-3aBde’+aAe’) x?)
2a (cd?+ae?)’Va+cxt
3+/c e? (Bd-Ae) (3cd2+ae2)xm+\/?e2 (Bcd?-2Acde-aBe?) xVa+cx*
8d2 (cd?+ae?)’ (Va +/c x| 2d (cd?+ae?)’ (Va + Ve x2)
32 (Bcd®-3Acd?’e-3aBde?+aAed) xVarcx* e (Bd-Ae)xVarcx®*  3ed (Bd-Ae) (3cd?+ae?)xarcxt
2a (cd?+ae?)® (Va + Ve x| Cad(cd?iae?)? (drext)? 82 (cd-ae?)’ (d+ex?)

+

3/2 3 dZ 2 B dszA d _ B 2 A T @
e3(Bcdz—ZAcde—aBez)xx/a+cx4 ¢ ( y +ae)( c cae-a e) e an[\/?\/?«/au:x“]

2d(cd2+ae2)3<d+ex2) 4 d3/2 (cd2+ae2)7/2

ce¥? (Bcd®*-3Acd’e-3aBde?+aAe?) Ar‘cTan[@] 3e¥2 (Bd-Ae) (5c2d*+2acd?e?+a’e?) Ar‘cTan[@]
Vd Ve 1 arcx? Vd e \Jarext

2\/d_(cd2+ae2)7/2 16 d°>/2 (cd2+ae2)7/2

3al/4cl/4e? (Bd-Ae) (3cd?+ae?) (\/?+\/?x2) /ﬁ EllipticE[ZAr‘cTan[%], ﬂ
a +/c x a”

8 d2 (cd2+ae2)3\/m

al/cl4e? (Bcd?-2Acde-aBe?) (Va +/c x| [ EllipticE[2ArcTan[ < *], ]
(\/?Jrﬁxz) al/4 2

2d (cd2+ae2)3\/a+cx4

>4 (Bcd®>-3Acd’e-3aBde?+aAe?) (\/?+\Ex2) lﬁ EllipticE[ZArcTan[%}, o
a +yc X ar

2a3/4 (cd2+ae2)3\/a+cx4

cl/4X 1

4
c'/*e (Bd-Ae) (4cd2—\/?\/?de+3aez) (\/?+\/?x2> J (a+—cx)2 EllipticF[2ArcTan| e )’ -] /
Va ++/c x? a 2

ct/%e (Bcd>-2Acde-aBe?) (\/?+\/?x2) /ﬁ EllipticF[ZAr‘cTan[Clﬁ:‘], %}
a +V/c x ay

2al4d (\/?dfﬁe) (cd2+ae2)2\/a+cx4

(Sal/‘ld2 (\Ed—\/?e) (cd2+ae2>2xla+cx4
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4 1/4
c>*e (Bcd®-3Acd?’e-3aBde?+aAe?) (\/?+\Ex2)Ja+CX Ellip‘cicF[ZArcTan[C X}, 1]

(\/?+\/?X2)2 a1/4 2 /

(Zal/4 (\/?d—\/?e) (cd2+ae2)3x/a+cx4

+ |34 (Ac2d3—azBe3—\/?c3/2d2 (Bd—BAe) +3acde (Bd—Ae) +a32+/c e? (BBd—Ae))

+

a+cx? o cl/4 x 1
(\E+\/?x2) \I m EllipticF[2ArcTan| o ], ;} /(4a5/4 (cd2+ae2)3 [a+cx?

e(\/?d+\ge) (3cd?’+ae’) (Bcd’-2Acde-aBe?) (\EJr\/?xz)\lw

(\/?Jr\/?xz)z
\/?d—\ge 2 1/4
EllipticPi|- ( ) B 2Ar‘cTan[c X}, l] /(Sal/4 cl/4d? (\/c_d—\/?e) (c d2+ae2)3\/a+cx4 +
4-/a \Jc de al/4 2
c ’ a+cxt
a3/4c3/4e( +e (Bcd3—3Acd2e—3aBde2+aAe3) (x/?Jr\Exz) _—
Va (Va « e %)’
\/?d—\ge 2 1/4
EllipticPi[—( ) ,2Ar‘cTan[c X}, 1] /(4d (cd*-ae?) (cd2+ae2)3w/a+cx4 +
4-/a \Jc de al/4 2
4
3e(Vcdevae) (Bd-Ae) (sc?d*2acd el valet) [Va +VeC ) | —————
(\E+\/?x2)2
\/?d—\/?e 2 1/4
EllipticPi|- ( ) s 2Ar‘cTan{c X}, l] /[32a1/4 cl/4 g3 (\/?d—\/?e) (c d2+ae2)3x/a+cx4
4-/a \Jc de al/4 2

Result (type 4, 630 leaves):
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Problem 15: Unable to integrate problem.

dx

(A+Bx?) (d+ex?)1
J a+cx?
Optimal (type 6, 169 leaves, 6 steps):
(A _Jas

C

[ (dex)® (1022 ) Cappetpa[ 2, 1, g, 2, 42, o]

Ve x?
V-a
2a
A+ L\’;B) X (d+ex2)q (1+edi)’qupellF1[§, 1, -q, i, % ﬁ]

C

2a
Result (type 8, 28 leaves):

J<A+Bx2) (d+ex?)?

a+cx?

dx

Problem 16: Result unnecessarily involves imaginary or complex numbers.

2 + X2
J dx
<1+X2) V2+3x2+x4

Optimal (type 4, 48 leaves, 2 steps):
2 (2+x?) EllipticE [ArcTan([x], ﬂ

% V2+3x2ext
Result (type 4, 94 leaves):

2x+x3+1+/1+x* 1/2+x? EllipticE[i ArcSinh| \/— » 2] —i+/1+x* 4/2+x? EllipticF|i Ar‘cSmh[\/_] 2]

\/2+3X2+X4

Problem 17: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(A+Bx2) (d+ex2)3
va+bx?+cx*

dx

Optimal (type 4, 755 leaves, 6 steps):
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e (7Ace (15cd-4be) +B (105c2d2+24b2e2—ce (84bd+25ae))) xva+bx?+cx?

.
105 ¢3
e? (21Bcd-6bBe+7Ace) x*Va+bx?+cx* Be3x®+a+bx?+cx? 1
+ +
35 ¢2 7c 105 c7/2 (4/3 /c Xz)

(7Ace (45c2d2+8b2e2—3ce (10bd+3ae)) +B (165c3d3—48b3e3—21c2de (1@bd+9ae) +8bce? (21bd+13ae))) x+/a+bx?+cxt -

1

105 ct®/4 v a+bx?+cx?

al/4 (7Ace (45c2d2+8b2e2—3ce (1ebd+3ae)) +B (105c3d3—48b3e3—21c2de (1ebd+9ae) +8bce? (21bd+13ae>))

s

1
al/4 4

b 1

) e
\/;\E] 210 c¥5/4/a+rbx2+cx*

cl/4 x

a+bx2+cx?

(\/a_+\/?xz)2

2

EllipticE [2 ArcTan [

RO

al’* |7Ace (45c2d2+8b2e2—3ce (1ebd+3ae)) +B (105c3d3—48b3e3—21c2de (1ebd+9ae) +8bce? (21bd+13ae)) +

\E<7Ac(15c2d315acde2+4abe3)aBe(105c2d2+24b2e2ce(84bd+25ae)))}

Va
a+b 2 c x4 1/4 1 b
Va +/c x? AP rex EllipticF |2 ArcTan X s —|2- —
|
(Va + Ve x| att T al e
Result (type 4, 4473 leaves):
e (-165Bc?d?+84bBcde-105Ac*de-24b?Be’+28Abce’+25aBce’) x e? (21Bcd-6bBe+7Ace) x> Be3xS
+ + +
35¢? 7¢c

105 ¢3

\Ja+rbx?+cox?t

2 ¢ x2
105 1 B c? (—b+«/b2—4ac J d® [1-
Vb2-4ac

b-

105 ¢3

c 7b7\/b274ac]
-b+vb%-4ac

2cx?
. E1lipticE[i ArcSinh[2 |-

X
-b+vb2-4ac -b-+b%-4ac

b-Vb’-4
- ¢ x}, ac] / 22 |- ¢ Ja+bxZ+rcxt | -
-b-+/b?2-4ac -b++/b?2-4ac -b-+/b2-4ac

1-

EllipticF[i ArcSinh[~/2

2cx? 2 cx?
105ibBc (—b+«/b2—4ac ] e |1- 1- E1lipticE[i ArcSinh[\/2 x
-b-+/b?2-4ac -b++vb?>-4ac -b-+b?-4ac
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-b-+vb?-4ac c -b-+vb%2-4ac
} - EllipticF [J’l ArcSinh [\/? - x] R ] /
-b++vb2-4ac -b-+/b%-4ac -b+b%2-4ac
c 2cx?
N2 - Ja+rbx?rex? |+ 3151’1Ac2(—b+«/b2—4ac)d2e 1-
-b-+b2-4ac -b-+vb%-4ac
2 ¢ x? c -b-+b2-4ac
1- EllipticE[iArcSinh[V/2 |- x|, |-
-b+b%2-4ac -b-+vb%2-4ac -b++Vb%2-4ac
c -b-+b2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /2\/7 - Ja+rbxProxt |+
-b-+vb%-4ac -b+vb2-4ac -b-+vb2-4ac
2 cx? 2cx? c
42i\/7b28(—b+x/b2—4ac)de2 1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+b%-4ac -b+vVb2-4ac -b-+vb2-4ac
-b-+/b%-4ac c -b-+/b%?-4ac c
| - EllipticF[i ArcSinh[V2 |- x|, ] / - Ja+rbx?ecoxt | -
-b++vb%-4ac -b-+/b%*-4ac -b+b%*-4ac -b-+/b?-4ac
2 cx? 2 c x? C
1051‘1Abc(7b+«/b274ac de? [1- 1- EllipticE[iArcSinh[V/2 |- x|,
-b-+/b%2-4ac -b++/b2-4ac -b-+/b2-4ac
-b-+vb2-4ac c -b-+vb2-4ac
} - Elliptith Ar‘cSinh{\/? - x|, ] /
-b+vb%-4ac -b-+b2-4ac -b+vVb2-4ac
c 2cx?
V2 - arbx?Zrex? | - 1891ch(—b+x/b2—4ac de? [1-
-b-+b2-4ac -b-+vb2-4ac
2 ¢ x2 c -b-+b2-4ac
1- EllipticE[i ArcSinh[+/2 |- x|, ] -
-b++vb?>-4ac -b-+b?>-4ac -b++b?-4ac
c -b-+b%-4ac c
EllipticF[JiAr‘cSinh[\/? - x|, ] /2\/7 - AJa+rbx2iext |+
-b-+b2-4ac -b+vb2-4ac -b-+vb2-4ac
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2cx? 2 ¢ x? c
143 /2 Ab? (—b+ b2—4ac)e3 1- 1- EllipticE[i ArcSinh[V2 |- x|,
-b-+vb%>-4ac -b++Vb%2-4ac -b-+/b%2-4ac
-b-+vb2-4ac c -b-+vb2-4ac c
| - EllipticF[i ArcSinh[V2 |- x|, ] / - a+rbxtiext |+
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac -b-+vb%-4ac
2cx? 2 cx? c
26i\/7abB(—b+x/b2—4ac e |1- 1- EllipticE[iArcSinh[V2 |- x|,
-b-+vb2-4ac -b+vb2-4ac -b-+vb2-4ac
-b-+/b%-4ac c -b-+/b%?-4ac C
| - EllipticF[i ArcSinh[v2 |- x|, ] / - Ja+rbx?ecoxt | -
-b+vb*-4ac -b-+/b%*-4ac -b+/b%*-4ac -b-+/b?-4ac
2 cx? 2 cx? C
121‘1\Eb3B(—b+x/b2—4ac e [1- 1- EllipticE[i ArcSinh[V2 |- x|,
-b-+/b?-4ac -b+/b2-4ac -b-+vb%-4ac
-b-+vb2-4ac c -b-+vb2-4ac
} — EllipticF {]'l ArcSinh {\/7 - x] B ] /
-b+vb%-4ac -b-+vb2-4ac -b+vVb2-4ac
C 2 2 , 5 3 2 ¢ x? 2 ¢ x?
c |- \Ja+bxf+cx —631aAc[—b+xlb -4ac |e 1- 1-
-b-+vb2-4ac -b-+b2-4ac -b+vb2-4ac
C -b-+vb?-4ac
EllipticE[j Ar‘cSinh[\/? - X1, } -
-b-+b%2-4ac -b+vb2-4ac
C -b-+b2-4ac c
EllipticF[JiAr‘cSinh[\/? - x|, ] /2\/7 - \Ja+rbx2iext | -
-b-+vb%-4ac -b+vVb2-4ac -b-+vb2-4ac
2 c x? 2cx? c -b-+/b%-4ac
105iAcd [1- 1- EllipticF[i ArcSinh[+/2 |- x|, }/
-b-+/b%-4ac -b++vb2-4ac -b-+/b%*-4ac -b++vb2-4ac

c
V2 o - \Ja+bx?+coxt |+

-b-+vb2-4ac
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2 cx? 2 ¢ x? c -b-+vb?-4ac
105iaBc?d’e [1- 1- EllipticF[iArcSinh[V2 |- x|, }/
-b-+/b?-4ac -b++/b2-4ac -b-+/b?-4ac -b++vb2-4ac
C
V2 - Ja+rbx?Z+rex? | -
-b-+b?-4ac
2cx? 2 cx? c -b-+/b?-4ac
42i+/2 abBcde? [1- 1- EllipticF[iArcSinh[V2 |- x], ]/
-b-+vb%-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb%-4ac
- < Ja+rbx2ioxt |+
-b-+b2-4ac
2 ¢ x2 2 ¢ x2 c -b-+vb%-4ac
105iaAc?de? [1- 1- EllipticF[i ArcSinh[+/2 |- x|, }/
-b-+vb2-4ac -b+vb2-4ac -b-+vb2-4ac -b+vb%-4ac
V2o - ¢ Ja+rbxZircxt |+
-b-+b%2-4ac
2 cx? 2 ¢ x? c -b-+b%-4ac
12i+/2 ab?Be® |1- 1- EllipticF[iArcSinh[v/2 |- x|, ]/
-b-+/b?-4ac -b++/b2-4ac -b-+/b2-4ac -b++/b2-4ac
- ¢ Ja+rbx?icox?t | -
-b-+vb2-4ac
2cx? 2 cx? c -b-+/b2-4ac
14i+/2 aAbce® |1- 1- EllipticF[iArcSinh[V2 |- x|, ]/
-b-+vb?-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb%-4ac
- ¢ Ja+rbx2ieox?t | -
-b-+b2-4ac
2cx? 2 ¢ x2 C -b-+vb2-4ac
251a?Bce® |1- 1- EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+b?-4ac -b+vVb2-4ac -b-+vb?-4ac -b+vb2-4ac
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\/?\/— ¢ \Ja+rbx?+cx?
_b-

Vvb2-4ac

|

Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(A+BX2) (d+ex2)2
Vva+bx?+cx?t

Optimal (type 4, 528 leaves, 5 steps):
Result (type 4, 2613 leaves):

Problem 19: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx2) (d+ex?)

dx
Va+bx?+cxt
Optimal (type 4, 368 leaves, 4 steps):
Bexva+bx?+cxt (38cd—2bBe+3Ace)xx/a+bx2+cx4 1
N -
3¢ 332 (\E+\Ex2) 3c’”*+a+bx?+cx?
a+bx?+cx? Vax 1 b 1
a'/* (3Bcd-2bBe+3Ace) (\/?+\/?x2) arorrtr EllipticE[2ArcTan| 1, = |2- ]] +
(\/?+\/?x2)2 at/t 4 Va Ve 6c’/*Va+bx?+cxt

Ve (3Acd—aBe)
JVa

c1/4X 1

al’4 |3Bcd-2bBe+3Ace+

2 4
(\E+\Ex2) \l (a+bx+cx)2 EllipticF[2ArcTan| " B
Va +/c x? a 4

Result (type 4, 521 leaves):
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1
12¢c2 | —— “Ja+bx?+cx*
b+v/b%-4ac
b+Vb2-4ac +2cx?

C
4Bc | ———— ex(a+bx2+cx4) -1 [—b+w/b2—4ac) (—38cd+2bBe—3Ace)
b+vb2-4ac b+vb2-4ac

2b-2+b?-4a 4cx? b+vb2-4a
© X EllipticE[i ArcSinh[vV2 : x|, — =

b-+Vb2-4ac b+vVb2-4ac b-vVb%2-4ac
i (—szBefc (6Acd+3B\/b2—4ac d-2aBe+3A+/b2-4ac e|+b (3Bcd+3Ace+ZB\/b2—4ac e )

b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx? L , . c b++vb2-4ac
EllipticF[i ArcSinh[~/2 x|,
b+vb2-4ac b-+Vb%*-4ac b+Vb%2-4ac b-Vb%?-4ac

]

Problem 20: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
j — R ax
Va+bx?+cx?
Optimal (type 4, 283 leaves, 3 steps):

1/4 </ N 2 _a+bx?rext P 1 -
i B e [Tt Blliptice[2arcTan [E], § (2- 2]
- +
NN A aThE o

1/4 A+c 2 a+b x?+c x* . . 4 x 1 B b
a (B+ = ) (\/?+\/?x ) /7(%;%)(2)2 EllipticF|[2ArcTan| e Is (2 ﬁﬁ)]
234 Va+rbx2+cxt

Result (type 4, 302 leaves):

b+vb2-4ac +2cx? 2 ¢ x? c b+vb2-4ac
. - 1+ ——" |8 [—b+x/b2—4ac ] E1lipticE [i ArcSinh[+/2 x|, —
b+Vb2-4ac b-+vb2-4ac

1

b+Vb2-4ac b-+vb?2-4ac

c b b2-4ac c

(bB—ZAc—Bx/b2—4ac)EllipticF[jAr‘cSinh[\/? x|, — ] / 2V2 ¢ |[———— Jarbxicxd
b+Vb2-4ac b-+b2-4ac b+vb2-4ac

} +
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Problem 21: Result unnecessarily involves imaginary or complex numbers.

A + B X2
J dx
(d+ex2) Va+bx?+cxt

Optimal (type 4, 436 leaves, 3 steps):

(Bd - Ae) ArcTan| —edbdeeet x| (Va B-Avc | (Va +i/c xt) |t EllipticF[2ArcTan|<0x], 2 (2- =]
Vd Ve +Jarbx?rcx? (\/?H/Cixz) at/* 4 NER
- - +
2+/d Ve Vcd? -bde+ae? 2a1/4c1/4(\/?d—\/?e)\/a+bx2+cx4
2
2
d b x2 4 \/?d—\ge 1/4 1 b
a3/4[\/? +e| (Bd-Ae) (\/?+V?x2) _arPXrext EllipticPi[—( ) ,2Ar‘cTan[c X}, = 2- J] /
Va (\/?+\/?x2)2 4+/a +/c de at/ 4 NER
(4c1/4de(cd2—ae2) Ja+rbx?+cox?
Result (type 4, 298 leaves):
b+vVb2-4 2 ¢ x? 2 c x? b++Vb%-4
R : ac recex 1+ €x BdEllipticF[iAr‘cSinh[\/? ¢ s +—ac} +(-Bd+Ae)
b+vbZ-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

(b+\/m) e

2cd

EllipticPi] s

, i ArcSinh[v/2° B x| w] /
b+vVb2-4ac b-vVb2-4ac

c
\/7\/ de+Ja+bx?+cx?
b +

Vb dac

Problem 22: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

A+Bx2
J dx
(d+ex2)2\/a+bx2+cx4

Optimal (type 4, 782 leaves, 6 steps):



d®-ade?) - 3cd?-e (2bd-
\/?<Bd—Ae)xx/a+bx2+cx4 e(Bd—Ae)X\/a+bx2+cx4 <B (c @ e) Ae( ¢ e( ae)))Ar‘cTan[
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\Jcd*-bde+rae® x

Vd Ve i arbx?icxt

2d (cd*-bde+ae?) (ﬁ+\ﬁx2) ~2d (cd®-bde+ae?) (d+ex?)

a4 cl4 (Bd-Ae) (Va Ve x| \%EllipticE[ZArcTan[%}, L(2- Hbﬁ)]

2d (cd’-bde+ae?) Va+bx?+cx*

Acl/4 (\E+\/?x2) li(j;’:‘zr::z)z EllipticF[ZAr‘cTan[%], i (2— ﬁbﬁ)}

2at/4d (\/?d—\/?e) Vva+bx?+cxt

4d32+e (cdz—bdeJrae2>3/2

Ve d++vae) (Blcd®*-ade?) -Ae(3cd*-e (2bd-ae JVa ++/c x? Lasbx?ecxt
( | (B ) ( ( 1) )J(\E+\/?X2)2

(\/?d—\/?e)z cl/4
,» 2ArcTan|

] > :
4~/a \/c de at/t = 4

2

EllipticPi|-

Result (type 4, 2187 leaves):
e(Bd—Ae)X\/a+bx2+cx4 1
2d (cd’-bde+ae?) (d+ex?) 2d(cd’-bde+ae?)

_\/a_\/c_J} /(8a1/4c1/4d2e(\/?d—\/;e) (Cdz—bd6+ae2>\/m

2 2 2 2 -b-/b%2-14
JiB(—b+x/b2—4ach 1- <X 1- <X EllipticE[iArcSinh[V2 |- : x|, 2% -
-b-+b2-4ac -b+vb%-4ac -b-+vb?-4ac -b+vb2-4ac
c -b-+b%-4ac c
EllipticF[iAr‘cSinh[\/? - x|, ] / 22 |- AJarbx2icext | - |iA
-b-+b?>-4ac -b++b?-4ac -b-+b?-4ac

(7b+ b>-4ac

-b-+b%?-4ac }

-b+Vb2-4ac Vb?-4ac

2 ¢ x? 2 ¢ x? L , . c
e [1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+/b?2-4ac -b++Vb2-4ac -b-+/b%2-4ac -b++/b?2-4ac

_b-+/b2-4
EllipticF[j Ar‘cSinh[\/? - ¢ x}, ac ] / 22 |- ¢ Ja+bx?+cx?
-b-+b?>-4ac b-

+
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iAcd [1-—2X  [q_
—b-~/b%*-4ac -b

—2¢_ E1lipticF[i ArcSinh[v/2 [- ——< x|, Lbttac ]
+\/b%-4ac —b-+/b%-4ac —b++/b%-4ac

c } -b-+/b?-4ac

EllipticF[i ArcSinh[+/2 |-

V2o - ——— Va+bxticxt
-b-+/b%*-4ac
_ ; 2cx? 2cx?
1Bcd 1- 1-
-b-+/b?2-4ac -b++/b2-4ac

x|,
-b-+/b?2-4ac -b++/b?-4ac

c 2cx? 2cx?
V2| - evJa+bx?+cx* | -[31Acd [1- 1-

-b-+b?-4ac

(—bf\/b2—4ac ) e

EllipticPi[-
2cd

, i ArcSinh [\/7

-b-+vb%-4ac -b+vVb2-4ac
c } 7b7\/b274ac} /
— X/,
-b-+/b%-4ac -b++/b%-4ac

c 2 cx? 2 cx?
V2o - Ja+rbx?+cx* | +|iBcd?* |1- 1-

I

-b-+/b%2-4ac -b-+/b%2-4ac -b++vb?-4ac
-b-+vb*-4ac e c -b-+b2-4ac
EllipticPi|- ( ) , 1 ArcSinh[v/2 |- x|, ] //
2cd -b-+/b%?-4ac -b++vb*-4ac
c 2 2 . 2cx? 2cx?
V2o - era+bx?+cx* | +|iV2 Abe [1- 1-
-b-+/b?>-4ac -b-+b?>-4ac -b++b?-4ac
-b-+vb%-4ac e c _b-Vbl-2dac c
EllipticPi|- ( ) , i ArcSinh[v/2 |- x|, ] // - Ja+rbx®rext | -
2cd -b-+b2-4ac -b++vb2-4ac -b-+b2-4ac
| 9 e x2 2 x? o (—b—\/b2—4ac)e . ‘ c
iaBe |[1- 1- E111pt1cP1[— ,]lAf‘CSlnh[\E - x],
-b-+/b%-4ac -b++/b%2-4ac 2cd -b-+/b%?-4ac
-b-+b?>-4ac c
}/\/? - Ja+rbxZicoxt | -
-b++vb?-4ac -b-+b?-4ac
. , 2CX2 2CX2 . . . (—b7\/b2,4ac)e ) . C
iaAe? [1- 1- EllipticPi|- , i ArcSinh[v/2 |- x|,
-b-+b?>-4ac -b++b?-4ac 2cd -b-+b?>-4ac
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-b++vVb2-4ac Vb?-4ac

_b-m}J/[ﬁJ C afabrion
_b-

A+ B x?
J dx
(d+ex2)3\/a+bx2+cx4

Optimal (type 4, 1125leaves, 7 steps):
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W(BAe(Bcdz—e(Zbd—ae))—Bd(5cd2—e(2bd+ae)>)xx/a+bx2+cx4

8d2 (cd?-bde+ae?)? (Va +/c x|
e (Bd—Ae) xVa+bx?+cxt e (3Ae (3cd2—e (Zbd—ae)) -Bd (Scdz—e (2bd+ae))) xVa+bx?+cxt

+ —

4d (cdz—bde+ae2) (d+ex2)2 8 d? (cdz—bdeJraez)2 (d+ex2)

(Bd (3c2d“—10acd2e2+ae3 (4bd—ae)) -Ae (15c2d4—2cd2e (19bd—3ae) +e? <8b2d2—8abde+3a2e2))>

2 2
ArcTan]| Ved®-bde+ae’ x ]/(16d5/2\/?(cdz—bde+ae2)5/2)+
Vd Ve Va+bxZicxt

a+bx2+cx?t

at/*ct* (3Ae (3cd’-e (2bd-ae)) -Bd (5cd’-e (2bd+ae))) (\/?+\/?x2)\l (\/_ Je )2

c1/4 % 1

J
a1/4 4

EllipticE [2 ArcTan [

+

2 b ]] /[Sdz<cd2—bde+ae2)2«/a+bx2+cx4

VAT

¢4 (VaVcd(Bd-Ae)+ae (Bd+3Ae) +4Ad (cd-be)) [Va +/c x LA
W?+\/?X2)2

cl/4

EllipticF[2ArcTan|

+

2 e e s

1
a4 7 g

(\/?d+\/?e) (Bd (3c2d4—10acd2e2+ae3 <4bd—ae)) “Ae (15c2d4—2cd2e (10bd—3ae) +e? (8b2d2—8abde+3a2e2)))

2 4 \/?d—\/;ez 1/4
(\/;+\/?X2) a+bx—+cx EllipticPi[( ) ,2Ar‘cTan[c X ) 1 2 - b J} /
(\/?+\Ex2)2 4+/a \/c de al/4 4 Va e
(32a1/4c1/4d3e (\Ed—\/?e) (cdz7bde+ae2>2xla+bx2+cx4
Result (type 4, 5205 leaves):
e(Bd—Ae)x e(SBcd3—2deze—9Acd2e+6Abde2—aBde2—3aAe3)x
Ja+rbxrioxt |- - +
4d(cd2—bde+ae2> (d+ex2)2 8 d? (cdz—bde+ae2)2(d+ex2)
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1 2cx? 2cx?
: _ 2 3 B s
; SJLBC( b++/b 4ac)d 1 1 EllipticE|

8d? (cd’-bde+ae?) -b-+vb2-4ac -b+vb2-4ac
C -b-+/b%2-4ac C -b-+/b%2-4ac
jArcSinh[\E - x}, }—EllipticF[iAr‘cSinh[\E - X\, } /
-b-+vb%?-4ac -b+vb%2-4ac -b-+vb%-4ac -b++vb?-4ac
c 2 2 . 2 5 2cx? 2cx?
2+/2 |- Ja+bxtroxt | - Jle(—b+\/b —4ac]de 1- 1-
-b-+b?-4ac -b-+/b?-4ac -b++vb?-4ac
C -b-+/b%2-4ac
EllipticE[jAr‘cSinh[\E - X/, }—
-b-+b%?-4ac -b++vb?-4ac
c -b-+b?-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /\/7 - Ja+rbx?rcoxt | -
-b-+b?>-4ac -b++b?-4ac -b-+b?-4ac
2cx? 2cx? c
911Ac[—b+w/b2—4ac]d2e 1- 1- EllipticE[i ArcSinh[V2 |- x|,
-b-+b?-4ac -b++vb%-4ac -b-+b?-4ac
-b-+vb?-4ac c -b-+b%?-4ac
| - EllipticF[i ArcSinh[V/2 |- x|, ] /
-b++/b?-4ac -b-+/b2-4ac -b++vb2-4ac
C 2 3 . 2 5 2 cx? 2 ¢ x?
22 |- Jasbx2ecxt |+ 31Ab(7b+«/b —4ac|de |1- 1-
-b-+b?-4ac -b-+b?>-4ac -b++b%2-4ac
c -b-+b?-4ac
EllipticE[i ArcSinh[V2 |- x|, | -
-b-+/b2-4ac -b++/b?-4ac
C -b-+/b%2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /\/? - Ja+bx?+coxt | -
-b-+b?>-4ac -b++/b%2-4ac -b-+b?-4ac
. 2 5 2cx? 2cx? L . . c
1aB[—b+ b —4ac)de 1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+b?>-4ac -b++/b?-4ac -b-+b?>-4ac
-b-+/b?2-4ac c -b-+/b?2-4ac
| - EllipticF|[i ArcSinh[v/2 |- x|, ] /
-b++Vb%-4ac -b-+b?-4ac -b++/b2-4ac
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c 2 ¢ x? 2cx?
22 |- Jarbxticoxt | - 31‘1aA(—b+ b2-4ac |e® |1- 1-
-b-+/b%>-4ac -b-+/b%>-4ac -b++Vb%2-4ac
c -b-+b?-4ac
EllipticE[i ArcSinh[+/2 |- x|, ]-
-b-+/b%*-4ac -b+vb2-4ac
c -b-+vb%-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /2\/7 - Ja+rbx?+reox?t |+
-b-+b?-4ac -b+vb?-4ac -b-+b%?-4ac
2 ¢ x2 2 ¢ x2 c -b-+vb2-4ac
7iAc2d® [1- 1- EllipticF[i ArcSinh[v2 |- x|, ]/
-b-+vb2-4ac -b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c
V2= Ja+bx?ioxt | -
-b-+b?>-4ac
2 ¢ x? 2 ¢ x? c -b-+vb%2-4ac
3iBc’d* [1- 1- EllipticF[iArcSinh[vV2 |- x|, ]/
-b-+b%-4ac -b+vb?-4ac -b-+b%?-4ac -b+vb2-4ac
c
NP evJa+bx?+cx? | -
-b-+/b2-4ac
2 c x? 2cx? c -b-+/b%?-4ac
2i+V2 Abcd’e [1- 1- EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+/b%?-4ac -b++vb%-4ac -b-+/b%*-4ac -b+/b%*-4ac
c
- a+rbx?rex? |+
-b-+b?-4ac
2 ¢ x2 2 ¢ x2 c -b-+vb2-4ac
3iaBcd?’e |1- 1- EllipticF[i ArcSinh[v2 |- x|, ]/
-b-+vb2-4ac -b+vb?-4ac -b-+vb2-4ac -b+vb2-4ac
c
V2o - Na+rbx?roxt |+
-b-+/b%2-4ac
2 ¢ x? 2 ¢ x? c -b-+b?-4ac
iaAcde? [1- 1- EllipticF[iArcSinh[v/2 |- x|, ]/
-b-+/b?-4ac -b+/b%2-4ac -b-+/b?-4ac -b+/b2-4ac
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c 2cx? 2 ¢ x2
V2] - Ja+rbx?2+ex* | - |151Ac?d® [1- 1-
-b-+/b?>-4ac -b-+b?-4ac -b++/b?-4ac

-b-+Vb’-4ac e c -b-+b2-4ac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+vb2-4ac -b++vb2-4ac
V2| - ¢ Ja+bx2+cx* | +|3iBc?d* [1- 2cx? 1- 2cx?
-b-+b?>-4ac -b-+/b2-4ac -b++/b%2-4ac
-b-+vb?-4ac e c -b-+Vb2-4ac
EllipticPi[( ) , 1 ArcSinh[v/2 |- x|, }/
2cd -b-+/b%2-4ac -b++/b%2-4ac
c 2cx? 2cx?
V2o - era+bx?+cx* | +|10i+/2 Abcd?e [1- 1-
-b-+/b?>-4ac -b-+b?>-4ac -b++/b%-4ac
-b-+Vb’-4ac e c -b-+b2-4ac
EllipticPi[—< ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+b?>-4ac -b++vb%2-4ac
c 2cx? 2cx?
- NJa+sbx2+cx* | -|5i+2 aBcd?e |1- 1-
-b-+b?-4ac -b-+/b2-4ac -b++/b%2-4ac
-b-+Vb?-4ac e c -b-+V/b2-4ac
EllipticPi[( ) , 1 ArcSinh[v/2 |- x|, }/
2cd -b-+/b%2-4ac -b++vb?>-4ac
c 2cx? 2cx?
- a+bx2+cx* | - |4i+2 Ab2de? [1- 1-
-b-+b?-4ac -b-+/b?-4ac -b++vb?-4ac
-b-+Vb’-4ac e c -b-+b2-4ac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+b?>-4ac -b++vb?-4ac

c 2 cx? 2 cx?
- Ja+rbx?+ex* | +]2i+2 abBde? [1- 1-
-b-+/b%*-4ac -b-+/b%*-4ac -b++/b2-4ac
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-b-+b?>-4ac|e _b-~/b2_4
EllipticPi[( ) , i Arcsinh[2 |- : x|, 2 /
2cd -b-+/b%2-4ac -b++/b%2-4ac
c 2cx? 2 ¢ x?
- Ja+rbx2rext |- [3i+/2 aAcde? [1- 1-
-b-+/b%2-4ac -b-+/b%-4ac -b++/b%2-4ac
-b-+Vb’-4ac e c -b-+b2-4ac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+b?>-4ac -b++vb%2-4ac

+

C
- \Ja+rbx?+cx?
“b-

Vvb2-4ac

2 2 2 2
4i+/2 aAbe® |1- €X 1- €x
-b-+b%2-4ac -b+Vb%-4ac

-b-+b%2-4ac|e _b-+/b2_4
EllipticPi[( ) , jArcSinh[\E - < x|, ac } / - < a+rbxZieoxt | -
2cd -b-+/b%2-4ac -b++/b%2-4ac -b-+vb?>-4ac

B

2cx2 2cx2 (—b—\/b2—4ac)e
ia’Be® [1- 1- EllipticPi[-
-b+

-b-+/b%2-4ac Vb2-4ac 2cd
C -b-+vb?-4ac
jArcSinh[\E - x|, ] / N2 - ¢ \Ja+bx?+eoxt | -
-b-+/b%2-4ac -b++b2-4ac -b-+/b%?-4ac
2cx2 2cx2 (—b—\/b2—4ac)e
3ialAe* [1- 1- EllipticPi[- s
-b-+/b?-4ac -b+vVb2-4ac 2cd
c -b-+vb?-4ac c
jArcSinh[\E - x}, } / V2o - d+/a+bx?+cx?
-b-+/b%2-4ac -b++b2-4ac -b-+/b%2-4ac

Problem 24: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(A+Bx2) (d+ex2)3

<a+bx2+cx4)3/2

Optimal (type 4, 859 leaves, 5steps):
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(x (Ac (b®cd®-2acd (cd*-3ae’)-abe(3cd’*+ae?)) +aB(ab*e’*+2ace (3cd’-ae’)-bcd(cd®+3ae?)) -
(aB(ch—be) (c2d2+b2e2—ce<bd+3ae))+Ac (ab’e’*+2ace (3cd*-ae?) -bcd (cd2+3ae2)))x2))/

Be3xVa+bx?+cx?*
[acz(b2—4ac)ﬂa+bx2+cx4 + ; +
3cC

((aB(6c3d3’—8b3e3—9c2de(bd+6ae)+bce2 (18bd+29ae)) +3Ac (2ab2e3+6ace(cdz—aez)—bcd(cd2+3ae2)))x«/a+bx2+cx4)/
(3ac5/2 (b*-4ac) (\/?Jr\/?xz)) -

(aB(6c3d3—8b3e3—9c2de(bd+6ae)+bce2 (18bd+29ae))+3Ac (2ab2e3+6ace(cd2—ae2)—bcd(cd2+3ae2)))

b
2- ]] /[333/4c11/4 (b*-4ac)+a+bx®+cx*
Va e

2 4 1/4
Ve« /e %) J (abc) e1tipeioe 2 arcten| 25 &
Va VTR T

(ESAC3d3—SaZBceB’—BV?cWZd2 (Bd+3Ae) +ae (3cd—2be) (38cd—4bBe+3Ace) +3a%2+/c e? <98cd—4bBe+3Ace))

a+bx?+cxt cl/4x 1
(\/?Jr\/?xz) \I arPr et EllipticF 2Ar‘cTan[ =

, 2 b ]] /[6a3/4 (b—2\/?\/?) 4\ Ja+rbx?+cx?
(\/?+\EX2>2 a1/4 4

VAT

Result (type 4, 5432 leaves):
\Ja+rbx?+cx?

Be3x 1

3¢ acz(—b2+4ac) (a+bx2+cx4)

a’Ac’de’x-a’b?Be*x+a’?Abcelx+2a?Bcedx-Abcdd®x*+2aBc3d®x*-3abBc?d’ex?+6aAccd’ex®+

(—Abzc2d3x+abBc2d3x+2aAc3d3x+3aAbc2d2ex—6a2Bc2d2ex+3a2bBcde2x—6

3aszcdezx3—3aAbc2de2x3—6a2Bc2de2x3—ab3Be3x3+aAb2ce3x3+3a2bBce3x3—2a2Ac2e3x3)

. 2 [ ' 3 ) 2cx? ) 2cx?
31Abc b++b“-4ac|d 1 1
-b-+/b%*-4ac -b++/b2-4ac

c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+/b%-4ac -b++vVb?-4ac

1
3ac? (-b*+4ac) )
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c -b-+/b*-4ac c
EllipticF[jAr‘cSinh[\/? - x|, ] /2\/7 - Aa+rbx2iex? ||+
-b-+vb%-4ac -b+vb%-4ac -b-+vb2-4ac
2 cx? 2 c x? c
3jch2(—b+xlb2—4ac)d3 1- 1- EllipticE[jArcSinh[\/? - x],
-b-+b%-4ac -b++/b%2-4ac -b-+/b%2-4ac
-b-+vb%-4ac c -b-+vb%?-4ac
} - EllipticF[jl Ar‘cSinh[\/? - X/, ] /
-b++/b%2-4ac -b-+b?-4ac -b++Vb%-4ac
c 2 ¢ x2
V2] - a+rbx?2+rex? | - 911abBc(—b+x/b2—4ac)d2e 1-
-b-+b2-4ac -b-+vb%-4ac
2 ¢ x? c -b-+b2-4ac
1- EllipticE[i ArcSinh[V/2 |- x|, | -
-b+vb%-4ac -b-+vb?-4ac -b+vb2-4ac
c -b-+b2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /2\/7 - Ja+rbxPreoxt |+
-b-+vb%-4ac -b+vVb%-4ac -b-+vb2-4ac
2cx? 2 cx? c
QjaAcz(—b+«/b2—4ac)d2e 1- 1- EllipticE[jArcSinh[\/? - x|,
-b-+/b%>-4ac -b++b%2-4ac -b-+/b?-4ac
-b-+/b%2-4ac c -b-+/b%?-4ac
| - EllipticF[i ArcSinh[V/2 |- x|, ] /
-b++/b%2-4ac -b-+/b2-4ac -b++Vb2-4ac
c 2 cx?
V2| - Aarbx2ieoxt |+ QjabZB(fb+\/b274ac de? |1-
_b-+b2-4ac -b-+b?>-4ac
2 ¢ x? c -b-+vb?-4ac
1- EllipticE[j Ar‘cSinh[\/? - X\, ] -
-b+vb2-4ac -b-+/b?2-4ac -b++/b2-4ac
c -b-+vb%-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /\/? - Ja+bx?+coxt | -
-b-+/b2-4ac -b+vb%-4ac -b-+b?-4ac
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2 ¢ x? 2 ¢ x?

91‘1aAbc(—b+ b2-4ac|de? |1- 1- E1lipticE[i ArcSinh[v2 |- x],
-b-+b%2-4ac -b+vb2-4ac -b-+b2-4ac
-b-+vb2-4ac c -b-+vb2-4ac
| - EllipticF[i ArcSinh[V2 |- x|, ] /
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c 2cx?
22 |- Ja+bxZ+cxt | - 271‘1a28c(—b+x/b2—4ac de? [1-
-b-+vb2-4ac -b-+vb2-4ac
2 ¢ x2 c -b-+b%-4ac
1- EllipticE[i ArcSinh[+/2 |- x|, | -
-b+vb2-4ac -b-+vb2-4ac -b+vb%-4ac
c -b-+/b?2-4ac c
EllipticF[JiAr'cSinh[\/? - x|, ] /\/7 - AJa+rbx2icoxt |+
-b-+b?-4ac -b++b%-4ac -b-+/b?-4ac
2 cx? 2 c x? c
3iaAb? (—b+«/b2—4ac e [1- 1- EllipticE[jArcSinh[\/? - x],
-b-+/b%?-4ac -b++/b2-4ac -b-+/b%?-4ac
-b-+vb?-4ac c -b-+vb%2-4ac
} - EllipticF []'l ArcSinh [\/? - x] R ] /
-b++/b%2-4ac -b-+b?-4ac -b++Vb%-4ac
c 2 ¢ x2
V2] - a+rbxZrex? |+ 29ia2bB(—b+x/b2—4ac e |1-
-b-+b2-4ac -b-+vb2-4ac
2 ¢ x? c -b-+vb2-4ac
1- EllipticE[iArcSinh[V/2 |- x|, | -
-b++vb?>-4ac -b-+b?>-4ac -b++vb%-4ac
c -b-+vb2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /2\/7 - Ja+rbx?rext | -
-b-+vb2-4ac -b+vb%-4ac -b-+vb2-4ac
2 cx? 2 cx? c
Zjﬁab38(—b+«/b2—4ac e [1- 1- EllipticE[iArcSinh[V2 |- x|,
-b-+/b?2-4ac -b++vb?-4ac -b-+b?-4ac

| 491
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-b-+b%2-4ac c -b-+vb%2-4ac
} - EllipticF[Ji Ar‘cSinh[\/? - X/, ]
-b+Vb%?-4ac -b-+/b%-4ac -b+b%2-4ac
c 2 2 - 2 3 2cx? 2cx?
c |- \Ja+bxf+cx -191a Ac[—b+xlb —4ac)e 1- 1-
-b-+vb2-4ac -b-+b?-4ac -b+vVb2-4ac
C -b-+vb?-4ac
EllipticE [J‘l ArcSinh [\E - X} R } -
-b-+/b%?-4ac -b+vb2-4ac
c -b-+vb2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /\/7 - Ja+rbx?rcoxt | -
-b-+vb?-4ac -b+vb%-4ac -b-+b2-4ac
2cx? 2cx? c -b-+/b?-4ac
3iabBc?d® [1- 1- EllipticF[iArcSinh[V2 |- x|, }/
-b-+vb2-4ac -b+vb%-4ac -b-+vb2-4ac -b+vbZ-4ac
c
V2o - Jarbx?rcox* |+
-b-+b?-4ac
2 ¢ x? 2 ¢ x? c -b-+vb2-4ac
3iV2 aAcid® [1- 1- EllipticF[iArcSinh[V2 |- x|, }/
-b-+b2-4ac -b+vb%-4ac -b-+vb%2-4ac -b+vVb2-4ac
c
- Ja+rbx?iox?t | -
-b-+/b%-4ac
2cx? 2 c x? c -b-+/b2-4ac
9iaAbc?d?e [1- 1- EllipticF[jAr'cSinh[\/? - x}, }/
-b-+/b%?-4ac -b++/b%-4ac -b-+/b2-4ac -b++b2-4ac
c
V2o |- Ja+bx?+coxt |+
-b-+b?-4ac
2cx? 2 cx? c -b-+/b?2-4ac
9i+/2 a?Bc?d?e |1- 1- EllipticF[JiAr‘cSinh[\/? - x|, ]/
-b-+vb2-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb2-4ac

c
- Ja+rbx2ieox?t | -

-b-+b%-4ac
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2cx? 2cx? c -b-+b?-4ac
QjaZbBcdez\/l Jl EllipticF[jArcSinh[ﬁ\/ ] \/7}/
-b+

X
-b-+/b2-4ac Vvb2-4ac -b-+/b%2-4ac -b++/b2-4ac

+

C
[\/?\/— \Ja+bx?+cx?
_b-

VvbZ-4ac
2cx? 2 cx? c -b-+/b2-4ac
9i+v2 a’Ac?de? [1- 1- EllipticF[iArcSinh[vV2 |- x|, ]/
-b-+vb?-4ac -b+vb%-4ac -b-+b%-4ac -b++vb%-4ac
c
- Ja+rbx?+rex? |+
-b-+b?-4ac
2 ¢ x2 2cx? c -b-+vb2-4ac
2i+/2 a?b?Be? |1- 1- EllipticF[i ArcSinh[+/2 |- x], }/
-b-+b2-4ac -b+vb%-4ac -b-+vb?-4ac -b+vb%-4ac
c
- Ja+rbx2ieox?t | -
-b-+/b%?-4ac
2 cx? 2cx? c -b-+vb%2-4ac
3ia’Abced® [1- 1- EllipticF[iArcSinh[\E - x}, }/
-b-+/b%?-4ac -b++/b2-4ac -b-+/b%2-4ac -b++vb2-4ac
C
ﬁ - AJa+rbxZicoxt | -
-b-+b?-4ac
2 cx? 2cx? c -b-+/b%?-4ac
5iV2 a*Bce® [1- 1- EllipticF[iArcSinh[V2 |- x|, ]/
-b-+b2-4ac -b+vb2-4ac -b-+vb2-4ac -b+vVb2-4ac

C
- \Ja+rbx?+cx?
“b-

Vvb2-4ac

Problem 25: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J<A+BX2) (d+ex2)2dx

<a+bx2+cx4)3/2
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Optimal (type 4, 628 leaves, 4 steps):

(x (aB (bcd2—4acde+abe2) -Ac (b2d2—2abde—2a (cdz—aez)) -

(Ac (bcd2—4acde+abe2)—aB(2c2d2+b2e2—2ce(bd+ae)))x2))/(ac(b2—4ac) \Ja+rbx?+cx?
(Ac (bcd2—4acde+abe2)—2aB(c2d2+b2e2—ce(bd+3ae)>)xx/a+bx2+cx4
ac¥? (b2-4ac) (\/?+\Ex2)

+

(Ac (bcd2—4acde+abe2)—2aB(c2d2+b2e2—ce(bd+3ae)>) (\E+\Ex2)

a+bx?+cx? o cl/4 x
———————— EllipticE[2ArcTan| B

1
(\/;+\/?X2)2 a1/4 4

2_\/#}] /(a”“c”4 (b*-4ac)/a+bx*+cx*

a+bx?+cx?
(Ac2d2+3a3/2B\/?e2—\/?c3/2d (Bd+2Ae) +ae (28cd—2bBe+Ace)) (\/?Jr\/?xz) _—

(\/?+\/?x2)2
1/4 1 b
EllipticF[ZAr‘cTan[c X , = 2—]] /[2a3/4 (bfzx/?\/?) 7% Ja+bx?+cx?
a1/4 4 \/?\/?

Result (type 4, 3464 leaves):

(—Ab2cd2x+abBcd2x+2aAc2d2x+2aAbcdex—4a2Bcdex+a2bBezx—ZazAcezx—Abc2d2x3+

2aBc2d2x3—2abBcdex3+4aAc2dex3+ab2Be2x3—aAbce2x3—ZaZBce2x3)/ [ac (-b*+4ac)Ja+bx®+cx?
1 ] 2 5 2 ¢ x? 2 ¢ x?
- 1Abc(fb+«/b 74ac)d 1- 1-
ac(-b*+4ac) -b-+b2-4ac -b++vb%*-4ac

lo —b—\/b2—4ac}
x|, -
-b-+b%?-4ac -b+vb?-4ac

EllipticE[i ArcSinh[V2 |-

“b-~br-4
EllipticF|[i Ar‘cSinh[\/T - ¢ B ac ] / 22 |- ¢ Aa+rbx2iext ||+

X
-b-+b%-4ac -b+vVb%-4ac -b-+vb2-4ac



1.2.2 Quartic.nb

2 c x? 2 cx? C
iaBc [—b+x/b2—4ac ] d> [1- 1- EllipticE[iArcSinh[V2 |- x|,
-b-+/b2-4ac -b+vb?-4ac -b-+b?>-4ac
-b-+vb2-4ac c b-+vb?-4ac
}—EllipticF[jAr‘cSinh[\/? - X1, ] /

-b+/b%2-4ac -b-+/b%2-4ac -b++Vb%2-4ac

c 2 2 , 2 2cx? 2cx?
ﬁ - \Ja+bx®+cx - 1abB(—b+x/b -4ac |de - 1-
-b-+b2-4ac -b-+b2-4ac -b+vb2-4ac
c -b-+/b2-4ac

EllipticE[j Ar‘cSinh[\E - X1, } -
-b-+/b%2-4ac -b+vb2-4ac

c -b-+/b%2-4ac c
EllipticF[i ArcSinh[+/2 |- x|, ] /\/? - Ja+rbx?rcoxt |+
-b-+/b%2-4ac -b++/b%2-4ac -b-+/b%-4ac
2cx? 2 ¢ x? C
]i\/?aAc[fb+x/b274ac)de 1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+b%2-4ac -b++b2-4ac -b-+b%-4ac
-b-+vb?-4ac c b-+vb?-4ac
}—EllipticF[jArcSinh[ﬁ - X/, ] /
-b++/b%2-4ac -b-+/b2-4ac -b++vb%-4ac
c 2 2 , 3 ,5 2cx? 2cx?
- AJa+rbxfrcoxt | - 1aAb(—b+xlb -4ac |e 1- 1-
-b-+/b%>-4ac -b-+/b%>-4ac -b++Vb%-4ac
C -b-+Vb?-4ac
EllipticE[i ArcSinh[+/2 |- x|, ]-
-b-+b%?-4ac -b++vb?-4ac
c -b-+/b%2-4ac c
EllipticF[jAr‘cSinh[\/? - x|, ] /2\/7 - Ja+rbx?+eox? | -
-b-+vb%-4ac -b++Vb%2-4ac -b-+/b%-4ac
L, 2 5 2cx? 2cx? L . . c
3ia B(—b+ b’-4ac |e* [1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+/b?-4ac -b++vb%2-4ac -b-+b?-4ac
-b-+b?-4ac f b-+vb?-4ac
| - EllipticF|[i ArcSinh[v/2 |- x|, ] /
-b++Vb%-4ac -b-+/b%-4ac -b++Vb%-4ac

| 495
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c 2 cx? 2 c x?
V2| - Ja+rbxZicoxt |+ jasz(—b+xlb274ac e [1- 1-
-b-+/b%2-4ac -b-+vb?-4ac -b++/b%2-4ac
c -b-+/b%-4ac
EllipticE[i ArcSinh[V2 |- x|, |-
-b-+vb2-4ac -b+vb%-4ac
c -b-+vb?-4ac c
EllipticF[jAr'cSinh[\/? - x}, ] /\/?c - Ja+bxZicoxt | -
-b-+/b?-4ac -b++/b2-4ac -b-+/b%?-4ac
2 ¢ x2 2 ¢ x? c -b-+vb2-4ac
iabBcd?® [1- 1- EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+b?-4ac -b+vVb2-4ac -b-+vb2-4ac -b+vb2-4ac
C
V2o - Ja+bxZrcxt |+
-b-+/b?-4ac
2 c x? 2 cx? c -b-+b%?-4ac
i+/2 aActd? [1- 1- EllipticF[jArcSinh[\/? - x], ]/
-b-+/b?-4ac -b+Vb%2-4ac -b-+/b%2-4ac -b++/b%2-4ac
c
- Ja+rbx?iox?t | -
-b-+b?-4ac
2cx? 2 cx? c -b-+/b%?-4ac
iVv2 aAbcde [1- 1- EllipticF[iAr‘cSinh[ﬁ - x|, ]/
-b-+vb2-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb2-4ac
c
- Ja+rbx2iox?t |+
-b-+/b%>-4ac
2 ¢ x? 2 ¢ x? c -b-+vb2-4ac
2i+/2 a’Bcde [1- 1- EllipticF[iArcSinh[vV2 |- x|, ]/
-b-+b?-4ac -b+vb%-4ac -b-+b?-4ac -b+vVb2-4ac
c
- Ja+rbx?icoxt | -
-b-+/b2-4ac
2 c x? 2cx? c -b-+/b%?-4ac
ia’bBe? [1- 1- EllipticF[jArcSinh[\E - x|, ]/
-b-+/b?-4ac -b+vb%-4ac -b-+/b%-4ac -b+/b%?-4ac
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+

c
[ﬁ\/— Ja+rbx?icoxt
“b-

VvbZ-4ac
2 ¢ x2 2 ¢ x2 c -b-+vb2-4ac
iv2 a’Ace? [1- 1- EllipticF|i Ar‘cSinh[ﬁ - x|, ] /
-b-+b2-4ac -b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac

-b-+b2-4ac

C
{\/— \Ja+rbx?+cox?

Problem 26: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx2) (d+ex2)
(a+bx2+cx4)3/2

Optimal (type 4, 481 leaves, 4 steps):
x(aB (bd—Zae) —A(bzd—Zacd—abe) - (Ac (bd—Zae) —aB(ch—be))xZ) (Ac (bd—Zae)—aB(ch—be))X\/a+bx2+cx4

- +

a(b2—4ac)\/a+bx2+cx4 a\E(bz—4ac) (\E+\Ex2>

1/4 5

s

(Ac(bd-2ae) as (2cd-be)) (ﬁwxz)JW“““ enspricezarcron %1, 222 ]|/

(\/?+\/?X2)2 a1/4

+

(a3/4c3/4 (b2—4ac> Ja+rbx?+cox?

c1/4 X

(\/?B—A\/?) (\/?d—\/?e) (\/?+\/?x2) Larbxticext EllipticF|[2ArcTan]| B 1
(\/?4—\/?)(2)2 a1/4 4

(2a3/4 (b—Z\/?\/?) 34 \Ja+bx?+cx?

Result (type 4, 597 leaves):
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1
4ac(—b2+4ac) —<—— Ja+bx?+cx?
b+v/b%-4ac

4c\/c x(aB(—Zae+2cdx2+b(dfexz))+A(—b2d+b(ae—cdx2>+2ac (d+ex2>))+
b +

Vb2-4ac

2 2
i (7b+«/b2—4ac) (Ac (bd-2ae)+aB(-2cd+be)) brvbi-4ac +2cx
b+Vb2-4ac

C ] b+\/b2—4ac]
x|, -
b+vVb2-4ac b-+vVb%2-4ac

2b-2+vb%-4ac +4cx?
J - EllipticE[i Ar‘cSinh[\E\/

b-+/b%>-4ac
i (Ac (—b2d+4acd+bx/b2—4ac d-2a+/b?>-4ac e) +aB (b (—b+x/b2—4ac e+cC (—2w/b2—4ac d+dae
c b+\/b2—4ac}

b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx?
* i * EllipticF[j Ar'cSinh[\E x],
b+Vb2-4ac b-+Vb%2-4ac

b+vVb2-4ac b-+Vb%2-4ac

Problem 27: Result unnecessarily involves imaginary or complex numbers.

A +Bx2
J dx
(a+bx2+cx4)3’/2

Optimal (type 4, 398 leaves, 4 steps):

X (Abz—abB—ZaAc+ (Ab—ZaB) cxz) (Ab—ZaB) Ve xVa+bx2+cxt
- +
a(b?-4ac)Va+bx?+cxt a(b?-4ac) (\/?Jr\/?xz)

(Ab-2aB) ¥4 (\EJr\/?xz) l% EllipticE[ZAr‘cTan[ii%], 2
N

a’/4 (b2—4ac) Vva+bx?+cxt

(VaB-avc) (Va e x) |—2bed elliprick [2arcTan[ <0%], 2
(ﬁ+ﬁxz)z al/4 4

2334 (b—Zx/?x/?) c/4+a+bx?+cxt

=
—
|
B
o
=
—_
[

[y
—_—
|

ﬁ
o

ﬁ
—_
[E—

Result (type 4, 497 leaves):
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1
4a<b2—4ac) —<—— Ja+bx?+cxt
b+v/b%-4ac

4J; x(aB<b+2cx2)—A(b2—2ac+bcx2)>+j1(Ab—2aB> [—b+ b2—4ac)\/
b+

b+Vb?-4ac +2cx?

VvbZ-4ac b+vb2-4ac
2b-2+b%2-4ac +4cx? c b+vVb2-4ac
S EllipticE[i ArcSinh[vV2 x], — ] -
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

b+vVb%>-4 2 ¢ x2 2b-2+/b2-4 4.cx?
j[—Zan/b2—4ac +A[b2+4ac+bx/b24ac])\/ ’ ac reex \/ ac rRex

b+vVb2-4ac b-+b2-4ac
c b+vVb2-4ac
EllipticF[i ArcSinh[+/2 x|, ]
b+vb2-4ac b-+vb2-4ac

Problem 28: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J A + B x? dx
(d+ex?) (a+bx2+cx4)3/2

Optimal (type 4, 867 leaves, 9 steps):
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x(abc(Bd—Ae)—(bz—Zac> (Acd—Abe+aBe)+c (aB(2cd—be)—A(bcd—b2e+2ace>)x2)

- +

a(b2—4ac) (cd>-bde+ae?) Va+bx?+cx?

\ - +
e¥2 (Bd-Ae) ArcTan | cd’-bdecae? x
Ad e i a+bxticxt

\/?(aB(ch—be)—A(bcd—b2e+2ace))X\/a+bx2+cx4

a(b?-4ac) (cd’-bde+ae?) (\/?+\/?x2) 2\/?<cd2—bde+ae2)3/2
2 4 1/4
c'/* (aB(2cd-be)-A(bcd-b’e+2ace)) (\/?+\/?x2) _arbxirext EllipticE[ZAr‘cTan[c X}, 1 2- b J} /
Ve e ) e el m e
[a3/4(b2—4ac) (cdz—bde+ae2)\/a+bx2+cx4 +
(VaB-avc |t (vVa « Ve ¢ /(;_:Xﬁ EllipticF[2ArcTan[ < *], e
.
2a3/4(b—2ﬁ\/?) (\/c_d—\/?e) Vva+bx?+cx?t
2 2 4 \/c_d—\/?e2 1/4
a¥/%e \/?dJre (Bd—Ae) (\/?Jr\/?xz) _arbxirext EllipticPi[( ) ,ZAPcTan[c X], 1 2 - b ]] /
Ve (Vo e )’ 43 de e e T a e

(4c1/4d (cd*-ae®) (cd*-bde+ae?)\/a+bx*+cx*

Result (type 4, 3361 leaves):

(—Abzcdx+abBcdx+2aAc2dx+Ab3ex—abzBex—3aAbcex+2aZBcex—Abc2dx3+2ch2dx3+Ab2cex3—abBcex3—2aAc2ex3>/
(a (—b2+4ac) (cdz—bde+ae2) \Ja+rbx?+cx?

1
a (—b2+4ac> (cdz—bde+ae2)

. 2 2cx? 2cx?
1Abc[—b+ b—4ac)d 1- 1-
-b-+vb?-4ac -b+vb%-4ac

-b-/b2-4
EllipticE[i ArcSinh[v/2 |- : x], \/7“} -
-b-+vb?-4ac -b+Vb?-4ac

+

- X
-b-+b*-4ac -b++/b%2-4ac Vb%2-4ac

EllipticF[jAr‘cSinh[\E\/ ¢ }, ~b-Vb*-4ac ]J]/[zﬁJ ¢ Ja+rbx?+cx?
_b-
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. 5 2cx? 2 cx? o . . C
1ch[—b+ b—4ac]d 1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+vb%2-4ac -b+vb2-4ac -b-+vb?-4ac
-b-+vb2-4ac c -b-+vb2-4ac
| - EllipticF[i ArcSinh[V2 |- x|, ] /
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c 3 2 o 2 2 ¢ x? 2 ¢ x?
ﬁ - \Ja+bx®+cx +|1Ab (—b+\/b -4ac|le [1- 1-
-b-+b?-4ac -b-+b?-4ac -b+vb2-4ac
c -b-+vb2-4ac
EllipticE[j Ar‘cSinh[\/? - x] s } -
-b-+b%?-4ac -b+vb?-4ac
c -b-+/b?-4ac c
EllipticF[JiAr'cSinh[\/? - x|, ] /2\/7 - AJa+rbx2iext | -
-b-+b2-4ac -b+vb%-4ac -b-+vb2-4ac
. 5 2cx? 2 c x? L _ . c
JlabB[—bJr b -4ac|e |[1- 1- E111pt1cE[1Ar‘c51nh[\E - x},
-b-+/b?-4ac -b++/b%-4ac -b-+/b%-4ac
-b-+vb?-4ac c -b-+vb%2-4ac
} - EllipticF []'l ArcSinh [\/? - x] R ] /
-b+vb2-4ac -b-+/b%?-4ac -b+/b%2-4ac
c 2 ¢ x2 2 ¢ x2
2+/2 |- Ja+rbx?+cox? | - jaAC(—b+ b’2-4ac|e [1- 1-
-b-+/b?>-4ac -b-+b?-4ac -b++vb%>-4ac
C -b-+vb?-4ac
EllipticE[j Ar‘cSinh[\E - x] R } -
-b-+/b%?-4ac -b+vb2-4ac
d -b-+b*-4ac d
EllipticF[i ArcSinh[+/2 |- x|, ] /\/7 - Ja+rbx?rcoxt | -
-b-+vb%-4ac -b+vb2-4ac -b-+b2-4ac
2cx? 2 cx? c -b-+/b?-4ac
iabBcd [1- 1- EllipticF[iArcSinh[V2 |- x|, ]/
-b-+vb2-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb%-4ac

V2o - ¢ Ja+rbx2roxt |+
-b-+b?-4ac

| 501
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2 ¢ x? 2 ¢ x? c -b-+b2-4ac
iV2 aAc?d |1- 1- EllipticF[iArcSinh[V2 |- x|, ]/
-b-+/b?-4ac -b+/b2-4ac -b-+/b?-4ac -b++/b2-4ac
C
- Ja+rbx?iox?t | -
-b-+b?-4ac
2cx? 2 cx? c -b-+/b?2-4ac
iaAbce [1- 1- EllipticF[JiAr'cSinh[\/? - x|, ]/
-b-+vb%-4ac -b+vb2-4ac -b-+vb%-4ac -b++vb%-4ac
c
V2o - Ja+bx?+coxt |+
-b-+b2-4ac
2 ¢ X2 2 ¢ x2 c -b-+b2-4ac
iv2 a?Bce [1- 1- EllipticF[i ArcSinh[+/2 |- x|, ]/
-b-+vb?-4ac -b+vb2-4ac -b-+b?-4ac -b+vb2-4ac
C 2 2 R 2 ¢ x? 2 ¢ x?
- AJa+bxf+cx +|1ab“Be |1- 1-
-b-+b2-4ac -b-+b2-4ac -b+vb%-4ac
b-bi-4ac e c b-b - dac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+vb?>-4ac -b++vb%>-4ac
c 2 cx? 2cx?
V2| - na+bx?+cx* | - |2i+/2 a’?Bce |1- 1-
-b-+/b%>-4ac -b-+b?-4ac -b++vb%>-4ac
-b-+vb%*-4ac|e c b-Vb2_-4dac c
EllipticPi[( ) , i ArcSinh[v/2 |- x|, }/ - Jarbxticext | -
2cd -b-+b2-4ac -b++Vb2-4ac -b-+b2-4ac
2cx2 2 ¢ x2 (—b—\/b2—4ac)e
iaAbZe? [1- 1- EllipticPi|- )
b-+b*-4ac “b++Vb2-4ac 2cd

C
1 ArcSinh [\/?

b-Vb’ -4
- x, 1|/ |vz |- < d/arbxtecxt |+
-b-+/b%-4ac -b++/b2-4ac -b-+/b%*-4ac
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. ) 5 2cx? 2cx? o (—b—\/bz—4ac)e
2]1\/7a Ace 1- 1- E111pt1cP1[— N
-b-+b?-4ac -b++vb?-4ac 2cd

jArcSinh[\/?\/— ¢ B “b-vb?-4ac }J/[\/— ¢ d\/a+bx2+cx4]
b

X
-b-+vb%-4ac -b++vb2-4ac -vb2-4ac

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J A+Bx? dx
(d+ex2)2 (a+bx2+cx4)3/2

Optimal (type 4, 1301 leaves, 15 steps):
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(x (abc (Ae (2cd-be)-B (cd*-ae?)) + (b*-2ac) (aBe (2cd-be) +A (c*d*+b*e*-ce (2bd+ae))) -

c (aB(2c2d2+b2e2—2ce(bd+ae))+A(2b2cde—4ac2de—b3e2—bc(cd2—3ae2)))x2))/

(a (b2—4ac> (cdz—bde+ae2)2xla+bx2+cx4 +(\/? (aBd(—4c2d2—3b2e2+4ce(bd+2ae))+
A(2b3dez+2bcd(cd2—3ae2)—4ace(—2cd2+ae2)+b2(—4cd2e+ae3)))x«/a+bx2+cx4

e3 (Bd—Ae) xVa+bx?+cxt

2d (cdz—bdeJrae2>2 <d+ex2)

\Jcd*-bde+ae® x

e3/2 (Ae (7cd2—e <4bd—ae)) -Bd (5cd’-e (2bd+ae))) ArcTan |
Ad e 1/ a+bxicx* -

4d*2 (cd?-bde+ae?)®?

/

+

(Za (-b?+4ac)d(cd’+e (—bd+ae>)2 (\/?+\/?X2)> -

cl/4 (aBd(4c2d2+3b2 2—4ce(bd+2ae))—A(2b3de2+2bcd(cd2—3ae2) —4ace<—2cd2+ae2)+b2(—4cd2e+ae3))) (\/?+V?x2)

+

2 4 1/4
\Im EllipticE[ZAr‘cTan[C X], : b ] /[233/4(b2—4ac)d(cd2+e(—bd+ae))2\/a+bx2+cx4

(Va /e )’ a2 4ia e

a+bx?+cx?

4 (a\Ee(Bdsze) +va (Bd-Ae) (cd-be) +A+/c d (7cd+be)) (\/;Jr\/?xz) —_ =
(\/?+\EX2>2

al/4 2 4 \/a— \/?

Tl 2] [ b2 VE Ve [Ve devae) (cedtee fbe-ae)) arbxeext

EllipticF[2ArcTan|

a+bx?+cx?

e(Vedivael (ae(7cd e (abd-ac)) -Bd(scd e (2bdrae))) WWXZ)JW

(\/?d—ﬁe)z cl/4 x

b J} /(Sal“‘cl/“d2 (\/?d—\/?e) (cdz—bde+aez)2wa+bx2+cx4

1
EllipticPi|- ,» 2ArcTan| , = 2-
4-/a Jc de al/4 4 Va e
Result (type 4, 8031 leaves):
rJa+bx?+cx?
e3 (Bd-Ae) x 1
< ) " (—Ab2c2d2x+abBc2d2x+2aAc3d2x+2Ab3cdex—

72d (cdz—bde+aez)2 (d+ex2) a (—b2+4ac) (cdz—bde+ae2)2 (a+bx?+cx?)
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2ab’?Bcdex-6aAbc’dex+4a’Bc’dex-Ab*e?x+ab?>Be’?x+4aAb’ce?x-3a?bBce?x-2a%Ac?e?x-Abc3d?*x3+

2aBc’d®x’+2Ab*c*dex’-2abBc®’dex’-4aAc’dex’-Ab’ce’x’+ab’Bce’*x’*+3aAbc?e? X’ -2a’Bc? e’ x?)

1 . 5 2 3 2cx? 2cx?
-||1Abc (—b+x/b —4ac)d 1- 1-

2a(—b2+4ac)d(cd2—bde+ae2)2 -b-+b2-4ac -b+vb%-4ac
c x] —b—\/b2—4ac}
, _
-b-+b2-4ac -b+vVb2-4ac

c -b-+/b?-4ac c
EllipticF|i Ar‘cSinh[\/? - x|, ] / V2| - Aa+rbx2iext ||+
-b-+vb%-4ac -b+vb%-4ac

EllipticE[i ArcSinh[v/2 |-

-b-+b?-4ac
2 cx? 2 ¢ x? C
Ji\/?chz(—b+\/b2—4ac]d3 1- 1- EllipticE[JiAr‘cSinh[\/? - x],
-b-+/b2-4ac -b++/b%2-4ac -b-+/b2-4ac
-b-+vb%2-4ac c -b-+vb%?-4ac c
| - EllipticF[i ArcSinh[V/2 |- x|, ] / - Ja+bx?+cext |+
-b+Vb%2-4ac -b-+b%?-4ac -b++vb?-4ac -b-+vb?2-4ac
2 ¢ x2 2cx? c
iﬁAbzc(—b+ b2—4ac]d2e 1- 1- EllipticE[i ArcSinh[v2 |- x|,
-b-+vb2-4ac -b+vb2-4ac -b-+b2-4ac

-b-+/b%*-4ac c -b-+/b%*-4ac c
] —EllipticF[JiAr‘cSinh[\/? - x|, ] / - Jarbx2iex? | -
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac

-b-+b?-4ac
2 cx? 2cx? C
Ji\/?abBc[—b+x/b2—4ac]d2e 1- 1- EllipticE[JiAr‘cSinh[\/? - x],
-b-+/b%?-4ac -b++/b2-4ac -b-+/b?-4ac
-b-+b%2-4ac c -b-+vb%2-4ac c
| - EllipticF[i ArcSinh[V2 |- x|, ] / - Ja+rbx?+eox? | -
-b+Vb%?-4ac -b-+/b%-4ac -b+/b%2-4ac -b-+/b?-4ac
2 ¢ x2 2 ¢ x2 c
Zix/TaAcz(—b+x/b2—4ach2e 1- 1- EllipticE[i ArcSinh[2 |- x|,
-b-+vb2-4ac -b+vb2-4ac -b-+vb2-4ac
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-b-+vb?-4ac c -b-+vb%2-4ac c
| - EllipticF[i ArcSinh[V2 |- x|, ] - Ja+rbx?+eox? | -
-b++vb2-4ac -b-+/b%-4ac -b+b%2-4ac -b-+/b?-4ac
2 ¢ x2 2 ¢ x2 c
iAb3 (—b+x/b2—4ac de? [1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+vb2-4ac -b+vb%-4ac -b-+vb2-4ac
-b-+vb2-4ac c -b-+vb2-4ac
| - EllipticF[i ArcSinh[V/2 |- x|, ] /
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c 2 cx?
2 a+rbx2icoxt |+ 3]1ab2B(—b+x/b2—4ac de? [1-
-b-+vb%2-4ac -b-+b*-4ac
2cx? c -b-+/b*-4ac
1- EllipticE[iArcSinh[V2 |- x|, ] -
-b+vb?-4ac -b-+vb%-4ac -b+vb%-4ac
c -b-+/b2-4ac c
EllipticF[iArcSinh[v2 |- x|, ] /2ﬁ - Ja+rbx?ioxt |+
-b-+/b?2-4ac -b++/b%-4ac -b-+/b%*-4ac
2 cx? 2 c x? c
31’1aAbc(—b+«/b2—4ac de? [1- 1- EllipticE[iArcSinh[v/2 |- x|,
-b-+/b%2-4ac -b++/b2-4ac -b-+/b%-4ac
-b-+vb2-4ac c -b-+vb2-4ac
}—EllipticF[jAr‘cSinh[\/? - x|, ] /
-b+vb%-4ac -b-+b2-4ac -b+vVb2-4ac
c 2cx?
V2 - arbx?Zrex? | - Ziﬁach(—b+x/b2—4ac de? [1-
-b-+b%-4ac -b-+b?-4ac
2 ¢ x2 c -b-+b2-4ac
1- EllipticE[i ArcSinh[+/2 |- x|, ] -
-b++vb?>-4ac -b-+b?>-4ac -b++b?-4ac
c -b-+b%-4ac c
EllipticF[JiAr‘cSinh[\/? - x|, ] / - \Ja+rbx2icoxt | -
-b-+b2-4ac -b+vb2-4ac -b-+vb2-4ac
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1/

, 5 3 3 2 ¢ x? 2 ¢ x? L , . c
iaAb (—b+ b2-4ac|e® [1- 1- EllipticE[i ArcSinh[+/2 |- x|,
-b-+/b%>-4ac -b++vVb%2-4ac -b-+b%>-4ac
-b-+vb2-4ac c -b-+vb2-4ac
| - EllipticF[i ArcSinh[V2 |- x|, ] /
-b+vVb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c 2cx?
22 |- Ja+bxZ+rcext |+ Ji\/?aZAc(—b+«/b2—4ac e [1-
-b-+vb2-4ac -b-+vb?-4ac
2 ¢ x2 c -b-+b%-4ac
1- EllipticE[i ArcSinh[+/2 |- x|, | -
-b+vb2-4ac -b-+vb2-4ac -b+vb%-4ac
c -b-+b%?-4ac C
EllipticF[JiAr'cSinh[\/? - x|, ] / - \Ja+rbx2icoxt | -
-b-+vb2-4ac -b+vVb%-4ac -b-+b2-4ac
2 c x? 2cx? c -b-+b%?-4ac
i+/2 abBc2d® |[1- 1- EllipticFHAr‘cSinh[ﬁ - x],
-b-+/b%-4ac -b+vb2-4ac -b-+/b%?-4ac -b+/b%?-4ac
C
- Ja+bxZ+cext |+
-b-+b2-4ac
2 cx? 2cx? c -b-+/b%*-4ac
212 aAc3d® [1- 1- EllipticF[ler‘cSinh[\/? - x|,
-b-+vb2-4ac -b+vb2-4ac -b-+vb2-4ac -b+vVb2-4ac
c
- Ja+rbx2ieox?t | -
-b-+/b%>-4ac
2 ¢ x? 2cx? c -b-+vb2-4ac
iab’Bcd’e [1- 1- EllipticF[iArcSinh[V2 |- x|,
-b-+b%2-4ac -b+vb%-4ac -b-+vb?-4ac -b+vb%-4ac

C
2 Ja+rbx?+rex* | -

-b-+/b2-4ac

1/

/

| 507
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2 cx? 2 ¢ x? c -b-+vb%-4ac
2i+/2 aAbc?d’e |1- 1- EllipticF[iArcSinh[V2 |- x|, }/
-b-+/b%2-4ac -b++/b2-4ac -b-+/b2-4ac -b++b2-4ac
c
- Ja+bxZ+rcxt |+
-b-+b?-4ac
2cx? 2 cx? c -b-+/b2-4ac
612 a?Bc2d’e [1- 1- EllipticF[iArcSinh[vV2 |- x|, ]/
-b-+vb?-4ac -b+vb%-4ac -b-+b%-4ac -b++vb%-4ac
c
- Ja+rbx2ioxt |+
-b-+b2-4ac
2 ¢ x2 2 ¢ x2 C -b-+b%-4ac
3iaAb’cde? [1- 1- EllipticF[i ArcSinh[+/2 |- x|, }/
-b-+vb2-4ac -b+vb2-4ac -b-+vb%-4ac -b+vb2-4ac
c
V2o - Ja+rbx2ircxt | -
-b-+/b?-4ac
2 c x? 2 ¢ x? c -b-+vb?-4ac
i+/2 a’bBcde? [1- 1- EllipticF[iArcSinh[\E - x}, }/
-b-+/b%?-4ac -b++/b2-4ac -b-+/b%?-4ac -b+vb2-4ac
c
- Ja+rbx?icox?t | -
-b-+vb2-4ac
2cx? 2 cx? c -b-+/b?2-4ac
4i+2 a’Ac’de? [1- 1- EllipticF[iArcSinh[V2 |- x|, ]/
-b-+vb2-4ac -b+vb2-4ac -b-+vb2-4ac -b+vb%-4ac
c 2cx? 2 ¢ x2
- Ja+rbx?+cx* | +|51ab*Bcd?’e [1- 1-
-b-+/b?>-4ac -b-+b?>-4ac -b++b?-4ac

EllipticPi[-

-b-+b%*-4ac|e _b-+b2-4
( ) s JlAr‘cSinh[\/? - ¢ x|, ac ] /
2cd -b-+b2-4ac -b++vb2-4ac
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C 2 cx? 2 cx?
V2o - Ja+rbx?+cx* | - (1012 a?Bc?d?e [1- 1-

-b-+b%>-4ac -b-+/b%>-4ac -b++Vb%2-4ac

b-b-4ac|e c b-bT_dac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+vb2-4ac -b+vb%-4ac
c 2 2 , 3 5 2cx? 2cx?
- Ja+bx2+cx* | - |12 ab’Bde 1- 1-
b dac b VBT-gac \| -beBT_dac
-b-+Vb’-4ac e c -b-+/b%2-4ac
EllipticPi[( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+b2-4ac -b++Vb2-4ac
c 2cx? 2cx?
- Ja+bx?+cx* | -|71aAb%cde? |1- 1-
-b-+b?-4ac -b-+b?>-4ac -b++vb%-4ac
-b-+b%2-4ac|e c b-/b2_-4ac
EllipticPi[—( ) , 1 ArcSinh[v/2 |- x|, ] /
2cd -b-+vb?>-4ac -b++vb?-4ac
c 2cx? 2cx?
V2o - Ja+bx?+cx* | +|4i+/2 a?bBcde? [1- 1-
-b-+/b%-4ac -b-+vb2-4ac -b+vb%-4ac
-b-+/b%2-4ac|e c b-Vbl-dac
EllipticPi[( ) , iArcSinh[v/2 |- x|, ] /
2cd -b-+b2-4ac -b++vb2-4ac
c 2 3 , o o 2 ¢ x? 2 ¢ x?
- AJa+bxc+cx + 141\53 Accde 1- 1-
-b-+/b%2-4ac -b-+/b?2-4ac -b++/b%2-4ac
-b-+vb*-4ac e c -b-+/b2-4ac
EllipticPi[—( ) , 1 ArcSinh[v/2 |- x|, }/
2cd -b-+/b%?-4ac -b++vb*-4ac

2

C 2CX 2cCcX
- Ja+rbx?2+ex* | +(21/2 aAb3e® [1- 1-

-b-+vb2-4ac -b-+vb2-4ac -b+vVb2-4ac

2




510 | 1.2.2 Quartic.nb

-b-+Vb?-4ac e c -b-+Vb2-4ac
EllipticPi[( ) , 1 ArcSinh[v/2 |- x|, }/
2cd -b-+b?-4ac -b++b2-4ac
c 2 ¢ x2 2 ¢ x2
- Ja+rbx?2+ex* | - |1a2b?Bed [1- 1-
-b-+b2-4ac -b-+vb?-4ac -b+vb2-4ac
-b-+Vb’-4ac e c -b-+b2-4ac
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/
2cd -b-+vb%-4ac -b+vb%-4ac
c 2cx? 2 c x?
V2o - Ja+bx2+cx* | -|8i+/2 a%Abced [1- 1-
-b-+/b%*-4ac -b-+/b%*-4ac -b++/b*-4ac
-b-+vb*-4ac e C -b-+b?>-4ac
EllipticPi[( ) , 1 ArcSinh[v/2 |- x|, }/
2cd -b-+b2-4ac -b++/b2-4ac
c 2 ¢ x? 2cx?
- Na+bxtiex* | +|2i/2 a®Bced® [1- 1-
-b-+b2-4ac -b-+b%?-4ac -b+vb2-4ac
_b-Vb?-4ac e c -b-+b>-4ac c
EllipticPi[—( ) , i ArcSinh[v/2 |- x|, }/ - Ja+rbx2ieoxt | -
2cd -b-+vb?>-4ac -b++b?-4ac -b-+/b%>-4ac
2CX2 2CX2 (—b—\/b2—4ac)e
ia’AbZe* |[1- 1- EllipticPi|- )
-b-+vb2-4ac -b+vb2-4ac 2cd
c -b-+vb%-4ac c
JiArcSinh[\/? - x|, }/\/7 - dy/a+bx?2+cx* |+
-b-+vb2-4ac -b+vb%-4ac -b-+vb2-4ac
2 ¢ x2 2 ¢ x2 (—b—\/b2—4ac>e
212 adAce? [1- 1- EllipticPi|- s
“b-+b%*-4ac “b++vb%2-4ac 2cd
c -b-+vb%-4ac c
JiAr‘cSinh{\/T - x|, }/ - d/a+bx?+cx*
-b-+vb2-4ac -b+vb%-4ac -b-+vb2-4ac

Problem 30: Result unnecessarily involves imaginary or complex numbers.



J Va +vc x?
(d+ex2) va+bx?+cx?

dx

Optimal (type 4, 273 leaves, 1step):

(\/?d—\/?e) Ar‘cTan[ cd?-bderae? x
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\Jd e +/atbx?+cx?
+

2+d Ve Vcd?>-bde +ae?

(\/?dJr\Ee) (\EJr\/?XZ)

(4a1/4c1/4dex/a+bx2+cx4

Result (type 4, 310leaves):

a+bx?+cx?

(\Edf\/?e)z Ay 1 b
EllipticPi|- , 2ArcTan| 1, = |2- ]} /
(ﬁ+ﬁx2)2 4+/a c de alt/t = 4 Va Ve
2 ¢ x2 b+vb%2-4ac

| b+Vb%2-4ac +2cx?
1
b++vVb%*-4ac

<b+m)e

2cd

EllipticPi|

1+
\/ b-+vb%-4ac

s JiAr‘cSinh[\/?\/; x|,

{%d E1lipticF[i ArcSinh[\/?\/ < |« (Ve dva e

x|,
b+vb2-4ac b-+vb2-4ac

/[\/?\/bJr\/m

de~a+bx?+cx?

b++vb2-4ac ]]

b+vb2-4ac b-+vb2-4ac

P
-~

Problem 31: Result unnecessarily involves imaginary or complex numbers.

1+ ISXZ
a

J(d+ex2) Va+bx?+cxt

dx

Optimal (type 4, 271 leaves, 1step):
\Jcd*-bde+rae? x

| € d-e
[ a d e +/atbx%+cx? ]
+

ArcTan |

a+bx?+c x*

EllipticPi[-

fre

1+ ,gxz
a

2+/d Ve VYcd? -bde +ae?

Result (type 4, 312leaves):

4(5)1/4de\/a+bx2+cx4

a
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b+vb2-4ac +2cx? 2 ¢ x2 c c b+vb2-4ac c
R : ’ 1+ | = dEllipticF[i ArcSinh[v/2 x|, : |+ |-~ d+e
b+vbZ-4ac b-+vb2-4ac a b+vb2-4ac b-+vb2-4ac a

b+vb2-4ac ) e

2cd

b++Vb%-4
EllipticPi[ ,J’lAr‘cSinh[\/?\/cx], * ac]] /[\E\/cdexla+bx2+cx4
b+

b+vb2-4ac b-+vb%2-4ac Vvb%Z-4ac

Problem 32: Result unnecessarily involves imaginary or complex numbers.

946 + 315 x?
J dx

7+5x2) V2 +3x2+x4

Optimal (type 4, 106 leaves, 4 steps):

+x2 . .
631 (1+x?) [ 220 EllipticF[ArcTan(x], 7| 5555 (2+x2) EllipticPi[2, ArcTan[x], 1]

2vV2 V2+3x%+x4

142 [ 22 2. 3x2+x8

14x2

Result (type 4, 74 leaves):

iV14x? 245 (441 ELlipticF|i Arcsinh[ ], 2] + 565 EllipticPi[ 22, i Arcsinh| 2], 2] |

7V2+3x%2+x4

Problem 33: Unable to integrate problem.

dx

J<A+BX2) (d+ex?)?

a+bx?+cx?

Optimal (type 6, 218 leaves, 6 steps):

(B 7% x (d+ex?)? 1+ 2] “appellFi[2, 1, -q, 2, 7—1,4%’ -]
b-vVb*-4ac )

[m—bmc x(dsext)? (10 2] Appellf1[2, 1, —q, 2, - 2 ]
b+Vb2-4ac

Result (type 8, 33 leaves):
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J(A+Bx2) (d+ex?)?

a+bx?+cx?

dx

Problem 34: Result unnecessarily involves imaginary or complex numbers.

x (1+2x2)
J dx
V1+x2 (1+X2+X4)

Optimal (type 3, 106 leaves, 11 steps):
—lAr‘cTan[\/?—Zx/1+x2}+1Ar‘cTan[\/?+2x/1+x2 ] +l\/?Log[2+x2—ﬁx/1+x2 ] —l\/?Log[2+x2+\/?x/1+x2}
2 2 4 4

Result (type 3, 103 leaves):

ArcTan | M} ArcTan | M]
Jaivs . NEWN

\/f(‘l‘iﬁ) \/%(_1“1\/?)

Problem 35: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J\/aerx2+cx4 B

ad-cdx*

X

Optimal (type 3, 145leaves, 4 steps):

b-2+a \/c ArcTanh| 222 c x] b+2+a /¢ Ar‘cTanh[@HZ a e x|
A/ a+b x?+c x* /) a+b x?+c x*

- +

4+/a +/c d 4+/a +/c d
Result (type 4, 441 leaves):
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b++vb2-4ac +2cx? 2cx? ) Drobodac
. +Vb?-4ac +2cx 1+ —% |2+/a +/c EllipticF[i ArcSinh[+/2 x], +V7] -
b b+vVb2-4ac b-+b2-4ac

b++Vb2-4ac Vb*-4ac
b-+/b*-4 b+b?- 4
(b+2+/a Ve | Elliptici 2, iArcsinh[v2 ‘ x|, — 2.
2+va Ve b+Vb2-4ac b-+vb2-4ac
b++Vb%-4 b+b2-4
[b-2+a Ve | Ellipticpi [~~~ i Arcsinh[+/2 . x|, — ey /
2+/a Ve b+vb%2-4ac b-+vVb%?-4ac

c
2vV2 va Ve |———— dija+bx?+cx?
b+vb?-4ac

Problem 36: Result unnecessarily involves higher level functions.
J\/a+bx2—cx4

ad+cdx?

dx

Optimal (type 3, 239leaves, 1step):

A/ b/ b%+d4ac x
\b++/b2+4ac ArcTan|

ﬁ N/ b%+dac x {b+w/b2+4ac —2cx2] ]

b-+/b%+d4ac -2cx?
] x/—b+\/b2+4ac ArcTanh |

2+/2 va \Jc +/a+bx?-cx* 2+/2 vJa \Jc +/atbx?-cx*
- +
2+/2 va +/cd 2+/2 Va +/cd
Result (type 4, 432 leaves):
1
4+a Ve [-——— d/Ja+bx2-cx*
b++/b%+4ac
4 c x? 2 c x? c b+vVb2+4ac
2+ 1-— """ |2:+/a +/c EllipticF[iArcSinh[v2 |- x|, ———" ]+
-b++vb2+4dac b+Vb2+4ac b+Vb2+4ac b-+Vb2+4ac
Jl(b+\/b2+4ac) bivblidac

(b-2i+a Ve | EllipticPi[- , JiAr‘cSinh[\/?\/—; x], ] -

2+a T bibiidac  b-vbridac

i(b+Vb*+dac b ETE
(mnﬁﬁ) E1lipticPi| ( ) i Arcsinh[v2 |- c ], +\/+7ac}
2va Ve bibirdac  b-vbridac



1.2.2 Quartic.nb | 515

Test results for the 4 problems in "1.2.2.8 P(x) (d+e x)q (a+b x"2+c x"4)*p.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex) Vva+cxt

Optimal (type 4, 405leaves, 7 steps):
eArcTan[@] e ArcTanh[ —2gedx ] cl/4d (\/?+\/?x2) lﬁ\/ﬁxz)z EllipticF[ZAr‘cTan[%}, %]

de~/a+cx* A/ cd*+ae* A/ a+cx?
_ N _
2+ -cd*-ae?t 2+/cd*+aet 2a1/4(\/?d2+\5e2)\/a+cx4
(Ve dreva e /
(\Edz,\gez) (\/?Jr\/?xz) ﬁ E111pt1cP1[ 4;?Fadzeez B 2Ar‘cTan[c:i:4X], ﬂ

4 31l/4 cl/4 d (V?d2+\/?e2) Varext

Result (type 4, 200 leaves):

cx*
1+

a

4 ; 2 _1)3/4 L4 _d2 2 32
—2 (-1)M*att 1+ cd eEllip‘cicPi[ijl\/?(e B Ar‘cSin[—( e X}, -1] + c*d Log doretx
ae* Ve d? al/4

cd?x?+ae?

cd® oxt
1+\/1+ae“ \/1+ )

cd*
ct4d 1+ eya+cx?
aet

i

2
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Problem 2: Result unnecessarily involves imaginary or complex numbers.

1
dx
J (d+ex)?Va+cx*
Optimal (type 4, 610 leaves, 11 steps):
cd?eArcTan]| @] c d®eArcTanh[ —2e=cdx ]

e3va+cxt Ve e2xVa+cx? de+/a+cxt JJodiaet +/arcxt

, N _ ,

(Cd4+ae4) (d+ex) (cd4+ae4) (\/?Jr\/?xz) (—cd4—ae4)3/2 (cd4+ae4)3/2
al/4 cl/4 g2 (\E+\/?x2) li(v?a:\cﬁ:axzy EllipticE[ZAr‘cTan[%], ﬂ cl/4 (\E+\/?x2) /7(v?a++\c/§x2)z EllipticF[ZAr'cTan[C;;AX], ﬂ

N _
(cd“+ae4)\/a+cx4 2a1/4<\/?d2+\/?e2)\/a+cx4
+ . . . + 2)? /'

c3/4 g2 (\/?dz_\/?ez) (\/?+\/?x2) ,7(\;”?1)(2)2 ElllpthPl[l;/j;Zéa:Zeez , zAr‘cTan[c;%]; %}

2 alv/4 (\/?d2+\ge2) (cd*+ae?) Va+coxt

Result (type 4, 462 leaves):

. .
1 Va e e?y/cd*+ae* (d+ex) 1.+ 2% EllipticE[i ArcSinh| ive x|, -1] +

a N
ive (cd4+ae4)3/2(d+ex)\/a+cx4 @
\V a

4 ,
i\/?(\/?dzﬂ'l\/a_eZ) \Jed*+ae* (d+ex) 1+ % EllipticF[i ArcSinh| iVe x|, -1] -

a Jva
. 4 . 2 _1)3/4 c1/4
iVe e*yJcd*rae® (a+rcxt)+2 (-1)V*at4 ¥4 d?\Jcd*+rae® (d+ex) 1. X EllipticPi[]l ae ,Ar‘cSin{M],—l}—
\/? a \/?dz 3l/4

cd®e (d+ex)Ja+cx* Log[-d*+e?x*| +cd’e (d+ex)Ja+cx! Log[ae2+cd2x2+\/cd“+ae4 \/a+cx4]



Problem 3: Unable to integrate problem.

J = dx
<d+ex> Va+bx?+cx?

Optimal (type 4, 518 leaves, 7 steps):

- d47bd2 2 4 bdZ 2 2 2 dZ b 2 2
eAr‘cTan[lzc €2 %] eArcTanh| r2ae’ (2cdsbe?) x
de/a+b x?+cx* 2\/cd“+bd2 e?+ae? \/a+bx2+c x4

2/ -cd*-bd?e?-ae* 2V/cd*+bd?e?1ae?

cvtd (Va Ve x| /(aﬁ‘”‘—ﬁciz)z ELlipticF [2ArcTan[ <% ], % (2- ﬁbﬁ)}

2 al/4 (V?d2+\/?e2) Vva+bx?+cx?

+

2 4 Ve d?2++/a e? 2 1/4
(\/?dz—\/?ez) (\/?+\/?x2) _axbxirext EllipticPi[( ' ) s 2Ar‘cTan[C X

(\E+\/?Xz)2 4+/a Ve d?e? at/t |

(4a1/4c1/4d (\/?d2+\5e2> Ja+rbx?+cx?

Result (type 8, 26 leaves):

J = dx
(d+ex) Va+bx?+cx?

Problem 4: Unable to integrate problem.

J ! dx
(d+ex>2\/a+bx2+cx4

Optimal (type 4, 822 leaves, 11 steps):
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e3va+bx?+cxt

[ cd®-bd?e?_aet
de (2cd2+be2)Ar‘cTan[ S |
2 2 4 2 4
Ve e xvVa+bxt+cx den/a+bx?icx

(cd4+bd2e2+ae4) (d+ex) '

de (2 cd?+ be2> ArcTanh

(cd4+bd2e2+ae4) (\E+\Ex2> 2(—cd4—bd2e2—ae4)3’/2

2 4 o .
[ bd?+2ae?s (2cd?ibe?) x? ] al/4 c1/4 @2 (Ja ++/c XZ) a*bxi*cxz EllipticE [2 Ar‘cTan[
2
2\/C d*+bd? e?+ae? \/a+b x2+c x4 (\EHEX )

Cl/d X

al//4

}’i(27ﬁbﬁ)]

2 (cd“+bd2e2+ae4)3/2 (cd4+bd2e2+ae4) va+bx?+cx?

cl/4 (\E+\Ex2) /7(}:’:‘};:‘:)2 EllipticF[ZAr‘cTan[C;j;:], i (2— ﬁbﬁ)]

2 al/4 (\/?d2+\/?e2) va+bx?+cxt

2 4
(Ve & Va e (2cdbe?) (Va «vc x| \I L2abxrexd EllipticPi[( , 2ArcTan|

(4 2ttt (T a2 a e

Result (type 8, 26 leaves):

j 1 dx
(d+ex>2\/a+bx2+cx4

\Ed2+\ge2)2

cl/4

]
(\E+\Ex2)z 4-+/a \Jc d?e? al/4
(cd4+bd2e2+ae4> Ja+rbx?+cx?
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Summary of Integration Test Results

2254 integration problems

A - 1525 optimal antiderivatives

B - 87 more than twice size of optimal antiderivatives
C - 561 unnecessarily complex antiderivatives

D - 81 unable to integrate problems

E - 0 integration timeouts



